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Foreword

Multivariate splines are multivariate piecewise polynomial functions de-
fined over a triangulation (in IR?) or tetrahedral partition (in R3) or a sim-
plicial partition (in RY,d > 3) with a certain smoothness. These functions
are very flexible and can be used to approximate any known or unknown
complicated functions. Usually one can divide any domain of interest into
triangle/tetrahedron/simplex pieces according to a given function to be
approximated and then using piecewise polynomials to approximate the
given function. They are also computer compatible in the sense of compu-
tation, as only additions and multiplications are needed to evaluate these
functions on a computer. Thus, they are a most efficient and effective tool
for numerically approximating known or unknown functions. In addition,
multivariate spline functions are very important tools in the area of applied
mathematics as they are widely used in approximation theory, computer
aided geometric design, scattered data fitting /interpolation, numerical so-
lution of partial differential equations such as flow simulation and image
processing including image denoising.

These functions have been studied in the last fifty years. In particular,
univariate splines have been studied thoroughly. One understands uni-
variate splines very well in theory and computation. One typical mono-
graph on univariate spline functions is the well-known book written by
Carl de Boor. It is called "A Practical Guide to Splines” published first
in 1978 by Springer Verlag. Another popular book is Larry Schumaker’s
monograph ”Spline Functions: Basics and Applications” which is now in
second edition published by Cambridge University Press in 2008. The-
ory and computation of bivariate splines are also understood very well.
For approximation properties of bivariate splines, there is a monograph
"Spline Functions on Triangulation" authored by Ming-Jun Lai and Larry
Schumaker, published by Cambridge University Press in 2007. For us-
ing bivariate splines for scattered data fitting/interpolation and numeri-
cal solution of partial differential equations, one can find the paper by G.
Awanou, Ming-Jun Lai and P. Wenston in 2006 useful. In their paper, they
explained how to compute bivariate splines without constructing explicit
basis functions and use them for data fitting and numerical solutions of
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PDEs including 2D Navier-Stokes equations and many flow simulations
and image denoising simulations. These numerical results can be found at
www.math.uga.edu/ mijlai.

Approximation properties of spline functions defined on spherical tri-
angulations can also be found in the monograph by M.-J. Lai and L. L.
Schumaker mentioned above. A numerical implementation of spherical
spline functions to reconstruct geopotential around the Earth can be found
in the paper by V. Baramidze, M.-]. Lai, C. K. Shum, and P. Wenston in
2009. In addition, some basic properties of trivariate spline functions can
also be found in the monograph by Lai and Schumaker. For example, Lai
and Schumaker describe in their monograph how to construct C! and C?
macro-element functions over the Alfeld split of tetrahedral partitions and
the Worsey-Farin split of tetrahedral partitions. However, how to construct
locally supported basis functions such as macro-elements for smoothness
r > 2 was not discussed in the monograph. In addition, how to find inter-
polating spline functions using trivariate spline functions of lower degree
without using any variational formulation is not known.

In his thesis, these two questions are carefully examined and fully an-
swered. That is, Michael Matt considers trivariate macro-elements and
trivariate local Lagrange interpolation methods. The macro-elements of
arbitrary smoothness, based on the Alfeld and the Worsey-Farin split of
tetrahedra, are described very carefully and are illustrated with many ex-
amples. Michael Matt has spent a great deal of time and patience to write
down in detail how to determine for C" macro-elements for r = 3,4,5,6
and etc.. One has to point out that macro-elements are locally supported
functions and they form a superspline subspace which has much smaller
dimension than the whole spline space defined on the same tetrahedral
partition. As this superspline subspace possesses the same full approxi-
mation power as the whole spline space, they are extremely important as
these are enough to use for approximate known and unknown functions
with a much smaller dimension. Thus, they are most efficient. The re-
sults in this thesis are an important extension of the literature on trivariate
macro-elements known so far. Michael Matt also describes two methods
for local Lagrange interpolation with trivariate splines. Both methods, for
once continuously differentiable cubic splines based on a type-4 partition
and for splines of degree nine on arbitrary tetrahedral partitions, are exam-
ined very detailed. Especially the method based on arbitrary tetrahedral
partitions is a crucial contribution to this area of researchsince it is the first
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method for trivariate Lagrange interpolation for two times continuously
differentiable splines.

To summarize, the results in this dissertation extend the construction
theory of trivariate splines of C" macro-elements for any » > 1. The con-
struction schemes for finding interpolatory splines over arbitrary tetrahe-
dral partition presented in this thesis are highly recommended for any ap-
plication practitioner.

Prof. Dr. Ming-Jun Lai
Department of Mathematics
University of Georgia
Athens, GA, US.A.
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Abstract

In this work, we construct two trivariate local Lagrange interpolation
methods which yield optimal approximation order and C" macro-elements
based on the Alfeld and the Worsey-Farin split of a tetrahedral partition.
The first interpolation method is based on cubic C! splines over type-4
cube partitions, for which numerical tests are given. The other one is the
first trivariate Lagrange interpolation method using C? splines. It is based
on arbitrary tetrahedral partitions using splines of degree nine. In order to
obtain this method, several new results on C? splines over partial Worsey-
Farin splits are required. We construct trivariate macro-elements based on
the Alfeld, where each tetrahedron is divided into four subtetrahedra, and
the Worsey-Farin split, where each tetrahedron is divided into twelve sub-
tetrahedra, of a tetrahedral partition. In order to obtain the macro-elements
based on the Worsey-Farin split we construct minimal determining sets for
C" macro-elements over the Clough-Tocher split of a triangle, which are
more variable than those in the literature.



Zusammenfassung

In dieser Arbeit konstruieren wir zwei Methoden zur lokalen Lagrange-
Interpolation mit trivariaten Splines, welche optimale Approximationsor-
dnung besitzen, sowie C" Makro-Elemente, welche auf der Alfeld- und der
Worsey-Farin-Unterteilung einer Tetraederpartition basieren. Eine Inter-
polationsmethode basiert auf kubischen C! Splines auf Typ-4 Wiirfelparti-
tionen. Fiir diese werden auch numerische Tests angegeben. Die nédchste
Methode ist die erste zur lokalen Lagrange-Interpolation mit trivariaten
C? Splines. Sie basiert auf beliebigen Tetraederpartitionen und verwendet
Splines vom Grad neun. Um diese Methode zu erhalten, werden einige
neue Resultate zu C? Splines iiber partiellen Worsey-Farin-Unterteilungen
benotigt. Wir konstruieren trivariate Makro-Elemente beliebiger Glattheit,
die auf der Alfeld-Unterteilung, bei der jeder Tetraeder in vier Subtetraeder
unterteilt ist, und der Worsey-Farin-Unterteilung, bei welcher jeder Tetra-
eder in zwolf Subtetraeder unterteilt ist, einer Tetraederpartition beruhen.
Um die Makro-Elemente, die auf der Worsey-Farin-Unterteilung basieren,
zu erzeugen, konstruieren wir minimal bestimmende Mengen fiir C”
Makro-Elemente iiber der Clough-Tocher-Unterteilung eines Dreiecks,
welche, im Vergleich zu den bereits in der Literatur bekannten, variabler
sind.
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1 Introduction

Multivariate splines play an important role in several areas of applied
mathematics. Due to their efficient computability and their approximation
properties, they are widely used for the construction and reconstruction
of surfaces and volumes, the interpolation and approximation of scattered
data, and many other fields in computer aided geometric design and nu-
merical analysis, such as the solution of partial differential equations.

In this thesis we consider the space of multivariate splines of degree d de-
fined on a tessellation A of a polyhedral domain (2 C R” into n-simplices,
which is given by

Si(A):={seC'(Q):s|r e P} forall T € A},

where C"(Q)) is the space of functions of C" smoothness and P/ is the space
of multivariate polynomials of degree d. We are mainly interested in the
case n = 3, and to some extend n = 2, and there we mostly consider cer-
tain subspaces, the spaces of supersplines, which fulfill supersmoothness
conditions at vertices and edges of the tetrahedra or triangles, and in some
cases also additional individual smoothness conditions.

A common approach for the construction and reconstruction of volumes
is interpolation. For a tessellation A of a domain (3 C R", a set £ :=
{x1,...,km} is called a Lagrange interpolation set for an m-dimensional
spline space S);(A), provided that for each function f € C(Q) there exists a
unique spline sy € S}(A), such that

Sf(KZ') =f(x;), i=1,....,m,

holds. If also derivatives of a sufficiently smooth function f are interpo-
lated, the corresponding set H is called a Hermite interpolation set.

An important property of interpolation sets is locality. An interpolation
set is called local, provided that the value of an interpolant sy at a point
£ € Q) only depends on data values in a finite environment of £. Thus,
the interpolant can be determined by solving several smaller linear sys-
tem of equations at a time, which is very useful for the implementation

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 1,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012



2 1 Introduction

of interpolation methods. A further desirable property is the stability of
an interpolation method. Roughly speaking, a method is called stable if
a small modification of a data value only leads to a small change of the
corresponding interpolant. These two properties are important in order to
achieve optimal approximation order. The approximation order of a spline
space S)j(A) is the biggest natural number k, such that

dist(f,S3(8)) = inf{ ]| f —s||: s € Sy(A)} < K|A[*

holds for a constant K > 0 that only depends on f, d, and the smallest
angles of A, where |A| is the mesh size of A. Then, for an interpolation
method, the approximation error |f — s¢| is considered, where s is the in-
terpolant of f constructed by the method. Thus, the approximation order
gives the rate of convergence of the error for refinements of the tessellation
A. It was shown by Ciarlet and Raviart [23] that d + 1 is an upper bound
for the approximation order, which implies that k = d + 1 is the optimal
approximation order. Following de Boor and Jia [36], the optimal approxi-
mation order cannot be obtained by every interpolation method.

The terminology ”spline function” was first used in Schoenberg [91, 92],
though earlier papers were concerned with splines without actually using
this name (see [86, 88]). Univariate splines were extensively studied and
many results on approximation and interpolation, as well as on the dimen-
sion of univariate spline spaces, are known (see [32, 69, 93], and references
therein).

In recent years a lot of research has been done on bivariate splines (see
[2-8, 8, 14, 15, 20, 22, 25-29, 31, 34, 38, 39, 44-53, 56-61, 70, 71, 73-80, 82,
85, 87, 89, 90, 94, 100, 101]).

In contrast, much less is known about trivariate splines, especially for
spline spaces with a low degree of polynomials compared to the degree
of smoothness (see [12, 16, 17, 21, 41, 43, 62, 105]). Due to the complex
structure of these spline spaces many problems, such as the construction
of local interpolation sets, are still open. One approach are macro-element
methods, which are mostly based on the refinement of the tetrahedra of
a given partition into smaller subtetrahedra (see [1, 9-11, 13, 18, 55, 63,
64, 96-99, 103, 104]). Another approach is based on regular tetrahedral
partitions (see [40, 42, 72, 81, 83, 95]).

In this thesis, we consider local Lagrange interpolation methods for C!
and C? splines and C" macro-elements based on the Alfeld and the Worsey-
Farin split of tetrahedra.
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Local Lagrange interpolation methods can be used to interpolate scat-
tered data and to construct and reconstruct volumes. We consider local La-
grange interpolation with C! cubic splines on type-4 cube partitions. There
are already a few articles on trivariate local Lagrange interpolation on vari-
ous tetrahedral partitions (see [41-43, 81, 95]). Though the method by Matt
and Niurnberger [67] presented here is the first one that was actually im-
plemented. Hence, it is the first time that it can also be shown numerically
that the spline space corresponding to the trivariate Lagrange interpolation
method yields optimal approximation order. We also construct local and
stable Lagrange interpolation sets for C? splines on arbitrary tetrahedral
partitions. It can be seen from above that there exists some literature on
bivariate Lagrange interpolation methods based on C? and also some liter-
ature on local Lagrange interpolation with trivariate C! splines. Here, we
construct the first trivariate Lagrange interpolation method for C? splines.
We also show that the interpolation set is local and stable and that the cor-
responding spline space yields optimal approximation order.

We also examine C" macro-element methods based on the Alfeld and the
Worsey-Farin refinement of a tetrahedron. Macro-elements can be used
for example to numerically solve partial differential equations, to simu-
late properties of materials or economic models. In the bivariate case there
exists a vast literature on macro-elements, also for those of type C” (see
[6, 7,59, 61, 106]). In the trivariate setting there exists some literature on
C! and C? macro-elements (see [1, 9-11, 13, 18, 55, 64, 96-99, 103, 104]),
though only polynomial C" macro-elements are known so far (see [63]).
Their degree of polynomials is d = 87 + 1, which is quite high. By split-
ting the tetrahedra with the Alfeld and the Worsey-Farin split, we obtain
C" macro-elements with a significantly lower degree of polynomials. We
also show that for the corresponding Hermite interpolation methods the
considered superspline spaces yield optimal approximation order.

This thesis is divided into the following chapters: In chapter 2, we con-
sider the fundamentals of multivariate spline theory. First, we investi-
gate tessellations of a polyhedral domain () C R" into n-simplices, espe-
cially tetrahedral partitions, as well as some special tessellations for n = 2
and n = 3. Subsequently, we introduce multivariate splines and super-
splines, and their basis, the multivariate polynomials. Then, we examine
the Bernstein-Bézier techniques for multivariate splines. Using barycentric
coordinates, the multivariate Bernstein polynomials, and thus the B-form
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of polynomials, can be defined. Following, we consider the de Casteljau
algorithm for efficient evaluation of polynomials in the B-form, which can
also be used for subdivision. Next, we describe smoothness conditions
for polynomials in the B-form on adjacent n-simplices, especially for n = 2
and n = 3, which were introduced by Farin [39] and de Boor [33]. Subse-
quently, we consider the concept of minimal determining sets, which can
be used to characterize spline spaces. Minimal determining sets also play
an important role, since their cardinality is equal to the dimension of the
corresponding spline space. Next, we define the Lagrange and Hermite in-
terpolation and some properties of interpolation sets, such as locality and
stability. Finally, we introduce nodal minimal determining sets and define
the approximation order of spline spaces.

In chapter 3, we consider minimal determining sets for C' and C? splines
on partial Worsey-Farin splits of a tetrahedron, which were defined in
chapter 2. First, we review the results of Hecklin, Niirnberger, Schumaker,
and Zeilfelder [42] for C! splines. Subsequently, we construct several min-
imal determining sets for different C? superspline spaces. We also state
some lemmata that show how a spline defined on a tetrahedral partition
A\ T can be extended to a spline defined on A, where the tetrahedron T is
refined with a partial Worsey-Farin split. To this end, additional smooth-
ness conditions are used. The minimal determining sets and the lemmata
considered in this chapter are then applied in chapters 4 and 5.

In chapter 4, we present the work on local Lagrange interpolation with
trivariate C! splines on type-4 cube partitions by Matt and Niirnberger
[67]. At first the type-4 cube partition is defined. Therefore, the cubes of
a cube partition ¢ are divided into five classes. Afterwards, each cube is
split into five tetrahedra, according to the classification of the cubes. Then,
following this classification and the location of the tetrahedra in the cubes,
we chose the interpolation points and refine some of the tetrahedra with a
partial Worsey-Farin split. Subsequently, it is shown that the set of inter-
polation points chosen is a Lagrange interpolation set for the space of C!
splines of degree three on the final tetrahedral partition. The final partition
is obtained by refining some of the tetrahedra even further, though by the
time a spline is determined on these tetrahedra this is not needed and thus
omitted at the moment, in order to keep the computation of the spline less
complex. We also give a nodal minimal determining set for the interpola-
tion method. Following that, we show that the interpolation method yields
optimal approximation order. Finally, numerical tests and visualizations of
the Marschner-Lobb test function (see [65]) are given.
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In chapter 5, we construct a local Lagrange interpolation method for C2
splines of degree nine on arbitrary tetrahedral partitions. The construction
is based on a decompositions of a tetrahedral partition A into classes of
tetrahedra. This decomposition induces an order of the tetrahedra in A, ac-
cording to their number of common vertices, edges, and faces. In contrast
to the decomposition used in [43] to create a local Lagrange interpolation
method for C! splines, the number of common vertices, edges, and faces
has to be considered simultaneously in order to construct a local Lagrange
interpolation set for C? splines. Next, as with the Lagrange interpolation
method considered in chapter 4, some of the tetrahedra of the partition A
have to be refined with partial Worsey-Farin splits according to the num-
ber of common edges with the previous tetrahedra in the order imposed
by the decomposition. Then, we construct a superspline space based on
the refined partition, which is endowed with several additional smooth-
ness conditions corresponding to the lemmata in chapter 3. Subsequently,
we construct a local and stable Lagrange interpolation set. It is notable that
the interpolation set is 11-local which is very low, compared to the number
of 24 classes needed to create the method and especially when compared
to the C! method for local Lagrange interpolation on arbitrary tetrahedral
partitions by Hecklin, Niirnberger, Schumaker, and Zeilfelder [43] which is
10-local. We also give a nodal minimal determining set for the superspline
space considered in this chapter. Finally, we examine the approximation
order of the spline space considered in this chapter and show that it is op-
timal.

In chapter 6, we consider the minimal determining sets for bivariate C”
macro-elements based on the Clough-Tocher split of a triangle constructed
by Matt [66]. First, we consider conditions on the minimal degree of poly-
nomials and the minimal degrees of supersmoothnesses in order to con-
struct C" macro-elements based on non-split triangles and triangles refined
with a Clough-Tocher or a Powell-Sabin split, respectively. These are used
throughout this chapter and in chapters 7 and 8, in order to derive the min-
imal conditions for macro-elements based on the Alfeld and the Worsey-
Farin split of a tetrahedron. Then, minimal determining sets for C” splines
with various degrees of polynomials and supersmoothnesses based on the
Clough-Tocher split of a triangle are examined. In case the minimal de-
grees are applied, the macro-elements reduce to those constructed in [59].
These minimal determining sets are needed for the construction of trivari-
ate C" macro-elements over the Worsey-Farin split of a tetrahedron in chap-
ter 8. Subsequently, we illustrate the minimal determining sets of the C”
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macro-elements with several examples for ¥ =0,...,9. These are also used
in the examples for minimal determining sets for macro-elements based on
the Worsey-Farin split of a tetrahedron in chapter 8.

In chapter 7, we consider the trivariate C" macro-elements based on the
Alfeld split of a tetrahedron by Lai and Matt [54]. It is firstly shown which
restrictions for the degree of polynomials, as well as the supersmoothness
conditions, have to be fulfilled in order to construct macro-elements over
the Alfeld split of a tetrahedron. These can be derived from the restric-
tions for bivariate macro-elements considered in chapter 6. Thus, it can be
seen that the degree of polynomials and supersmoothnesses is the lowest
possible to construct such macro-elements. Subsequently, a corresponding
superspline space and minimal determining sets for the macro-elements
are examined, first on one tetrahedron divided with the Alfeld split and
then on a refined tetrahedral partition. Since these minimal determining
sets are quite complex, we illustrate them for C" macro-elements on a sin-
gle tetrahedron for r = 1,...,6. It can be seen that for » = 1,2 the macro-
elements reduce to those in [62] in section 18.3 and 18.7. In the follow-
ing, we consider nodal minimal determining sets for the macro-elements.
First, nodal minimal determining sets for the macro-element defined on
one Alfeld split tetrahedron are analyzed, and then for macro-elements
over a refined tetrahedral partition. Finally, we examine a Hermite inter-
polation set for C" splines over the Alfeld split of tetrahedra and show that
it yields optimal approximation order.

In chapter 8, we examine the C" macro-elements based on the Worsey-
Farin split of tetrahedra by Matt [66]. We first consider the conditions
for the minimal degree of polynomials and the minimal degrees of super-
smoothnesses needed to construct C" macro-elements based on the Worsey-
Farin split. Again, these can be derived from the corresponding condi-
tions for bivariate macro-elements considered in chapter 6. Following, we
present a superspline space which can be used to define C" macro-elements
based on the Worsey-Farin split of a tetrahedron and a corresponding min-
imal determining set. We also give a minimal determining set for a su-
perspline space defined on a tetrahedral partition, where each tetrahedron
is refined with a Worsey-Farin split. Subsequently, we illustrate minimal
determining sets for C" macro-elements based on the Worsey-Farin split of
one tetrahedron for » = 1,...,6. For r =1 and r = 2 the macro-elements
reduce to those considered by Lai and Schumaker [62] in sections 18.4 and
18.8, respectively. Next, we examine nodal minimal determining sets for
the C" macro-elements, first for macro-elements based on a single Worsey-
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Farin split tetrahedron and then on a whole tetrahedral partitions that has
been refined with the Worsey-Farin split. We conclude this chapter with
a Hermite interpolation set for C" splines over the Worsey-Farin split of
tetrahedra and consider the approximation order, which is optimal.

The next chapter contains the references. It is followed by appendix A,
where we state several bivariate lemmata concerned with minimal deter-
mining sets for splines based on triangles refined with the Clough-Tocher
split. These lemmata are needed in chapter 3 in order to proof the theorems
on minimal determining sets for splines on tetrahedra refined with partial
Worsey-Farin splits. For a better understanding we illustrate the minimal
determining sets constructed here.



2 Preliminaries

In this chapter, we consider some results and techniques of multivariate
spline theory. Since we are mainly interested in trivariate splines in this
work, and as an aid to some extent also bivariate splines, we state most of
the results and definitions shown in this chapter combined in the multi-
variate setting. However, to ease the understanding, we also show some of
theses results for the trivariate and bivariate case. In section 2.1, we define
tessellations of a domain in R”. Furthermore, we show some refinement
schemes of triangles and tetrahedral partitions and introduce some nota-
tion and the Euler relations for tetrahedra. In section 2.2, we examine mul-
tivariate polynomials, which form a basis for the subsequently considered
multivariate splines and supersplines. In the next section, we describe the
Bernstein-Bézier techniques for multivariate splines. These are based on
the barycentric coordinates, which are needed to define Bernstein polyno-
mials and the resulting B-form of polynomials that is used throughout this
dissertation. Subsequently the de Casteljau algorithm, which can be used
to efficiently evaluate polynomials in the B-form, as well as smoothness
conditions between two polynomials are considered. Finally, the concept
of minimal determining sets is introduced. In the last section, we define
the problem of interpolation and give another characterization of spline
spaces, nodal minimal determining sets. In the end we define the approxi-
mation order of spline spaces.

2.1 Tessellations of R”

In this section we define tessellations of a polyhedral subset of IR" into n-
simplices. Especially the cases nn = 2,3 are of interest here. Then, we define
certain special refinements of triangles and tetrahedral partitions. More-
over, some notation concerning the relations of tetrahedra are established,
as well as the trivariate Euler relations.

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 2,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012



10 2 Preliminaries

2.1.1 Tessellations of R” into n-simplices

First, since the methods considered in this dissertation are mostly in the
trivariate setting, tetrahedral partitions are denominated. Thereafter, tes-
sellations of R", n € IN, into n—simplices are defined, which are also
needed later on in this chapter.

Definition 2.1:
Let Q be a polyhedral subset of R3. If Q) is divided into tetrahedra T;, i =
1,...,N, such that the intersection of two different tetrahedra is either
empty, a common vertex, a common edge, or a common face, then
A:={Ty,..., Ty} is called a tetrahedral partition of Q.

A tetrahedron T := (v1,v;,03,04) is called non-degenerated provided
that it has nonzero volume.

Figure 2.1: Tetrahedral partition of a polyhedral domain ().

Definition 2.2:
Let () be a polyhedral subset of R”, n € IN. If ) is divided into n-simplices
T;, i =1,...,N, such that the intersection of two different n-simplices is ei-
ther empty or a common k—simplex, for k = 0,...,n — 1, then
A:={Ty,..., Ty} is called a tessellation of () into n-simplices.

An n-simplex T := (v1,...,0,41) is called non-degenerated if the points
v; € R", i=1,...,n+1, are linear independent.

In the bivariate case a tessellation of () into 2-simplices is called a trian-
gulation.
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2.1.2 Special n-simplices

In this subsection, special refinements of n-simplices are considered. These
are, the Clough-Tocher and the Powell-Sabin split of a triangle, as well the
Alfeld and Worsey-Farin split of a tetrahedron and a tetrahedral partition.
Moreover, partial Worsey-Farin splits of a tetrahedron are considered.

2.1.2.1 Refinements of triangles

Definition 2.3 (Clough-Tocher split (cf. [24])):

Let F := (v1,v5,03) be a triangle in R?, and let vr be a point strictly inside F.
Then the Clough-Tocher split of F is obtained by connecting vr to the three
vertices of F. The resulting refinement is denoted by Fcr, which consists of
the three subtriangles F; := (v;,v;,1,vF), i = 1,2,3, where vy := v;.

U3

F
U1 » 02

Figure 2.2: Clough-Tocher split of a triangle F := (v1,v2,0v3) at the split
point vr in the interior of F.

Definition 2.4 (Powell-Sabin split (cf. [85]):

Let F := (v1,v2,v3) be a triangle in R2, v bea point strictly inside F, and let
Vi, i = 1,2,3, be points strictly in the interior of the edges
e; := (v;,vi41), 1 = 1,2,3, respectively, where vy := v. Then the Powell-
Sabin split of F is obtained by connecting vr to the three vertices of F
and to the three points v,;, i = 1,2,3. The resulting refinement is denoted
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by Fps and consists of the six subtriangles F; := (v;,v,;,vr), i =1,2,3, and
F; := (0ei,0i41,0F), i = 1,2,3, where vy := v;.

Figure 2.3: Powell-Sabin split of a triangle F := (vq,v5,v3) at the split point
or in the interior of F, and the points v, ;, i = 1,2,3, in the inte-
rior of the edges of F.

Remark 2.5:
In order to construct the Clough-Tocher split of a triangle F := (vq,v,v3),

usually the barycenter vp := % of F is chosen as split point.

To construct the Powell-Sabin split of a triangle F, the incenter of F is
chosen as the split point vr in the interior of F. As split points in the interior
of the edges of F, the centers of the edges are chosen. In case F shares an
edge with another triangle F, then the split point in the common edge is
chosen as the intersection of the line connecting the incenters vr of F and
vg of F with this edge. To chose the incenters of the triangles as split points
ensures, that the line connecting two interior split points of neighboring
triangles intersects the common edge. This property is needed in order to
obtain C’, r > 0 smoothness, which is explained later on in this chapter,
across this edge.
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2.1.2.2 Refinements of tetrahedral partitions

Definition 2.6 (Alfeld split (cf. [1])):

Let T := (v1,v,v3,04) be a tetrahedron in IR?, and let vT be the barycenter
of T. Then the Alfeld split of T is constructed by connecting vt to the four
vertices of T. The obtained refinement is denoted by T4, which consists
of the four subtetrahedra T; := (v;,v;,1,0;12,07), i = 1,...,4, where vs5 :=
v and vg := vp. For a tetrahedral partition A, the partition obtained by
applying the Alfeld split to each tetrahedron in A is denoted by A 4.

U4

(%)

01

02

Figure 2.4: Alfeld split of a tetrahedron T := (v1,v;,v3,0v4) at the split point
vT in the interior of T.

Definition 2.7 (Worsey-Farin split (cf. [103])):

Let A be a tetrahedral partition and for each tetrahedron T in A let vt
be the incenter of T. For each interior face F of A, let vr be the intersec-
tion of F and the straight line connecting the two incenters of the tetra-
hedra sharing F. In case F is on the boundary of A, the point vr is cho-
sen as the barycenter of F. Then the Worsey-Farin split of a tetrahedron
T := (v1,v2,v3,v4) is constructed by connecting vr to the four vertices of
T and the four points vp;, i =1,...,4, in the interior of the faces F; :=
(vi,vi41,vi4+2), where v5 := v1 and v := v,, and by connecting the points
vpi, i =1,...,4, to the three vertices of the corresponding face F;, respec-
tively. The obtained refinement is denoted by Ty, which consists of the
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twelve subtetrahedra T; ; := <ui,j,ui,j+1,vp,i,vT>, i=1,...,4,j=1,2,3, where
Ujji=0iyj—1, with u;4:=u;; and Ujj:=0itj5 fori+j>5andj#4. Wede-
fine Awr to be the refined tetrahedral partition obtained by dividing each
tetrahedron of A with the Worsey-Farin split.

02

Figure 2.5: Worsey-Farin split of a tetrahedron T := (vq,0v,03,74) at the
split point v7 in the interior of T and the split points vg;,
i=1,...,4,in the interior of the faces of T.

Note that by choosing the incenters of the tetrahedra as interior split points,
it is ensured that the line connecting two of these split points from neigh-
boring tetrahedra intersects the common face F (cf. Lemma 16.24 in [62]).

Definition 2.8 (Partial Worsey-Farin splits (cf. [42])):

Let T be a tetrahedron in R3, and let vr be the incenter of T. Given an
integer 0 < m < 4, let F,...,Fy be distinct faces of T, and for each i =
1,...,m, let vr; be a point in the interior of F;. Then the m-th order partial
Worsey-Farin split T}y, of T is defined as the refinement obtained by the
following steps:

1. connect vt to each of the four vertices of T;
2. connect vt to the points vp; fori =1,...,m;

3. connect vf; to the three vertices of F; fori =1,...,m.
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Figure 2.6: Partial Worsey-Farin splits of order m for m =0, ...,4, of a tetra-
hedron.

Note that in case T shares a face F with another tetrahedron, that is re-
fined with a partial Worsey-Farin split, the point vr is chosen as the inter-
section of the straight line connecting the incenters of the two tetrahedra
and the face F. Else, the point vf is chosen as the barycenter of F. Thus,
the split points are chosen in the same way as for the Worsey-Farin split of
a tetrahedron (cf. Definition 2.7).

It can easily be seen that the m-th order partial Worsey-Farin split of a
tetrahedron results in 4 4- 2m subtetrahedra. For m = 0 the partial Worsey-
Farin split reduces to the Alfeld split (cf. Definition 2.6), although here
the incenter is chosen as split point and not the barycenter. For the case
m = 4 the partial Worsey-Farin split results in the Worsey-Farin split (cf.
Definition 2.7).

2.1.3 Notation and Euler relations

In this subsection some notation are established and the Euler relations are
stated for tetrahedral partitions A.
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Notation 2.9:
For a tetrahedral partition A we define the following sets:

V1, Vs,V 1 Set of inner, boundary, and all vertices of A
E1,ER,€ 1 Set of inner, boundary, and all edges of A
Fi1,Fg, F :  Set of inner, boundary, and all faces of A

N :  Cardinality of the set of tetrahedra in A

Following Leonhard Euler, the following properties hold:

#Vp =2N —#F;+2
N=#V—#5 +#F;+1

In order to characterize the tetrahedra of a partition A, the following
terms and definitions are used.

Two tetrahedra T, T € A touch each other, if they share a common vertex,
or a common edge. They are called neighbors, if they share a common face.

Two triangular faces E,F € F are called neighbors, if there is a tetrahe-
dron T € A where F,F € T. Two faces F and F of two tetrahedra T and T
are called degenerated if they lie in a common plane.

The next definition deals with certain subsets of a tetrahedral partition
A. Tt is equivalent for tessellations A of a domain (2 C R”.

Definition 2.10:
LetT € A and

star’(T) :=T.

Then, for n > 1, star” (T) is defined inductively as

star”(T) := | J{T € A: Tnstar" (T) #0}.

2.2 Splines

In this section first multivariate polynomials are defined. These form a ba-
sis for the space of multivariate splines, which are introduced afterwards.
Furthermore, special subspaces of the spline space, the spaces of multivari-
ate supersplines, are defined.
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2.2.1 Multivariate polynomials

Definition 2.11:
Letd € Np and (x,...,%,) € R". Then

szspan{x?-..uxZ”: i1,000,in > 0,01+ ...+ iy, <d}

is the space of polynomials in n dimensions of total degree < d, where
dim(P}) = (*}").

n

Thus, each multivariate polynomial p € P} can be written in the form

_ 0 i
p(x1,...,x0) = Z [N SR
i +otin<d
i1 i >0

where the 4;,_;, € R are linear factors. This representation of multivariate
polynomials is also called the monomial form.

2.2.2 Multivariate splines

In this subsection multivariate splines are defined. Therefore, first the
space of smooth functions has to be denominated.

Definition 2.12:
Let Q) be a domain in R”, n € IN, and let r € Ny. Then

C'(Q):={f:Q—R: fisr-times continuous differentiable}
is the space of functions of C" smoothness, or also C" continuity. For C°(Q),
we also write C(Q)).

Now, the space of multivariate splines can be defined.

Definition 2.13:
Letr,d € Ng, with0 <r <d, and let ) C R",n € N, be a polyhedral domain
and A a tessellation of () into n—simplices. Then

Si(A) ={s€C(Q):s)7 € Py VT € A}

is called the space of multivariate splines of C" smoothness of degree d.

Functions contained in S’ (A) are piecewise polynomials of degree d which
have C” continuity at each intersection of two simplices in A.
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2.2.3 Multivariate supersplines

For certain problems, as the partial Worsey-Farin splits in chapter 3, there-
with also the Lagrange interpolation methods in chapter 4 and 5, or the
macro-elements presented in chapter 7 and 8, additional smoothness con-
ditions are needed, i.e. at the vertices and edges of a tetrahedral partition.
The subspace of splines that fulfill these additional conditions is called the
space of multivariate superspline. Thus, for a given tessellation A of a do-
main () into n—simplices, n € IN, a superspline subspace of S);(A) is to be
of CPki smoothness at the k—simplices vy ; in A, for k = 0,...,n — 1, with
r<pp_1; < ... <pg; <d.

Definition 2.14:

Let r,d be in Ng, with 0 <r < d, Q) a polyhedral domain in R”, A a tes-
sellation of () into n—simplices, n € IN, Nj the cardinality of the set of
k—simplices in A, for k =0,...,n — 1, and let {Uk,lr---rvk,Nk} be the set
of k—simplices in A. Let oy := (0x1,---,0kN, ), Pki € N, for i =1,...,Ni
and k =0,...,n — 1, where the py; are to fulfill < min;—y,_ N, ,0n-1, <
max;—1,. N, ; Pn—1; < ... SMin—1,_ N, Lo, < Maxj=1,. N, Lo, < d. Then the
space

S;’PO"“P”’l(A) ={seSj(A):s€CPri(vy;),i=1,...,Ni, k=0,...,n — 2}
is called a superspline subspace of S;(A).

Following Definition 2.14, for QO C R? and a corresponding triangulation A
a spline in S;’p consists of bivariate polynomials of degree d that join with
C" smoothness at the edges of A and C” smoothness at the vertices of A.
Accordingly, for O C R? and a tetrahedral partition A, splines in S;’p 12
are piecewise polynomials of degree d that join with C" smoothness at the
triangular faces of A, CP2 smoothness at the edges of A, and CP! smoothness
at the vertices of A.

2.3 Bernstein-Bézier techniques

In this section, we consider the well known Bernstein-Bézier techniques,
which are used to examine multivariate splines. The basis for these tech-
niques can be found in [14, 33, 39, 62], among others. We first introduce
barycentric coordinates, that form a basis for the Bernstein-Bézier tech-
niques. Subsequently, we introduce the Bernstein polynomials and the
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B-form of a polynomial, which will be used throughout this work. Then,
the de Casteljau algorithm for the evaluation of polynomials in the B-form,
and also the subdivision of polynomials, is considered (cf. [37]). In the next
subsection, smoothness conditions between adjacent n-simplices are inves-
tigated. Finally, the concept of minimal determining sets is introduced,
which can be used to characterize spline spaces and to consider their di-
mension.

2.3.1 Barycentric coordinates

In this subsection, we consider barycentric coordinates. These are very ef-
ficient for the representation of points in R” relative to an n-simplex T,
since they are affine invariant, in contrast to the usual Cartesian coordi-
nates. Note that here and in the course of this work, we will assume that T
is a non-degenerated n-simplex.

Definition 2.15:
Let T := (vy,...,0,41) be an n-simplex in R" with vertices vy,..., ;1.
Then there exist unique barycentric coordinates ¢, ..., ¢, 41 € P{, that sat-
isfy

n+1

Ypi=1
i=1
as well as the interpolation property

1 fori—i
¢i(vj)) =i =1 orz. ,]' Lj=1,....n+1.
0, fori#j,

They can be explicitly computed as
‘ ( 1 .01 ... 1 ) ’
01 ... 0 ... OUp+1
‘ ( 1 ... 1 ... 1 )
o1 ... Ui ... Upp1

Moreover, for each point v € R"

, fori=1,...,n+1, and for all v € R".

¢i(v) =

v=¢1(0)v1 + ... + Ppi1(0)vy11

holds.
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In the bivariate setting the barycentric coordinates ¢1, ¢, and ¢3 relative
to a triangle F := (v1,v2,03) can be visualized as planes in R? (see Figure
2.7).

¢1: ¢ ¢3:
U3 U3
A = _
01 02 01 (%] 1 02

[%

Figure 2.7: Barycentric coordinates relative to a triangle F := (vq,v,v3).

2.3.2 Bernstein polynomials and the B-form

In this subsection, we define the Bernstein polynomials, that form a basis
of the space P}. Moreover, we define the equally spaced domain points.

Definition 2.16:
Let T := (vy,...,0,41) be an n-simplex in IR” with barycentric coordinates
¢1,...,¢9n+1, and let d € Ny. Then the polynomials BZT .y € Pg,with

Int

d,T . d! int1

" i .
1,01 il! . in+1!¢1 (Pn-‘rl’

il/"'/in+1 Z 0/ 11 + +ZVI+1 = d/
are called Bernstein polynomials of degree d relative to T.

The Bernstein polynomials have several interesting properties. They
form a partition of unity,

4T
Z Bil,...,in+1 - 1’

i iy =d
i sy 120

and they satisfy the recurrence formula

d,T _ 4) d-1,T
i1,eein 41 =L in g1

ot P BT . @2.1)

11—1,...,in+1—1
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Moreover, they form a basis for P}

Theorem 2.17:
Let T := (vy,...,0,41) be an n-simplex in R". Then the set

{Bd,T

i1 }i1+...+in+1:d

of Bernstein polynomials, is a basis for the space P} of n-dimensional poly-
nomials of degree d.

Following Theorem 2.17, there exists a unique representation of each
polynomial p € P} in terms of Bernstein polynomials relative to an n-
simplex T.

Definition 2.18:
Let T := (v1,...,0441) € R", d € Ny, and BZ’?_Z- o i1+ ... +i,41 =d, the
Bernstein polynomials of degree d relative to T. Then every polynomial

p € P} can be uniquely written as

. T a,T
P - 2 Cilr---rin+1 Bi]r-~-rin+] :

This representation is called Bernstein-Bézier-form (B-form) and the coef-

ficients cg iy AT€ called Bernstein-Bézier-coefficients (B-coefficients).
]

This leads to the following definition of equally spaced points 55

in an n-simplex T that are associated with the B-coefficients ciT1 iney Of @
polynomial p defined on T:

Definition 2.19:
Letd € Ng and T := (vy,...,0,41) an n-simplex in R”. Then we define

o (¢T ot iU .
Dr,:= {gil,_win“ = 7 Jiit i =d}

to be the set of domain points relative to T.

Form > 0and 1 <n, we say that the domain point EZ » has a distance

i
of iy + ...+ iy = m from the (n-k)-simplex (vy,1,...,0,+1), and the domain
points with i + ... 4 i < m are within a distance of m from (v, 1,...,0y41).

In certain cases we need m to be negative. So for m = —1 the set of domain
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points with or within a distance of m from an (n-k)-simplex is empty. The
definitions are analogue for all other combinations of vertices of T.
For a tessellation A, we define

DA,d = U DT,d'
TeA

Then, for a domain point € := ¢ Z » let c¢ be the B-coefficient CiTl

seerlp peedn 1’
In the following we define certain sets of domain points for the bivariate
and trivariate setting. For a clearer distinction between the indices of the
domain points, we will use 7, , k in the bivariate and i,j,k, ! in the trivariate
setting, instead of iy,1p,i3 and i,ip,13,14.
Thus, for a triangle F := (v1,v7,0v3), let

Ry, (1) i={& s i=d—m}
be the ring of radius m around v;. Moreover, let
Dh(01) = {5 1> d—m)

be the disk of radius m around v;. The definitions are analogue for the
other vertices of F. Then, for a vertex v of a triangulation A, we have

Ry (v) := U R;(v)

{FeA: veF}
and

Dy, (v) := U Di(v).

{FeA: veF}

In the trivariate setting, for a tetrahedron T := (v1,v2,0v3,04), let
Ry(01) = {¢f - i=d—m}
be the shell of radius m around v1, and let
Dh(vq) == {fgj,k,z pi>d—m}
be the ball of radius m around v4. Furthermore, let

E%(@L”z)) = {’EiTj,k,l ck+I1< m}
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be the tube of radius m around the edge (v1,v;). In addition, let
Fp((v1,02,03)) i= {&] )+ 1=m}

be the set of domain points with a distance of m from the face (v1,v3,v3) of
T. The definitions are similar for the other vertices, edges, and faces of T.
Then, for a vertex v, an edge ¢, and a face F of a tetrahedral partition A, we

have
Ru(®):= U Ru(o),
{TeA: veT}
Du(0):= |J Dylo),
{TenA: veT}
En(e):= |J Enle),
{TeA: ecT}
and

Fu(F):= |J FL(F).

{TeA: FeT}

2.3.3 De Casteljau algorithm

In this subsection, we present an efficient algorithm to evaluate a polyno-
mial given in the B-form (cf. [37]). Moreover, we show an algorithm for
subdividing polynomials defined on a single n-simplex.

In the following we assume that expressions with negative subscripts
are equal to zero.

Theorem 2.20:
Let p € P} be a polynomial defined on an n-simplex T with B-coefficients

CT(O) = CT .
i yensipg1 eeedn+1”

i1+... iy =d.

Let ¢1,...,¢,11 be the barycentric coordinates of T, v € R", and let

CT(') = ¢1(v)c zlil Y +ot 4’”*1(0)6?15{:1'21“’

ln+1 g1

i1+...+igp1=d—].

2.2)
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Then

p)= ¥ U BT (o), (2.3)

) 4 R VY TP R S P
i1+ =d—j
forall 0 <j <d. Especially,

p(0) =%,

Proof:
We prove (2.3) by induction on j. The equation holds for j = 0, since it

reduces to the normal B-form of p in this case. Now, assume that (2.3)
holds for j — 1. Following the recurrence formula (2.1), we have

B T(j—1) pd—j+1,T
p(v) = Y CivriviiBin i, (0)
ftotina—d—j+1
_ T(j-1) d—jT
- ¥ Cil,...,in+1(4’1 @B T (@)t

i ootip o =d—j+1
d—j,T
+ Pnt1 (U)Bil,..].,inﬂ—l (U)> .
This sum can be divided into n + 1 sums of the form

T(j-1) d—j,T
) ) ) Ci1,.-.,in+1 Pr (U)Biu-.,ik*ln-.,inﬂ (U)
i ety =d—j+1
i>1

_ T(j-1) d—j,T
. Z ,Cilr---rik+1r---rin+l(Pk(v) Bilr---rin+1 (0),
i+t =d—]

fork=1,...,n 4+ 1. Then, combining these sums we obtain

T(j—1 T(j—1
p(v) = Z (‘Pl (U)Cil(j]q,,,),,jnﬂ +.+ 4’n+1(0)ci1§,],,,in)+1+1)
ibetip=d—j
d—j,T
’ Bi]/~--/in+l ('0)

Applying (2.2), we get (2.3). Then, for j = d, we get

d
p(0) = cg WBYT (0).

e

Thus, since ng.T..,o(m =1p@) =cy o mi
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This leads to the well known de Casteljau algorithm for evaluating poly-
nomials p € P} in the B-form, which are defined on an n-simplex T:

Algorithm 2.21:
Forj=1,...,4d,
foralliy +...+ i1 =d—],
T(j) o T(j-1) T(j-1)
Citercipr "= P1 (U)ci1+1,---,in+1 Tt ¢”+1(U)Ci1r-~-/in+1+1'

The de Casteljau algorithm can also be used to subdivide a polynomial
p € P} defined on an n-simplex T := (vy,...,0,41) to polynomial pieces
defined on the n-simplices T; := (u, Vjy1,-- .,vj+n>, j=1,...,n+1, where u
is point in the interior of T and v, 1, := vy for all k.

Theorem 2.22:

Let p € P} be a polynomial in the B-form defined on T with B-coefficients
T(0)

{c

Ao Yiy4ootins—d- Then forallo € T,

oV, B (v), vem,

O,lz,...,i,,+1 il/-~~/in+1

i+t =d
p(v) =9:
Tyt (inst) o T
Y dcifjtl,i(n?(; )Bi]”f;’lﬂ (v), v€ Ty,
it =
T;(k)

where the coefficients c;/ | are generated by applying k steps of the de

P

Casteljau algorithm based on the barycentric coordinates of u relative to T.

Proof:
Letv € Ty and ¢7j, j=1,...,n 41 the barycentric coordinates relative to T7.
Then v can be written as

v=¢1(0)u+ $2(0)v2 + ... + Pri1(0) V11

Let ¢>]-, j=1,...,n 41, be the barycentric coordinates relative to T. Then,
since

u=¢g1(u)vr+ ...+ ¢pr1(u)vy41,
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we get

0 =¢1(0) (P1(u)01 + .. + Ppy1()0ng1) + P2(V)02 + ... + Pui1(0) V11
= ¢1(0)p1 ()01 + (P1(0)2(u) + ¢2(v)) v
+.t (%1(0)4571—1—1 (u) + $n+1(v)) Un+1

Thus, for the Bernstein polynomials relative to T we get

BT (U)ZI,L(%( )91 (1)) - (41(0) 2 (1) + §2(0))"

Y ) b !

: (4~71(v)¢n+1 (u) + ¢7n+1 (U))ln+1

n+1
_2 2 11+V2+ AV, —vo, 1=V ('U)
Vit
I+va+. vy, T
lerZ/---/Vn+1n+ (u),

forall Iy + ...+ I,41 = d. Then, substituting this in the B-form

o T d,T
p(v) = Z e Bll g1 (v)
ll+~~+lrl+l d
of p, we get
n+1
p(v) = Z nv Z 2 11+V2+ AVl =2l 1=V (0)
L+ 4= d Vn+1

Lh+va+.. V1, T
uj.
1,V Vp 1 ( )

Now, for l~ =ij+v, j=2,..,n+1, and Iy +vp +...,vy41 = i1, the B-
dTl

coefficient of B . s
i1

T iy, Th
Z Clyig v e 1+ V1 Bl1 V2, Vi1 (u)’
h4va+..+vy1=ip

i)
27k
n-simplex in {Ty,..., T;4+1}. i

which is equal to cg ; by (2.2). The proof is similar if v is in another
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2.3.4 Smoothness conditions

In this subsection, we consider conditions for smooth joints of two poly-
nomials p and p defined on n-simplices T and T, respectively, that share
at least a common 0-simplex. Moreover, we present some lemmata which
make use of the smoothness conditions in order to compute B-coefficients
of two polynomials defined on adjacent triangles and tetrahedra. These
lemmata are then illustrated.

The following C" smoothness conditions between two polynomials p
and p were established by Farin [39] and de Boor [33]:

Theorem 2.23: N
Let T:= (vy,...,0y41) and T := (01,...,0,41) be two n-simplices in R", and
let vy := v7. Moreover, let

— T T
p(v) = Z Citpeerins1 Bil,..-,in+1 (v)
iyt tipy1=d
and _ -
(o) — T 4T
plo):= Y} i B, (@)
i+t =d
be two polynomials defined on T and T, respectively, where Bﬁ’T it and
eerin
T . : .
if,...i,., are the corresponding Bernstein polynomials.

Then the two polynomials p and p join with C" smoothness if and only
if

) int1 ip R )
i s AV eV TV ey T Y e Y
Ve =i

T _ 2 T
Cil/'“/iiH—l - (C i i 41

Int1 Ing1_;
vy +...+vn+l =il

(2.4)

d,T o~ da,T o~
B, 4, (v2) '---'Bvin+1 i1 (Un+1)>/

ViV 1 Vg

forip+...+ippy <randiy +... + i1 =d.

In case T and T have more common points vj = z7j, j=2,...,k then the

iZ i2 . ik 1 . .
terms vy +...+ v, =iy..., v +...+ v, | =i inthe sumin (2.4) can be
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omitted, since then

Bd;T

j
Vi

,',

~ qT 0, fori;+#d,
(Uj) =B i (Uj) = { ,]
v ) 1, forij=d.

We are especially interested in 2- and 3-simplices that share certain num-
bers of vertices.

Corollary 2.24: N
Let F := (v1,05,03) and F := (v1,05,73) be two triangles in R? and let

. T pdF
p(v):= ), ¢ijixBiik ()
i+j+k=d

and

~ T pdF
plo):== ), CZj,kBi,j,k(”)
i+jtk=d

be two polynomials defined on F and F, respectively.
Then the two polynomials p and p join with C" smoothness across the
common edge (v1,v7) if and only if

s T d,T =~
Ciin = fos . B v
Ljk Z i+Vk j+vk vk u’l‘,v’z‘,v:’;( 3);
vh vk puk=k
1 2 3

fork<randi+j=d—k

In Figure 2.8, we illustrate C! and C? smoothness conditions between
two polynomials of degree four defined on triangles F := (vq,vp,v3) and
F := (v1,05,73) sharing the common edge (v1,0;). The gray quadrilaterals
containing some of the domain points in D, z, indicate that the corre-
sponding B-coefficients are connected by smoothness conditions. Thus, by
a Cl smoothness condition, exactly four B-coefficients correlate (see Figure
2.8 (left)). In Figure 2.8 (right) a C> smoothness condition is shown.

In the appendix in chapter A, we also need certain additional smooth-
ness conditions. These are conditions for individual B-coefficients.
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(%] 02

U3 U3
U3 U3
01 01

Figure 2.8: C! and C? smoothness conditions between two polynomials
of degree four defined on triangles F := (vq,v5,v3) and F :=
(v1,v9,73), respectively.

Definition 2.25: B
Let F := (v1,02,03) and F := (v1,0,73) be two triangles in IR? and let

p(v) == Z ljkBEf]l,E( v)

i+jtk=d
and . iF
p(v) = Z z+]+kB1+]+k( )
i+jtk=d
be two polynomials defined on F and F, respectively. Moreover, let
v), forveF,
8(0):= 1 " ’
p(v), forveF\F.

Then, let

FF_ ._ F _ T 4T
Tijk8 "= Cijk = Z Cituk j+vk v ka,v k yk ((93),
kogko gk R I
vi+vy+uz=k

fori,jk>0andi+j+k=d.



30 2 Preliminaries

Corollary 2.26: B
Let T := (v1,v3,03,04) and T := (01, 0,03,74) be two tetrahedra in R® and
let
. T a4,
p(v):= ) Ci,j,k,lBi,j,k,l(U)
i+jtk+l=d
and Food
N 7 T
P):= ). B
i+j+k+1=d

be two polynomials defined on T and T, respectively.

Then for v; = v7 the two polynomials p and p join with C" smoothness
at the common vertex v; if and only if

- y . . ,

ijkil R R TRy SRV Y MRY. SRV Y REY, 8%\
v{+1/]2+v{,,+1,£:]
v1+v12‘+u§+v{4‘7k
vh o ol vl =1

da,T ~ d, T

B /(UZ)BVI/<

V1 Vp V3V 17

~ daT
U3 )BY 0
ks (3B 11 1 (90),

forj+k+I<randi=d—-j—k—1L
For v =77 and vy = U, the two polynomials p and p join with C" smooth-
ness across the common edge (v1,v7) if and only if

T T d,T d,T
Ciip1 = . B v3)BY U4
ikl P +l,k§};+bk_k i+vf vl vkl vl ol vkl Tk ke uk «(93) vi b vl  (04),
12t

4
vh v ol vl =i
fork+I!<randi+j=d—-k—1L
For vy = v1, vy = ¥y, and v3 = U3 the two polynomials p and p join with
C” smoothness across the common face (v1,v,,v3) if and only if

T T dT
ijkl Z z+v1,]+v2,k+v3,v4 v{,vé,v3,v4( 4)
v+ +ul+vi=1

fori<randi+j+k=d—1

In Figure 2.9, we illustrate some C! and C? smoothness conditions be-
tween two polynomials defined on tetrahedra the T := (v1,v2,v3,v4) and

T := (v1,v2,v3,74) sharing the common face (vy,v,v3). The gray polyhe-
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drons containing some of the domain points in T and T denote that the cor-
responding B-coefficients are connected by smoothness conditions. For the
sake of clarity we omit the remaining domain points, whose B-coefficients
are not involved in the smoothness conditions shown here. It can be seen
that exactly five B-coefficients are correlated by a C! smoothness condition

(see Figure 2.9 (left)). In Figure 2.9 (right) a C> smoothness condition is
depicted.

U3

U5

01

Figure 2.9: C! and C? smoothness conditions between two polynomials de-
fined on tetrahedra T := (v1,v3,v3,v4) and T := (v1,v2,0v3,74),
respectively.

In chapter 3 and 5 we also need certain trivariate additional smoothness
conditions for individual B-coefficients of polynomials.

Definition 2.27: B
Let T := (v1,vp,03,04) and T := (vq,0,03,7,) be two tetrahedra in R® and
let
p)= Y Bl ©)
i+j+ktl=d
and _ -
)= X clBi ()

i+j+k+1=d
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be two polynomials defined on T and T, respectively. Moreover, let

_Jp), forveT,
8l)= {ﬁ(v), foroe T\ T.

Then, let

TT ,._ T T
T = Cripg = ct . ; . .
kI8 T Cijkl D i+v] vkl vkl vkl okl

v{ +v12+v/3+vi:j

kok gk k—
L1+V2+1/3+l4—k

Y Y Y
v1+12+1/3+1/4_l

. Bd,T o o Bd,T o Bd,T o
et PP (PP g (P0)

fori,j,k,1>0andi+j+k+1=d.

The smoothness conditions considered above can also be used in cases
where some of the B-coefficients of p and p are known and others are still
undetermined.

The following lemma is a generalization of Lemma 2.1 in [6] and makes
use of bivariate smoothness conditions, in order to compute B-coefficients
of two bivariate polynomials p and p. The generalization is based on the
usage of the two parameters [ and [ for the specification of the unknown
B-coefficients, instead of just the parameter /. Since the proof of Lemma
2.28 works analogue to the one of Lemma 2.1 in [6], it is omitted here.

Lemma 2.28:

Let F := (v1,v5,03),F := (v1,v2,04), and p and j two bivariate polynomials
of degree d defined on F and F, respectively. Suppose that all B-coefficients
cg ik of p and ij,k of p are known except for

Cyi= C;—v,d—m,v’ v=I1+1,...,q (2.5)
517 = Cfn—i,d—m,?’ a = T+ ].,. . .,;]v, (26)

for some l,T,q,Zj with 0 < g, -1 <1 <gq -1K I < g, and
g+ 4 —max{l,l} <m <d. Then these B-coefficients are uniquely and stably
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determined by the smoothness conditions

s _ n,F
m—n,d—mmn — Z Ci+m—n,j+d—m,iBi,j,k'
i+j+k=n 2.7)

min{/,I[} +1<n <q+§—max{LI}.

[

Next, we give some examples for Lemma 2.28.

Example 2.29:

Letd=6 m=3,1=1, = 0, and g = § = 2. Then all B-coefficients of p
and p are already known, except for 05,3/2,053,2, and C§,3,1’ which can be
uniquely and stably determined from C',C?, and C3 smoothness condi-
tions. The already determined B-coefficients are associated with the do-
main points indicated by m and O, and the undetermined ones correspond
to domain points marked with ¥ in Fig. 2.10. The C!,C?, and C® smooth-
ness conditions connect all B-coefficients corresponding to domain points
marked with ¥ and m in Figure 2.10. Then, following Lemma 2.28, the
B-coefficients associated with the domain points indicated by ¥ in Figure
2.10 can be uniquely and stably determined by the C!,C?, and C3 smooth-
ness conditions.

Figure 2.10: Domain points of the polynomials p,p € P2 defined on the
triangles F := (v1,v;,v3) and F:= (v1,00,04), respectively.
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Example 2.30: B

Letd=5 m=3,1=1=—-1,4=0and § =2. Then all B-coefficients of
p and p are already known, except for cglz,o,cg,z,o,cizl, and 011:’2/2, which
can be uniquely and stably determined from C% C',C?, and C® smooth-
ness conditions. The already determined B-coefficients are associated with
the domain points indicated by m and O, and the undetermined ones corre-

spond to domain points marked with ¥ in Fig. 2.11. From the C? smooth-
ness conditions we get that Cg,z,o and Cl; 20 are equal. Now, the Cl,C?, and
C® smoothness conditions connect all B-coefficients corresponding to do-
main points marked with ¥ and m in Figure 2.11. Then, following Lemma
2.28, the B-coefficients associated with the domain points indicated by ¥
in Figure 2.11 can be uniquely and stably determined by the C!,C?, and C3
smoothness conditions.

Figure 2.11: Domain points of the polynomials p,p € P2 defined on the
triangles F := (v1,v;,v3) and F:= (v1,00,04), respectively.

Example 2.31: B

Letd =4, m=2,1=1=0,and g = § = 1. Then all B-coefficients of p and
p are already known, except for Cf,Z,l and cf,m, which can be uniquely and
stably determined from C! and C? smoothness conditions. The already de-
termined B-coefficients are associated with the domain points indicated by
m and O, and the undetermined ones correspond to domain points marked

with 4 in Fig. 2.12. Now, the C! and C? smoothness conditions connect
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all B-coefficients corresponding to domain points marked with ¥ and m
in Figure 2.12. Then, following Lemma 2.28, the B-coefficients associated
with the domain points indicated by ¥ in Figure 2.12 can be uniquely and
stably determined by the C! and C? smoothness conditions.

Figure 2.12: Domain points of the polynomials p,p € P7 defined on the
triangles F := (v1,v;,v3) and F:= (v1,00,04), respectively.

Example 2.32: B

Letd=4 m=3,1=1=—1,and g =4 = 1. Then all B-coefficients of
p and p are already known, except for CI3:,1,0/C§,1,1/C:15:,1,0 and cg,lll, which
can be uniquely and stably determined from C% C!,C?, and C3 smooth-
ness conditions. The already determined B-coefficients are associated with
the domain points indicated by m and O, and the undetermined ones cor-
respond to domain points marked with ¥ in Fig. 2.13. By the C° smooth-
ness conditions the B-coefficients C§,1,o and C§,1,o have to be equal. Then,
the C,C2, and C3 smoothness conditions connect all B-coefficients corre-
sponding to domain points marked with ¥ and m in Figure 2.13. Thus, fol-
lowing Lemma 2.28, the B-coefficients associated with the domain points
indicated by ¥ in Figure 2.13 can be uniquely and stably determined by
the C! and C? smoothness conditions. Thus, following Lemma 2.28, the
B-coefficients associated with the domain points indicated by ¥ in Figure
2.13 can be uniquely and stably determined by the C! and C? smoothness
conditions.

Another example, for d =10, m =38, | = = —1,9 =2, and § = 3 can be
found in [6].
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Figure 2.13: Domain points of the polynomials p,p € P; defined on the
triangles F := (v1,v;,v3) and F:= (v1,v2,0v4), respectively.

The following lemma is a generalization of Lemma 1 in [54] and [66]. It is
concerned with the computation of B-coefficients of two trivariate polyno-
mials p and p, where some B-coefficients of both polynomials are already
known. The generalization is based on the usage of the two parameters m
and m for the specification of the unknown B-coefficients, instead of just
m+ 1L

Lemma 2.33:

Let T := (vq,v2,03,04), T:= (v1,v2,v3,05), and p and p two polynomials
of degree d. Suppose that all B-coefficients of p and p are already known
except for the B-coefficients

T . .
Ci *= Copifit—it 1 d—m—sii—n—1nis L = Jr---, M+ ], (2.8)
~ . F . ~ .

Ci = Coptim—itld—m—iii—n—1m,ir L = Jr-oesM +7, (2.9)

for some m,m >0,0<n<d—-—m—m—j—1and j=0,1. Then these
B-coefficients are uniquely and stably determined by the smoothness con-
ditions
T
Cm-&-ffz—i-i—l,d—m—r?l—n—l,n,i
T i,T
- Z Cm+ﬁl—i+1+v<,d—m—%—n—l-&-ﬁ,n-&-y,&Ba,ﬁ,%(s(05)’ (2.10)

a+p+y+o=i
ap,7,620

i=j,...m+iitj+l
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Proof:
To make the proof easier to understand, we only show the statement for
j = 0. The proof is analog for the case j = 1.
Letc:=(cq,...,Cm,C0,---,C5)". Then the equations in (2.10) can be written
in the form
Mc =D,

A-I
M:= (B @) )
where [ is the (m + 1) x (m + 1) identity matrix and O is the (m +1) x (m +

1) zero matrix. The (m + 1) x (m + 1) matrix A and the (m + 1) x (m +1)
matrix B are defined by

with

i=1\ gi-i i—1 y
Ajj = (j_l)q)ll Nos)®) " (vs), ij=1,....m+1,

and

A1\ it 1+i—j i—1 i=1,..,m+1,
Bji:= (. P P/ ,
ij (;—1) 1 (0s)®y (vs), o

where @, v =1,...,4, are the barycentric coordinates associated with T.
The vector b is given by

) {—ai i=1,... 0+ 1,
i p— ~
i L _

Contiii—it2,d—m—ii—n—1mi—1 — % L=M+2,...m+n+2,

with
o ! T i-1,T
;= Z Cm+171—i+2+0c,d—m—r7t—n—l-&-ﬁ,n-&-'y,&Ba,ﬁ,ry,(s(05)'
atpty+o=(i—1)
a,B,7,0=0

The prime on the sum means that the sum is taken over all «,5,y and ¢
such that c£+ﬁ7i+2+“,d7m7%7n71+13,”+%(5 is not one of the B-coefficients
from (2.8).
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Because of the block structure of M, it suffices to consider B to show
that M is nonsingular. Therefore, let B be the matrix obtained by factoring

q)‘zj(,fi))j ;1 from the j-th column of B. Considering the functions {xﬁ+i};1ﬁl

j=11mt1 it can be seen that the matrix

and the linear functionals {€g,(,,) D =1
B is the corresponding Gram matrix.

1ppose det(B) = 0. Then there would exist a nontrivial polynomial g :=
Y satlsfymg Di7lg(®y(vs)) =0, j=1,...,m + 1. Thus, g would
be a nontr1v1a1 polynomial of degree m + m + 1 which vanishes 1 + 1 times
at0and m + 1 times at ®4(v5). Since this is impossible, det(B) # 0, and thus

the matrix M is nonsingular. O

In the following we give three examples for Lemma 2.33, where the first
two are taken from [54]:

Example 2.34:
Letd =5, m=m =1, and j = 0. Then the B-coefficients associated with

the domain points marked with ¥ and % in Fig. 2.14 can be uniquely
and stably determined from C% 1, 2, and C3 smoothness conditions. The
B-coefficients of p and p associated with the domain points indicated by
m, A, and O in Fig. 2.14 are already known. Let us now consider the B-
coefficients of p and p corresponding to the domain points marked with
% In each figure, the common edge of the two shown triangles is in fact
just the common face F := (vy,v5,03) of the two tetrahedra T and T, which
becomes an edge when restricted to R;(v1), i =2,3,4,5. There are two un-
determined B-coefficients associated with the domain point marked with
% in Fig. 2.14 (right). From the C° smoothness condition at F, we know
that these two B-coefficients must be equal. Now, we consider the remain-
ing trivariate smoothness conditions at F associated with this B-coefficient.
The C! smoothness condition connects all B-coefficients corresponding to
domain points in Fig. 2.14 (mid right and right) marked with ¥ and a. The
C? smoothness condition connects all B-coefficients corresponding to do-
main points in Fig. 2.14 (mid left, mid right, and right) marked with #and
A. The C® smoothness condition connects all B-coefficients corresponding
to domain points in Fig. 2.14 marked with ¥ and a. Thus, we are left
with three unknown B-coefficients, whose domain points are marked with
% in Fig. 2.14 (mid right and right), and three smoothness conditions. By
Lemma 2.33, these undetermined B-coefficients can be uniquely and stably
determined by the C!,C?, and C® smoothness conditions. In the same way,
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the B-coefficients associated with the domain points marked with % can
be uniquely determined.

oA o

Figure 2.14: Domain points in the layers Rs5(v1) (left), Ry(v1) (mid left),
R3(v1) (mid right), and Ry(v1) (right).

Example 2.35:
Letd =5 m =m =1, and j = 1. Then the B-coefficients associated with

the domain points marked with ¥ and % in Fig. 2.15 can be uniquely
and stably determined from Cl,C2,C3, and C* smoothness conditions. The
B-coefficients of p and p associated with the domain points indicated by
m, A, and O in Fig. 2.15 are already determined. Let us now consider
the B-coefficients of p and p corresponding to the domain points marked
with ¥, In each figure, the common edge of the two shown triangles is
in fact just the common face F := (v1,v7,v3) of the two tetrahedra T and
T, which becomes an edge when restricted to R;(v1), i = 1,2,3,4,5. Thus,
we have trivariate smoothness conditions here. There are two undeter-
mined B-coefficients associated with the domain points marked with
in Fig. 2.15 (mid right). The C! smoothness condition connects these B-
coefficients with the B-coefficient associated with the domain point indi-
cated by a in Fig. 2.15 (right). The C? smoothness condition connects all
B-coefficients corresponding to domain points in Fig. 2.15 (middle, mid
right, and right) marked with ¥ and a. The C? smoothness condition
connects all B-coefficients corresponding to domain points in Fig. 2.15
(mid left, middle, mid right, and right) marked with # and a. The C*
smoothness condition connects all B-coefficients corresponding to domain
points in Fig. 2.15 marked with # and a. Thus, we are left with four
unknown B-coefficients, whose domain points are marked with " in Fig.
2.15 (middle and mid right), and four smoothness conditions. By Lemma
2.33, these undetermined B-coefficients can be uniquely and stably deter-
mined by the C!,C2,C3, and C* smoothness conditions. In the same way,
the B-coefficients associated with the domain points marked with % can
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be uniquely determined.

S A L S

Figure 2.15: Domain points in the layers R5(v1) (left), Ry(v1) (mid left),
R3(v1) (middle), Ry (v1) (mid right), and Ry (v7) (rlght)

Example 2.36:
Letd =5, m=1, m=2,and j = 0. Then the B-coefficients associated with

the domain points marked with ¥ and ¥ in Fig. 2.16 can be uniquely and
stably determined from CO C1,C2%,C83, and C* smoothness conditions. The
B-coefficients of p and p associated with the domain points indicated by
m, A, and O in Fig. 2.16 are already known. Let us now consider the B-
coefficients of p and p corresponding to the domain points marked with
% In each figure, the common edge of the two shown triangles is in fact
just the common face F := (v1,v;,v3) of the two tetrahedra T and T, which
becomes an edge when restricted to R;(v1), i =1,...,5. There are two un-
determined B-coefficients associated with the domain point marked with
in Fig. 2.16 (right). From the C% smoothness condition at F, we know
that these two B-coefficients must be equal. Next, we examine the remain-
ing trivariate smoothness conditions at F associated with this B-coefficient.
The C!' smoothness condition connects all B-coefficients corresponding to
domain points in Fig. 2.16 (mid right and right) marked with ¥ and a.
The C? smoothness condition connects all B-coefficients corresponding to
domain points in Fig. 2.16 (middle, mid right, and right) marked with
% and 4. The C? smoothness condition connects all B-coefficients corre-
sponding to domain points in Fig. 2.16 (mid left, middle, mid right, and
right) marked with ¥ and a. The C* smoothness condition connects all
B-coefficients corresponding to domain points in Fig. 2.16 marked with
#k and a. Thus, we are left with four unknown B-coefficients, whose do-
main points are marked with ¥ in Fig. 2.16 (middle, mid right, and right),
and four smoothness conditions. By Lemma 2.33, these undetermined B-
coefficients can be uniquely and stably determined by the C',C?,C?, and
C* smoothness conditions. In the same way, the B-coefficients associated
with the domain points marked with 3 can be uniquely determined.
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S A L S

Figure 2.16: Domain points in the layers R5(v1) (left), R4(v1) (mid left),
R3(v1) (middle), Rp(v1) (mid right), and Ry (v1) (right).

2.3.5 Minimal determining sets

In this subsection we define determining and minimal determining sets of
spline spaces. We also consider some properties of these sets.

Following Theorem 2.17 and Definition 2.19, each polynomial p € PJ
defined on an n-simplex T can be written in the B-form with B-coefficients
CiT1/~~,in+1’ Since each spline is in fact just a polynomial when restricted to
an n-simplex T, for a tessellation A of () C R" into n-simplices, each spline
s € SYA is uniquely determined by its set of B-coefficients {c¢ }¢cp, 4-

Definition 2.37:

Let A be a tessellation of () C IR" into n-simplices and let D 4 be the set of
domain points relative to A. Moreover, let S);(A) be the space of C" splines
of degree d defined on A. Then, for all { € D 4 let

Ae:Sh(A) — R
s — Ag(s) = ce.
Then, the set M C D, 4 is called a determining set for S} (A) if
Ag(S)ZOV&GM - /\g(S)ZOVSEDA,d

holds.
The set M is called a minimal determining set if M has the smallest
cardinality of all possible determining sets of S’;(A).

It is obvious that the set of domain points D, 4 is always a determining
set for a spline space S}(A). For any spline space S)(A) with 7 > 0, there
are smaller determining sets than D, 4. In general, there is more than one
minimal determining set for a spline space S}(A).
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Theorem 2.38:
For a spline space S(A) and a determining set M

dimS);(A) <#M
holds. If M is a minimal determining set for S;(A), then
dim S} (A) = #M.

Definition 2.39:

A minimal determining set M for a spline space S);(A) is called local, if for
each n-simplex T € A and for each domain point §Z i €T there exists
a natural number m and a set ngTl ~ C (Mnstar™(T)), such that the B-

Sy 1

coefficients cZT1 , of asplinesin SJ(A) only depend on the B-coefficients

rln

41

Then the minimal determining set M is also called m-local.

The minimal determining set is called stable, if there exists a constant C
depending only on the smallest solid and face angles in A, such that for all
§E€EDpy

<C s 2.11
Jee| < ?é??’cg‘ (2.11)

holds.

2.4 Interpolation with multivariate splines

In this section Lagrange and Hermite interpolation are considered, as well
as their locality and stability. Moreover, some lemmata concerned with the
solution of some interpolation problems are given. We also investigate the
concept of nodal minimal determining sets and their locality and stability,
as well as the approximation order of multivariate splines. The basis for
these considerations can be found in the book on approximation theory by
Powell [84], in the book on approximation theory by Niirnberger [69], and
in the book on bivariate and trivariate splines by Lai and Schumaker [62].
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2.4.1 Interpolation

Definition 2.40:

Let £ := {xy,...,x,} be a set of distinct points in a polyhedral domain O
in R?, and let G be an n-dimensional subspace of C(Q)). Then L is called a
Lagrange interpolation set for G, if for each function f € C(Q)), a unique
interpolant g exists, such that

gr(xi) =f(x;), i=1,...n,

holds.

In case also partial derivatives of a sufficiently smooth function f are
interpolated, a set H consisting of n such interpolation conditions, such
that a unique interpolant g exists, is called Hermite interpolation set.

Definition 2.41:

An interpolation set P for a spline space S}(A) is called local, if for each
tetrahedron T € A and for each domain point £ iTj,k,l € T there exists a natu-
ral number m and a set T e C (Pnstar™(T)), such that the B-coefficients

CiT,j,k,l of a spline s in S;(A) only depend on the values
{s(x): x e ngj/k/l}.

The interpolation set is then also called m-local.
The interpolation set is called stable, if there exists a constant C depend-
ing only on the smallest angles in A, such that for all £ € Dy 4

|ee| < CKEI’{}aTx |s(x)] (2.12)
ijkl

holds.

In the next lemma, we determine some B-coefficients corresponding to
domain points in the middle of a triangle F or tetrahedron T by certain
derivatives at a point in the interior of F or T, respectively. It is a general-
ization of Lemma 2 in [54] (see also Lemma 2 in [66]).

Lemma 2.42:
Let p be a polynomial of degree d > |m| +1, m := (my,...,my), m; > —1,
i=1,...,n,and |m|:=my + ...+ my, defined on a triangle F for n = 3, or
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a tetrahedron T for n = 4, respectively. Suppose we already know the B-
coefficients of p corresponding to the domain points within a distance of
my,...,my, from the edges of F, or the faces of T, respectively. Let vr be any
point in the interior of F, or v7 any point in the interior of T. Then p is
uniquely and stably determined by the values of

{D*p(vF) }a|<d—(m|+n) (2.13)
with & = (a1,...,a, 1)

Proof:
The cardinality of the set of undetermined B-coefficients of p is (d;‘flfl),
which is equal to the number of derivatives in (2.13). Thus, to show that
the derivatives in (2.13) uniquely determine p, it suffices to show that p =0
if we set the B-coefficients of p corresponding to the domain points within
a distance of mj,...,m, from the edges of F, or the faces of T, respectively,
and the values of the derivatives to zero.

Since the B-coefficients of p corresponding to the domain points within
a distance of mj,...,m, from the edges of F, or the faces of T, respectively,
are zero, the derivatives normal to these edges, or faces, are also zero up
to order my,...,my, respectively. Thus, the polynomial p can be written

= [Tl where g € P;:(l‘mlw
nontrivial linear polynomials which vanish on one edge of F, or one face of
T, respectively. Now, D*p(vr) =0, or D*p(vr) = 0, respectively, for |a| <
d — (|m| + n) implies D*q(vr) =0, or D*q(vr) =0, for |a| < d — (|m| +n),
which implies 4 = 0. Therefore, we have p = 0. O

as p ) and the [;, i=1,...,n, are

We also need to solve certain bivariate interpolation problems where the
undetermined B-coefficients are directly computed by data values. Con-
cerning the solution of the corresponding linear system Larry L. Schu-
maker made the following conjecture (see [10] and [62]):

Conjecture 2.43:
Given d and a triangle F := (v1,v2,v3), let I be an arbitrary subset of Dp 4.
Then the matrix

M= (B¢

; (x))&KGDM (2.14)

is nonsingular. Thus, for any real numbers {z,}.cr, there is a unique
Pi=Yeer CEBZ'F such that p(x) =z, forall x € T.
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It has already been shown that the conjecture holds for certain configu-
rations of I":
Lemma 2.44 ([62], Lemma 2.25):
LetI':=Dp, \ {gfj,k i>myq, j > my, k> m3} for some my,mo,mz > 0 with
m :=mq + my + m3 < d. Then the matrix (2.14) is nonsingular.

We also need the following lemma, that is concerned with the determi-
nation of some B-coefficients of a cubic spline defined on a Clough-Tocher
split triangle. It will be used in chapter 4.

Lemma 2.45 ([42]):

Suppose that we are given all of the B-coefficients of s € S}(Fcr) except
for Cal‘:,lO,OfCg,ll,o"jg,lo,vcf}l,l' Then for any given real number z, there exists a
unique choice of these B-coefficients so that s(vp) = z.

2.4.2 Nodal minimal determining sets

In this subsection we describe nodal determining and nodal minimal de-
termining sets of spline spaces. Moreover, we consider some attributes of
these sets.

When considering splines, especially macro-elements, it is sometimes
very useful to parametrize these in terms of nodal degrees of freedom.
Thus, for a derivative D* of degree |«|, let

Ai=¢y 2 a*D*",

|| <m

where ¢, is the point evaluation at u.

Definition 2.46:
Let A be a tessellation of ) C R" into n-simplices and let S (A) be the space

of C" splines of degree d defined on A. Moreover, let N := { )Li}i«‘zl, for some
k> 1. Then N is called a nodal determining set for S’;(A) provided that

As=0VAeN = s5=0

holds. The set  is called a nodal minimal determining set if there exists
no nodal determining set with a smaller cardinality.

Analogue to Theorem 2.38, for nodal determining sets the following The-
orem holds:
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Theorem 2.47:
For a spline space S(A) and a nodal determining set \/

dimS)(A) <#N
holds. If V' is a nodal minimal determining set for S(A), then
dimS)(A) = #N.

Definition 2.48:

A nodal minimal determining set \V for a spline space SJ(A) is called lo-
cal, provided that for each n-simplex T € A and for each domain point
55 vinss € T there exists a natural number m and a set 1"51_1: - C NN

star™(T)), such that the B-coefficients ciT] in,, Of aspline s in Si(A) only
depend on the nodal datain I';r . Then the nodal minimal determin-
1

ing set \V is also called m-local.

The nodal minimal determining set is called stable, if there exists a con-
stant C depending only on the smallest angles in A, such that for all £ €
D

l .
lce| <CY_ITVs
j=0

jstar™(T) (2.15)

holds, where [ is the order of the highest derivative involved in the nodal
data in V and |s|; starn (1) 1= max|q|—j [| D* f || starm (1)

2.4.3 Approximation order of spline spaces

In this subsection we consider the approximation order of multivariate
spline spaces.

When interpolating a sufficiently smooth function f at corresponding
interpolation points, it is desirable that the interpolant sy approximates the
whole function f. Therefore, we consider the error of the interpolation
|f = s¢lla == max;eq |(f — s¢)(z)] in the infinity norm.

Definition 2.49:
Let () be a polyhedral domain in R" and let A a tessellation of () into n-
simplices. Then the space S} has approximation order k € N provided that
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for each function f € C?+1(Q)) there exists a constant K > 0, only depend-
ing on f, d, and the smallest angles of A, such that

dist(£,S5(8)) == inf{|f — slln: s € S}(A)} < K[
holds, where |A| is the mesh size of A.

Following Ciarlet and Raviart [23], kK < d + 1 holds, and thus the approx-
imation order is optimal for k = d + 1. It was shown by de Boor and Jia
[36] that not every interpolation method yields optimal approximation or-
der. Important factors for a spline space to have optimal approximation
order are the degree of polynomials, the degree of smoothness, the geom-
etry of the tessellation, and the locality of the interpolation method (cf.
[30, 31, 34, 35, 57]).



3 Minimal determining sets for splines
on partial Worsey-Farin splits

In this chapter, we consider minimal determining sets for splines on partial
Worsey-Farin splits of a tetrahedron. These are needed to construct the
Lagrange interpolation methods described in chapter 4 and 5. In section
3.1 the minimal determining sets for C! splines on partial Worsey-Farin
splits are considered. In the following section 3.2 the minimal determining
sets for C? splines are constructed.

3.1 Minimal determining sets for cubic C! splines
on partial Worsey-Farin splits

In this section, minimal determining sets for splines in S3 (T} ) are consid-
ered. These are used in chapter 4, to construct a local Lagrange interpola-
tion set on a tetrahedral partition, where some of the tetrahedra are refined
with partial Worsey-Farin splits. They were first considered by Hecklin
et al. [42] and were also used in [43, 72].

In order to proof the result on the minimal determining sets for the C!
splines on partial Worsey-Farin splits shown in this section, the following
Lemma and Corollary are needed.

Lemma 3.1 ([42]):
Forall0 <m <4, S%(T{};F) = 7722.

Corollary 3.2 ([42]):

Suppose s € S}(Ti ). Then s € C*(v7), i.e., all of the polynomial pieces on
subtetrahedra sharing the vertex v have common derivatives at v up to
order 2.

Now the result on the minimal determining sets for splines in 831 (Tiwg)
can be stated.

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 3,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012
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Theorem 3.3 (cf. [42]):

Fix 0 <m < 4, let T := (v1,v2,03,04) be a tetrahedron and Tj the corre-
sponding m-th order partial Worsey-Farin split. Let M, be the union of
the following sets of domain points in Dy _3:

1. foreachi=1,...,4, DlT '(v;) for some tetrahedron T; € T}y containing
the vertex v;

2. for each face F of T that is not split, the point fi 11

3. for each face F of T that has been subjected to a Clough-Tocher split,
the points {ff ' 1}3_,, where Fy, F,, F3 are the subtriangles of F

Then M}, is a stable minimal determining set for S (Tl ).

Proof:

In order to show that M}, is a stable minimal determining set for the spline
space S3 (TJi ), the B-coefficients ¢, of a spline s € S3(Tji;) are set to ar-
bitrary values for each domain point ¢ € M}, and it is shown that all the
remaining B-coefficients of s are uniquely and stably determined.

From the B-coefficients of s associated with the domain points in Dfi (v),
i=1,...,4, all remaining B-coefficients of s corresponding to domain points
in D1(v;),i=1,...,4, can be uniquely and stably determined using the C!
smoothness conditions at the vertices of T.

Then, if F is a face of T that is not refined with a Clough-Tocher split, all
B-coefficients of s|r are already uniquely and stably determined, since the
domain point §1F, 11 is contained in the minimal determining set M,

In case F is a face of T that is refined with the Clough-Tocher split, set-
ting the B-coefficients of s corresponding to the domain points {551,1}?:1
uniquely determines the remaining B-coefficients associated with the do-
main points of the minimal determining set of the classical Clough-Tocher
macro-element (see [6, 24, 59, 62]). Thus, also following Theorem 6.6 from
chapter 6, the remaining B-coefficients of s|p can be uniquely and stably
determined using smoothness conditions.

So far all B-coefficients of s associated with the domain points on the
faces of T, those in R3(vr), are uniquely and stably determined.

Then, using the C! smoothness conditions across the interior faces of
Tiyp, the B-coefficients of s corresponding to the domain points on the
edges of the tetrahedron formed by the domain points in D, (vr) can be
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uniquely and stably determined. Then, following Lemma 3.1 and Corol-
lary 3.2, it can be seen that the remaining undetermined B-coefficients of s
can be uniquely and stably determined using smoothness conditions. O

3.2 Minimal determining sets for C? splines of
degree nine on partial Worsey-Farin splits

In this section, we consider minimal determining sets for C2 splines of de-
gree nine on partial Worsey-Farin splits of a tetrahedron, which are ap-
plied in chapter 5, in order to extend a spline to some refined tetrahedra.
To this end, we state several lemmata which can be used to extend a su-
perspline s defined on a tetrahedral partition A \ T to a superspline s de-
fined on A, where the tetrahedron T is refined with a partial Worsey-Farin
split. Therefore, we have to require some additional smoothness condi-
tions, such that 5] is uniquely and stably determined by these conditions
and the normal smoothness and supersmoothness conditions across the
vertices, edges, faces and some interpolation points on vertices of T. Since
the only cases that occur in chapter 5 are m-th order partial Worsey-Farin
splits for m = 1,...,4, the case m = 0 is not examined here.

3.2.1 Minimal determining sets for C> supersplines based
on first order partial Worsey-Farin splits

In this subsection minimal determining sets for C? splines on first order
partial Worsey-Farin splits of a tetrahedron T := (v1,v,,v3,v4) and corre-
sponding lemmata are considered. Therefore, let T} be the first order
partial Worsey-Farin split of T at the split point vt in the interior of T,
and let the face (v1,v2,v3) be refined with a Clough-Tocher split at the split
point vr. The corresponding subtetrahedra are denoted by

T1j := (v1,02,0F,07), Tip := (v2,v3,0F,0T),
T3 := (v3,01,9F,07), T, := (v,v3,04,07), (3.1)
T3 = <U3,'U],'U4,UT>, T4 = <leUZIU4IUT>'
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Theorem 3.4:
Let M3 be the union of the following sets of domain points in DT{}V 9"

(M12 T )D “(v;),i=1,...,4, withv; € Ty, € T} 7

v J0; Tvi/”i vl Yj
(M2}, ) u E,"7 0 ((v;,0i1)) \ (D, "7 (v;) U D, (v;11)),
Wlth <vl!vl+1> € T<U,',’UI'+1>/

Ty T] 2 T3
(M3 1 ) {53 0,4,2” 3 ,0,4,27 E3,0,4,2

2 T Ty 3
(M41 ) {54 i1+i40’€4 i1+i40’§4 i1+i40}i 0

and vy 1= vy

(M5 1 ) {5 103-&-12’54 103-&-12’54 103+12}z 0

J J
(Mé T‘}VF) {53,2,3,1’ 52,3,3,1’ 52,2,4,1 } j=2

T; T; T;
2 j j j 4
(M7 1 ) {52 2,3, 2’53 2,2,2’52,3,2,2 }j:2
Ty, T1 i Ty, Ty, Ty, Ty, T T1 1
(M8 1 ) {54 023630337 €31.2,3:3,02,4-6231,4:$2,0,2,5 =1 Y {52 0,4,3-60,0,09

Then ./\/l2 is a stable minimal determining set for

592(]"1}\,1:) = {s € C*(Tiyy) 18|z € Ps, VT € T‘}VF,
seCHoy),i=1,...,4,
s € C3(e), forall edgese € T,
s e C’((vp,01)),
s € C’(vr),
i s=0,i=1,2,3, with Ty 4 := Ty,

Ty, T . .
T, 15’0111“5 =0,i=123 withTj4:=Ty1},

and the dimension of 89 (T} r) is equal to 259.

Proof:
First, we show that M3 is a stable minimal determining set for gg(TI}\,P).
Therefore, we set the B-coefficients ¢, of a spline s € ggz(TI}VF) to arbitrary
values for each domain point ¢ € M3. Then we show that all other B-coef-
ficients of s are uniquely and stably determined.

First, the B-coefficients of s associated with the domain points in the balls
Dy(v;), i=1,...,4, are considered. Using the c* supersmoothness condi-
tions at the vertices of T, we can uniquely and stably determine all these
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B-coefficients from those corresponding to the domain points in (M12T1 )-
WF

The remaining undetermined B-coefficients of s associated with domain
points in the tubes E3({v1,v2)),E3({v2,v3)), and E3((v3,v1)) can be
uniquely and stably determined from the B-coefficients corresponding to
the domain points in (MZZT1 ) using the C® supersmoothness conditions at

the corresponding three edvges of T.

Next, we consider the B-coefficients associated with the domain points in
the Clough-Tocher split face F := (vq,vp,v3). The three subtriangles form-
ing this face are degenerated faces of the three subtetrahedra T 1, T; », and
Tj 3, since they lie in one common plane. Thus, we can regard the B-coef-
ficients of s|r as those of a bivariate spline gy € gg(FCT) defined in (A.20).
Considering gg, we can see that the B-coefficients corresponding to the do-
main points within a distance of four from the vertices of F and corre-
sponding to those within a distance of three from the edges of F are al-
ready uniquely and stably determined. Thus, following Lemma A.13 and
Remark A.16, all B-coefficients of gy are uniquely and stably determined,
and therefore also all B-coefficients of s|f.

Subsequently, we examine the B-coefficients of s associated with the do-
main points in the shells Rz;“ (UT),RZ;M(UT), and RSTL3 (vr), which form a
triangle F!. Following the same arguments as above, we can consider these
B-coefficients as those of a bivariate spline g in the space §§ (FL;) defined
in (A.10). Investigating this spline, we see that the B-coefficients corre-
sponding to the domain points within a distance of three from the vertices
and within a distance of two from the edges of F! are already uniquely
and stably determined. Then, following Lemma A.8 and Remark A.16, all
other B-coefficients of g are also uniquely and stably determined. Thus,
we have also uniquely and stably determined all B-coefficients of s 1.

Now, we consider the B-coefficients of s associated with the domain
points in the shells R;“ (Z)T),R7Tl/2 (vr), and R;l’:" (vr). These domain points
form the triangle F2. Again, we can regard the B-coefficients of s| > as those
of a bivariate spline g» € S2(F2;) defined in (A.6). Investigating this bi-
variate spline, it can be seen that the B-coefficients corresponding to the
domain points within a distance of two from the vertices and within a dis-
tance of one from the edges of F? are already uniquely and stably deter-
mined. Then, together with the B-coefficients associated with the domain
points in (M32T1 ), all B-coefficients corresponding to the domain points in

WF

the minimal determining set of Lemma A.6 are uniquely and stably deter-
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mined. Thus, all B-coefficients of g, and consequently also all B-coeffi-
cients of s| 2, are uniquely and stably determined.

Next, we consider the other three faces of T. So far, all B-coefficients
corresponding to the domain points on these faces, except those associ-
ated with the domain points in (M4:2T1 ), are uniquely and stably deter-

WF

mined. Since these domain points are contained in the set M?, the spline s
is uniquely and stably determined on all faces of T.

Subsequently, we consider the B-coefficients of s corresponding to the
domain points within a distance of two from the three edges (v;,v4), i =
1,2,3. Together with the B-coefficients of s associated with the domain
points in the set (MSZT] ), we have already uniquely and stably determined

W

all B-coefficients of s cForresponding to the domain points on the interior
faces of T}y, within a distance of two from these edges. Moreover, we have
already uniquely and stably determined the B-coefficients of s restricted to
the faces of T. Thus, the only undetermined B-coefficients of s associated
with the domain points in E»((v;,v4)), i = 1,2,3, correspond to domain
points in the shell Rg(vr) with a distance of one from the interiors faces
of T]}VF containing the edges (v;,v4), i = 1,2,3. Then, using the C! and
C? smoothness conditions across these faces and following Lemma 2.33 for
the case j = 1, we can uniquely and stably determine the last undetermined
B-coefficients of Ex((v;,v4)), i =1,2,3.

Next, we consider the B-coefficients of s corresponding to the domain
points with a distance of one from the three non-split faces of T. Let El be

the triangle formed by the domain points in the shell Rg"(vT), 1=2,3,4,

respectively. We have already uniquely and stably determined the B-co-
efficients of s|z corresponding to the domain points within a distance of

one from the two edges of El, that are formed by the interior faces of T}
that contain the edges (vj,v4>, j=1,230f T, for all i = 2,3,4. Moreover,
we have also already uniquely and stably determined the B-coefficients of
s|z1 corresponding to the domain points within a distance of two from the

third edge of El, i =2,3,4. Thus, for each triangle El, i =2,3,4, the only
undetermined B-coefficients of s restricted to El are those corresponding
to the domain points contained in (M62T1 )-

WF

Now, we examine the B-coefficients of s corresponding to the domain
points within a distance of three from the edges (v;,v4), i = 1,2,3. Here,
the only undetermined B-coefficients correspond to domain points in the



3.2 C? splines of degree nine on partial Worsey-Farin splits 55

shells Ry (vr) and Rg(vr) with a distance of one and on the interior faces
of TI}VF containing the edges (v;,v4), i = 1,2,3, respectively. Thus, we can
use the C3 supersmoothness conditions at these edges in order to uniquely
and stably determine the corresponding B-coefficients, following Lemma
2.33 for the case j = 0. Then, the only undetermined B-coefficients of s
restricted to the shell R;(vT) correspond to the domain points in (M72 I, )

Thus, the B-coefficients of s associated with the domain points in R7(vT)
are uniquely and stably determined.

Next, we consider the B-coefficients of s|ps, where F° is the triangle
formed by the domain points in the three shells Rzl’l (vr), R6T1'2 (vr), and

RéTl'3 (vr). Note that due to the partial Worsey-Farin split of T, the triangle
F? has been refined with a Clough-Tocher split. Following the same argu-
ments as above and due to the C7 supersmoothness at the edge (vr,vT),
we can regard the B-coefficients of s|p3 as the B-coefficients of a bivariate
polynomial g3 defined on F3. Considering g3 we see that we have already
uniquely and stably determined the B-coefficients corresponding to the do-
main points within a distance of one from the vertices of F> and those corre-
sponding to the domain points on the edges of F3. Now, together with the

- . . . . T T, T,
B-coefficients associated with the domain points {, ', 3, &3 513 3,531112 5

and the domain point £2T G5 in (M82, ), we have uniquely and stably de—
T W.

termined all B-coefficients corresponding to the domain points in the mini-
mal determining set of Lemma A.5 of a bivariate polynomial in P? defined
on F(%T' Thus, following Lemma A.5, the remaining undetermined B-coef-
ficients of g3 can be uniquely and stably determined.

Then, using the C? smoothness conditions at the interior faces
(v1,02,07), (v2,03,071), and (v3,v1,07) of Tjyp, We can uniquely and stably
compute the remaining undetermined B-coefficients of s corresponding to
the domain points in the tubes E4((v1,v2)), E4({v2,v3)), and E4((v3,v1)),
following Lemma 2.33 for j = 0.

Next, we consider the B-coefficients of s restricted to the triangle F4,
which is formed by the domain points in the shells R5T1'1 (vr), RSTl'2 (vr),
and R§1’3(UT). Note that the triangle F* is also subjected to the Clough-
Tocher split. Again, due to the C” supersmoothness at the edge (vr,vr),
we can consider the B-coefficients of s| 4 as those of a bivariate polynomial

g4 defined on F*. Investigating g4, we can see that the B-coefficients cor-
responding to the domain points on the edges of F* are already uniquely
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and stably determined. Then, using the smoothness conditions at the ver-
tices of F* we can uniquely and stably determine the B-coefficients of g4
corresponding to the domain points within a distance of one from the ver-

tices of F%. Now, together with the B-coefficients associated with the do-

main points {5302 4 2T 1211 3 in (MBT] ), we have uniquely and stably

determined all B-coefficients correspondmg to the domain points in the
minimal determining set from Lemma A.2 of a bivariate polynomial in P2
defined on F};. Thus, the remaining undetermined B-coefficients of g4 are
uniquely and stably determined.

Now, following Lemma 2.33 for j = 0, we can uniquely and stably com-
pute the remaining undetermined B-coefficients of s corresponding to do-
main points in the three tubes Es((v1,v2)), E5({v2,v3)), and Es((v3,v1))
using the C 1 C2, and C3 smoothness conditions at the interior faces
(v1,v9,07), (V2,03,01), and (v3,v1,07) Of TI}VF.

Then, we examine the B-coefficients of s|ps, where the triangle F°, which
is subjected to a Clough-Tocher split, is formed by the domain points in

the shells RZ]'] (vr), RZH (vr), and RI”(UT). Since the spline s has C” su-
persmoothness at the edge (vr,vr), we can consider the B-coefficients of
s|ps as those of a bivariate polynomial g5 defined on F°. Considering the
polynomial gs, it can be seen that the B-coefficients corresponding to the
domain points on the edges of F> are already uniquely and stably deter-
mined. Then, using the C! smoothness conditions at the vertices of F°,
we can uniquely and stably compute the remaining undetermined B-coef-
ficients of g5 corresponding to the domain points with a distance of one
from these vertices. At this point together with the B-coefficients associ-

ated with the domain points {52 02 5} ', in (M8 1 ) we have uniquely and

stably determined all B-coefficients correspondmg to the domain points in
the minimal determining set from Lemma A.1 of a bivariate polynomial
in P7 defined on F2;. Hence, we can uniquely and stably compute the
remaining undetermined B-coefficients of s|s in the way described in the
proof of Lemma A.1.

Now, we consider the last undetermined B-coefficients of s. These are
associated with domain points in the ball D;(vr). Due to the C” super-
smoothness of s at the split point o1, we can consider the B-coefficients cor-
responding to the domain points in D7(vt) as those of a trivariate polyno-
mial ¢ defined on the tetrahedron T, which is formed by the domain points
in D7(vr). Note that T is also subjected to a first order partial Worsey-Farin
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split. Examining g, we see that the B-coefficients associated with the do-
main points on the non-split faces of T and the B-coefficients correspond-
ing to the domain points within a distance of three from the face that has
been refined with the Clough-Tocher split are already uniquely and stably
determined. Then, setting the B-coefficient of g associated with the domain

point foT/ 1(5}0,9 is equal to setting the function value of g at v7. Thus, follow-
ing Lemma 2.42, the remaining undetermined B-coefficients of ¢ can be
uniquely and stably determined from smoothness conditions. Therefore,
we have uniquely and stably determined all B-coefficients of s.

Now, since M% is a minimal determining set for 592 (TI}VF), it follows that
dim S2(Thyp) = #M? = 259. O

Lemma 3.5:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the face (v1,v2,v3)
with the tetrahedron T and the opposite vertex vy with the tetrahedron
T, with T,T € A. Moreover, T and T are refined with a first order partial
Worsey-Farin split at the split points vr and vz in the interior of T and
T, respectively, and the split point v in the interior of the face (v1,vy,03).
Then let T; be a subtetrahedron of T]}VP that contains the edge (v;,v;1), for
i =2,3,4, where vy := v1 and vs5 := v,.

Let ggz(TI}\,F) be the superspline space defined in Theorem 3.4. Then, for
any spline s € 83’4'3(A \ T), there is a spline g € ggz(TI}VF) such that

~_{s, on A\ T

5=
g, onT,

belongs to 892'4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5] 5\ 1 by the following
additional smoothness conditions across the edges of T:

T4T 1T1+Z4OS_O i=0,..37=234 (3.2)
ZITmms 0,i=01,j=234 (3.3)
T.T; T,,T; T,T;

732313—'[23315—722415—0 j=234 (3.4)

T;,T; T,T T, T
722325—"[32225—723225—0 j=234 (3.5)
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T34 Tje  TaijTij~e T3+, T
Ty023 ST T3033 5= T3103 5=
T3+,’,T1,/~_ TSH'TLh_ T3+1 T11~_ 0, (3.6)
3,024 2214 — 2,025
j=1,2,3, with T5 := TzandT6:: T3
T4,T1 15 _
T0435=0 (3.7)

Proof:

Using the C? smoothness conditions across the face (v1,v9,03), the C* su-

persmoothness conditions at the vertices of T, and the C3 supersmoothness

conditions at the edges of T, we can uniquely and stably determine the B-

coefficients of g corresponding to the domain points in (M12T1 ), (M22T1 ),
WF WF

and (M32, ) from Theorem 3.4.
TWF

From the additional smoothness conditions in (3.2), (3.2), (3.4), and (3.5),
we can uniquely and stably determine the B-coefficients associated with
the domain points in (M42T1 ), (M52 T, ) (M62 T, ) and (M7T1 ), respec-
tively. Then, from the additional smoothness cond1t1ons in (3. 6) and (3.7),
we can uniquely and stably determine the B-coefficients of g corresponding

: o Tig
to the domain points in (MSZT‘}V ), except for the one associated with 50 0,0,9°

Finally, this B-coefficient is equal to the value of g(vr). Thus, following
Theorem 3.4, ¢ is uniquely and stably determined. |

Lemma 3.6:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly the face (v1,v2,v3)
with the tetrahedron T, with T € A. Moreover, T and T are refined with
a first order partial Worsey-Farin split at the split points vr and v7 in the
interior of T and T, respectively, and the split point vf in the interior of the
face (v1,v7,v3). Then let ".I~", be a subtetrahedron of Té\,F that contains the
edge (v;,v;41), for i = 2,3,4, where vy := v1 and vs := v;.

Let 3‘92(1}}\, ) be the superspline space defined in Theorem 3.4. Then, for
any spline s € S3**(A \ T), there is a spline ¢ € S3(Tj ) such that

Si=

- {s, on A\ T

g, onT,
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belongs to 892'4’3 (A). Moreover, g is uniquely and stably determined by the
values of g(vr) and g(vs), and the B-coefficients of 5[5\ by the following
additional smoothness conditions across the edges of T:

732;(325_0,5938,i+j+l:9—k (3.8)
Wl L F=0,i=0,...3, j=2,34 (3.9)
T F=0,i=0,1, /=234 (3.10)
752215—{3215—7;2215—0 j=2,34 (3.11)
i E = TS = T, E =0, [ =2,3,4 (3.12)
s = g = 4 T =

Tt S =l S =mads 5 =0, 619

j=1,2,3, with Ts := T, and Ty := T3

Ta,Tiq~
T5,45=0 (3.14)

Proof:

The B-coefficient of g associated with the domain point 5({‘6,9,0 is equal to
the value of g(v4). Then the remaining B-coefficients corresponding to do-
main points in the disk DZ“ (v4) can be uniquely and stably computed us-
ing the C* supersmoothness conditions at v, and the additional smooth-
ness conditions in (3.8).

The remaining B-coefficients corresponding to the domain points in the
minimal determining set M? from Theorem 3.4 can be determined in the
same way as in the proof of Lemma 3.5 from the C? smoothness condi-
tions across the face (v1,v2,v3), the C* supersmoothness conditions at the
remaining vertices of T, the C* supersmoothness conditions at the edges
of T, the additional smoothness conditions in (3.9) - (3.14) and the value
of g(vr). Therefore, all B-coefficients of g are uniquely and stably deter-
mined. ]
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Lemma 3.7:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly the three edges
(v1,v2), (v2,v3), and (v3,v1) with the tetrahedra T4, T, and T3, respectlvely,
and the opposite vertex vy with the tetrahedron T, with T Ten, j=234.
Moreover, T is refined with a first order partial Worsey-Farm split at the
split point v in the interior of T, and the split point vr in the interior of
the face <Z)1,02,ZJ3>

Let S3(Tjy ) be the superspline space defined in Theorem 3.4. Then, for

any spline s € 892 A3(A\ T), there is a spline g € ng(TI}VF) such that

- {s, on A\ T

S:=
g, onT,

belongs to 892’4’3 (A). Moreover, g is uniquely and stably determined by the
value of g(vr) and the B-coefficients of s[5\ 1 by the following additional
smoothness conditions across the edges of T:

TypiTyie

Tyodr 5=0,j=1,23 (3.15)
T,T .

Ty 11+l405—0 i=0,...,3,j=23,4 (3.16)
TT . .

Ty 103+125 0,i=01,j=23,4 (3.17)
.1 T,T; T, T

T32315—T233ls—722415—0 j=234 (3.18)
T, T T,T T;,T;

722325—132225—723225—0 j=234 (3.19)
T3+ ’Tl,"' T3+ /Tl ~ T3+ ,T1 ~

74,0,2’,3 'S=1 30353 =1 312]3 5=

Ts i Ty i Ts. i Ty i Ty Thie

73,3T5,41']52T232+1]4115 2%+2j51] =0, (320)
j=1,2,3, with T5 := T, and Ty := T3

s (3.21)

Proof:
Using the additional smoothness conditions in (3.15), the B-coefficients of
g associated with the domain points in (M321 ) from Theorem 3.4 can be

uniquely and stably determined.
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The remaining B-coefficients associated with the domain points in the
minimal determining set M? from Theorem 3.4 can be determined in the
same way as in the proof of Lemma 3.5 from the C* supersmoothness con-
ditions at the vertices of T, the C* supersmoothness conditions at the edges
of T, the additional smoothness conditions in (3.16) - (3.21) and the value
of g(vr). Therefore, all B-coefficients of ¢ are uniquely and stably deter-
mined. ]

Lemma 3.8:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the three edges
(v1,v2), (vp,03), and (v3,v1) with the tetrahedra Ty, T», and T3, respectively,
with Tj €A, j=2,3,4. Moreover, T is refined with a first order partial
Worsey-Farin split at the split point vt in the interior of T, and the split
point vr in the interior of the face (v1,v3,v3).

Let 5’92(1}}\, ) be the superspline space defined in Theorem 3.4. Then, for

any spline s € S3*?(A \ T), there is a spline ¢ € S3(Tjy ) such that

- {s, onA\T

5=
g, onT,

belongs to 892’4’3 (A). Moreover, g is uniquely and stably determined by the
values of g(vr) and g(vs), and the B-coefficients of s[5\ by the following
additional smoothness conditions across the edges of T:

TZI;ZkTZZS—O 5<k<8,it+j+l=9—k (3.22)

TsT%tizT]“—O j=123 (3.23)
T T ) )

T, 11+14os 0,i=0,...,3,j=234 (3.24)
T,T;

7034125 =0,1=0,1,j=2,34 (3.25)
T, T; T, T T,T;

732315—T23315—T224ls—0 =234 (3.26)
T,T; T,T; T,T; )

Ty2325 = T3p025 = 3005 =0, j=2,34 (3.27)
T3+],T1,]§:TT3+],T1,]§: T3+;/T1,/~: Ts+//T1,/»§: T3+er1,j~:

4023 3,0,3,3 3,123 3,0,2,4 22,14 (3.28)

TzT?)E]’gl/N—O j=1,23, with T5:=T, and Tg := T3
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Ty, i1~
Th,55=0 (329)

Proof:

The B-coefficient of g associated with the domain points in the disk D4T4 (v4)
can be uniquely and stably computed in the same way as in the proof of
Lemma 3.6 using the additional smoothness conditions (3.22) and the value

of g(vs).

The remaining B-coefficients corresponding to the domain points in the
minimal determining set M? from Theorem 3.4 can be determined in the
same way as in the proof of Lemma 3.5 and 3.7 from the C* supersmooth-
ness conditions at the vertices of T, the C® supersmoothness conditions at
the edges of T, the additional smoothness conditions in (3.23) - (3.29) and
the value of g(vr). Thus, all B-coefficients of g are uniquely and stably
determined. ]

Theorem 3.9:
Let M3 be the union of the following sets of domain points in D1 g:
WE”

(112, ) D, (v;), i =1,...,4, withv; € Ty, € T
WF

N (0;,0;11) (07,0 0,0,
( 2%}\”) ‘U1E3 " (<vi'vi+1>) \ (D4 w ( )UD o (Ui—l-l)),
1=

with <0i,0i+1> S T<vl_’vl_+1>
A Ti1 T12 Ti1
(M32 1 ) {&4 100 1440/5027050090

2 T T12 T Ti1
(M4 T, ) {€4151-61,431-503.617500,81

Ti1 Tl 1 Ty T Th T
(MS 1 ) {5413 27 3222’§i43 i2’£2322’£0342’£0162

(Mé3, ) {2 i1+iA, o€ i14iA, 0éas 14i4 7 22473 o}l 3'] ’
(1\717% F) {54_i,0,3+i,2r54—i,0,3+i,2r54—i,o,3+i,2}z‘:0

(1\7[821 ) {faszg 1/52T]ég 1/551241}? 2

(M7 i, ) {52232,53222,52322}

Ty, Tll Ty, Ty, Ty, le 3 Tiq T11
(M10 1 ) {64023’ 3033’53123’53024’52214’ 2025} 1U{§2043’ 0,0,09
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Then M? is a stable minimal determining set for

S2(Tp) i={s € C*(Thr) : s|F € P3, VT € Typ,
s€E C4(vi), i=1,...,4,
s€ C3(e), foralledgese € T,
s € C’((vp, o)),

RS C7(UT),
T3, T2 Y N S

T3 540105 = Tad10 5= 0,i=0,...,3,
T11,T12 T12,T13

T35y 1015 = Tado1 S = 0,i=0,...,3},

and the dimension of Sg(T%VF) is equal to 255.

Proof:

First, we show that M% is a stable minimal determining set for SQZ(TI}VF).
To this end, we set the B-coefficients c¢ of a spline s € ng(T‘}VP) to arbitrary
values for each domain point ¢ € M? and show that all other B-coefficients
of s are uniquely and stably determined.

We first consider the B-coefficients of s corresponding to the domain
points in the balls D4(v;), i =1,...,4. We can uniquely and stably de-
termine all these B-coefficients from those corresponding to the domain
points in (Mlle ) using the C* supersmoothness conditions at the vertices

WF

of T.

Next, we uniquely and stably compute the remaining undetermined
B-coefficients of s corresponding to domain points in the tubes E3((v1,v2))
and E3((vp,v3)) from the B-coefficients associated with the domain points
in (l\A/IZZT1 ) using the C3 supersmoothness conditions at the corresponding

WF

two edges of T.

Now, we consider the B-coefficients associated with the domain points
in the Clough-Tocher split face F := (v1,vp,v3). Since they lie in one com-
mon plane, the three subtriangles forming this face are degenerated faces
of the three subtetrahedra T 1,T1 5, and T7 3. Thus, we can regard the B-
coefficients of s|r as those of a bivariate spline gy € ng(FCT) defined in
(A.22). Considering go, we see that the B-coefficients corresponding to the
domain points within a distance of four from the vertices of F and corre-
sponding to those within a distance of three from the two edges (v1,v2) and
(vp,v3) of F are already uniquely and stably determined. Together with the
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B-coefficients corresponding to the domain points in (1\7[32T1 ), all B-coeffi-
WF

cients associated with the domain points in the minimal determining set in
Lemma A.14 are uniquely and stably determined. Thus all B-coefficients
of gp can be uniquely and stably determined, and therefore also all B-coef-
ficients of s|f.

Next, we examine the B-coefficients of s corresponding to the domain
points in the shells Rgl’l (vr), Rgl'z (vr), and Rgm (vr), which form a triangle
F!. Following the same arguments as above, these B-coefficients can also
be regarded as those of a bivariate spline g; in the space S’g (FL;) defined in
(A.12). Considering this spline, we see that the B-coefficients correspond-
ing to the domain points within a distance of three from the vertices and

within a distance of two from the edges of F! lying in the shells Rgl’l (vr)

and Rgl’z (vr) are already uniquely and stably determined. Together with
the B-coefficients associated with the domain points in (1\7[42T1 ), we have

uniquely and stably determined all B-coefficients COI‘I‘ESpOl’IdivIVng to the do-
main points in the minimal determining set in Lemma A.9. Thus, following
this lemma, all B-coefficients of g1 are uniquely and stably determined and
thus also the B-coefficients of s|p1.

Subsequently, we investigate the B-coefficients of s associated with the

domain points in the shells R;l’l (vT),Rgl’z(vT), and R;m (vr). These do-
main points form the triangle F2. Again, the B-coefficients of s|p2 can
be regarded as those of a bivariate spline g, € S%(FéT) defined in (A.8).
Considering this bivariate spline, it can be seen that the B-coefficients cor-
responding to the domain points within a distance of two from the ver-
tices and within a distance of one from the two edges of F? that lie in the

shells R;l'l (vr) and R;l'z (vr) are already uniquely and stably determined.

Then, together with the B-coefficients associated with the domain points in

(M32T1 ), all B-coefficients corresponding to the domain points in the mini-
WF

mal determining set of Lemma A.7 are uniquely and stably determined.
Therefore, all B-coefficients of g, and consequently all B-coefficients of
$|p2, are uniquely and stably determined.

Now, we can use the C? smoothness conditions at the edge (v1,v3), in
order to uniquely and stably compute the remaining undetermined B-co-
efficients of s corresponding to the domain points in E; ((v1,v3) ) from those
already determined.
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Next, we consider the other faces of T. At this point, all B-coefficients
corresponding to the domain points on these faces, except those associated
with the domain points in (M62T1 ), are uniquely and stably determined.

WF

Thus, the spline s is uniquely and stably determined on all faces of T.

Now, we can use Lemma 2.33 for the case j = 0, in order to uniquely
and stably determine remaining B-coefficients of s corresponding to the
domain points in E3((v1,v3)) from those already determined using the C3
supersmoothness conditions at (v1,v3).

Then, the remaining undetermined B-coefficients of s can be computed
in the same way as in the proof of Theorem 3.4.

Considering the dimension of $3(T},;), we can see that dim ggz(TI}VF) =
255, since M? is a minimal determining set for $2(T}, ;) and #M?2 = 255.0

Lemma 3.10:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the two edges
(v1,v2) and (vy,v3) with the tetrahedra T, and T», respectively, and the
opposite vertex v4 with the tetrahedron T, with Ty, Ty, T € A. Moreover, T
is refined with a first order partial Worsey-Farin split at the split point vt in
the interior of T, and the split point v in the interior of the face (v1,v,v3).
Let S2(T}, ) be the superspline space defined in Theorem 3.9. Then, for

any spline s € So**(A \ T), there is a spline g € S3(Tj, ) such that

- {s, onA\T

S:=
g, onT,

belongs to 592’4’3 (A). Moreover, g is uniquely and stably determined by the
value of g(vr) and the B-coefficients of s[5\ 1 by the following additional

smoothness conditions across the vertices and edges of T}

Ty, Ti1~ ToTii~ TuTii~ DT~

41405 = 102705 = 10,0905 = 14405 =0 (3.30)
T~ TwThi~  _TauTia~  _DTip~

41315 = T0261° = T0,0815 = 14315 =0 (3.31)
Ty, Tig 5= T4,T11~_ T4,T11~_ Tz,T12~_ Tz,T12 - Ty, Ty o~

Tyia—inS = 132255 = T03455 = 101655 = Tia3—i25 = D325 5 =0 (3.32)
G = 2,4

T, 11+I4Os—0 i=0,..3j= (3.33)
T ~_ TyTs DT T

T inviaos = T z3+z405 - 12+1305—Tz4305—0 i=0,1 (3.34)
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T /T =~ T, T3

T~ 103+12 =12 054i25=0,1=0,1,j=24 (3.35)
T,T; T, T; T,T; T, T;
732315—723315—T22415—722325— (3.36)
T,T; T, T; 0, i=24 ‘
T32225—T23225— ]=

Tp,T3 = Ty, T3 ~ To,Ts ~ T,T5 ~ T>,T3 T= Ty, T2 §=
T32315 = 13315 = D415 = 12305 = 135995 = Ty 3725 =0 (3.37)
T3+;rT1]~ T3+]rT1,~_ T3+]/T1/~ T3+//T1;~

T023 5= T3033 S=T3123 5= T3024 5= (3.39)
2B g _ B ie 0 0210 with Ty = T

2,2,14 2,025 j= 5:= 12

T, Ty 35— T2,T1 35— T2,T1 35— Tszl 35 Tszl 35 Tszl 35
Ty0235 = T30335 = 131255 = 130045 = T2145 = T255=0  (339)
T4,T11~_
T as=0 (3.40)

Proof:

Using the C* supersmoothness conditions at the vertices of T and the C3
supersmoothness conditions at the edges of T, we can uniquely and sta-
bly determine the B-coefficients of g corresponding to the domain points
in (Ml ) and (MZ ) from Theorem 3.9. From the additional smooth-

ness condltlons in (3. 30) (3.31), and (3.32) we can uniquely and stably de-
termine the B-coefficients associated with the domain points in (MST ),
WF

(1\7[42T1 ), and (1\7[52T1 ), respectively. From the additional smoothness con-
F

WF W
ditions in (3.33) - (3.37) we can uniquely and stably compute the B-coeffi-
cients corresponding to the domain points in (M62 I, ) (M9 1 ). Finally,
the B-coefficients associated with the remaining domain pomts in the min-
imal determining set M? from Theorem 3.9, those corresponding to the
domain points in (1\7[102T1 ), are uniquely and stably determined by the ad-
F

ditional smoothness cor‘fditions in (3.38), (3.39), and (3.40), except for the

B-coefficient associated with 50 6,0,0- This B-coefficient is equal to the value

of g(vr). Therefore, following Theorem 3.9, g is uniquely and stably deter-
mined. ]
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Lemma 3.11:

Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the two edges
(v1,v7) and (vy,v3) with the tetrahedra T, and T, respectively, with
Tz, T4 € A. Moreover, T is refined with a first order partial Worsey-Farin
split at the split point v in the interior of T, and the split point vf in the
interior of the face (v1,v5,03).

Let Sg(TI}VF) be the superspline space defined in Theorem 3.9. Then, for
any spline s € 592’4’3(A \ T), there is a spline g € 82(T}, ) such that

~ {s, on A\ T

=
g, onT,

belongs to 892'4’3 (A). Moreover, g is uniquely and stably determined by the
values of g(vr) and g(vs), and the B-coefficients of s[4\ by the following

additional smoothness conditions across the vertices and edges of T},

TTJZI’CTZZS—O,5§k§8,i+j+l:9—k (3.41)
T4,T11~_ T4,T11~_ T4,T11~_ T2,T12~_

41405 = 102705 = 10,0905 = 14405 =0 (342)
T4,T11~_ T4,T11~_ T4,T11~_ Ter12~_

41315 = To261° = T0081° = 11,4315 =0 (3.43)
ToTi1 ~ T4,T11~_ T4,T11~_ T2,T12~_ T2,T12 T T2,T12~_
Tyi3-i25 = 132055 =T03455=T01655 = Tia3-i25 = 13255 =0 (3.44)
T,T; )

T411+14OS_01_0"'3]:24 (3.45)
T, T _ . TyT DT Ty

Ty 21 1ia05 = T, z3+z4OS T 12+1305—Tz4305—0 i=0,1 (3.46)
TT ¥ Tp, T3 : s

Ty 031025 = 1421034125 =0,1=0,1,j=2,4 (3.47)
T,T; T,T; T,T;

T32315—723315—T22415—732315— (3.48)
Ty, Ts T

T23313*722415*0 j=24

T, T T,T; T, T To T3~
T22325—732225—ngzzs—Tzzfszs (3.49)
T, T3 ~ Ty, Tp ~ .

T32005 = 103005 =0, j=2,4
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T3+]'T1]~ T3+1'T1]~ T3+]/T1]~
T023 573033 5= T3123 S—
T3y Tjs _ DT BTz (3.50)
3024 5= Tp1a ST Tpos S=U
=12 withTs:=T;
Tz’Tl 35 Terl 55 Terl 35
T40235=130335= 131238 (3.51)
T, T3~ T, Ty~ T 35— ’
30245 = 12145 = T0055=0
Ty, Ty 1~
0435 =0 (3.52)
Proof:

We can uniquely and stably determine the B-coefficient of g associated with

the domain points in the disk DZ“ (v4) in the same way as in the proof of
Lemma 3.6 using the additional smoothness conditions (3.41) and the value
of g(vs).

The remaining B-coefficients associated with the domain points in the
minimal determining set M? from Theorem 3.9 can be determined in the
same way as in the proof of Lemma 3.10 from the C* supersmoothness con-
ditions at the vertices of T, the C* supersmoothness conditions at the edges
of T, the additional smoothness conditions in (3.42) - (3.52) and the value
of g(vr). Thus, all B-coefficients of g are uniquely and stably determined.o

3.2.2 Minimal determining sets for C? supersplines based
on second order partial Worsey-Farin splits

In this subsection, we investigate minimal determining sets for C? super-
splines on second order partial Worsey-Farin splits of a tetrahedron
T := (v1,v,03,04). To this end, let T4 be the second order partial Worsey-
Farin split of T at the split point vt in the interior of T, and let the faces
(v1,v2,v3) and (vp,v3,v4) be refined with a Clough-Tocher split at the split
points vf, and vf,, respectively. The corresponding subtetrahedra are de-
noted by

Ti,1 := (v1,02,0F,,0T), T := (v2,93,0F,,0T),
T1 3 := (v3,01,0F,,0T), Ty1 := (v2,03,VE,, ), (3.5%)
Ty := (v3,04,VF,, 0T), T3 := (v4,02,VF,, UT),

T3 := (v3,01,04,07), Ty := (01,02,04,07).
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Theorem 3.12:
Let M3 be the union of the following sets of domain points in DTI%V 9"

Ty, . .
M12, ) D,"(v;), i=1,...,4, withv; € Ty, € Tarr

T
3 Tto0141) Tto0141) Twioi40)
(MZTVZVF) 'U1 E; ((03,0101)) \ (D, " (07) U D, (vi1)),
i=
with <v,», v,-+1> € T(vl,vl 1)

(M32 {54140/ 440/5027050090

(M4 {f 11+140’§44 11+10}z 0

)

(M57, ){54131' 431/50261'50081
(M6 )
)

(M7

{54032’53042}

T,
{53321’5233 1’52421’5323 1’52,43,3,1’62:12,4,1}
(MST {&h o) i=123,j=12

T; T;
2 J ] ] 4
(M9 2 ) {53 22,27 €2,3,2,2’ €2,2,3,2 } j=3

T
(M10 2, ) & ]211+104}z:O

Tiyip-i T1+i,2—i Tiyin—i JTivip—i ¢Tviz—i JTivip—in1
(Mll 2 ) {53033 750,3,3,3 ’52 ,2,2,3 ’51,1,4,3 ’52,0,4,3 ’50,2,4,3 i=0

Tip le Ty
(M122 2, ) {61206 52061134

T
(M13%, ) {&009

Then ./\/l% is a stable minimal determining set for

S2(T2 ) == {s € C*(T%p) : s|F € P3, VT € T,
se C4(vi), i=1,...,4,
s € C3(e), foralledgese € T,
s € C’((vp,vr)), i=1,2

s € C’(vr),

T T: T T

JAr2j2 _ 2B .
Ty 5110 = Taar0 5 =0,i=0,...,3,j=12,
T Ti» ) .

(N 15+1015—0,z:0,...,3,]:1,2},

and the dimension of §92(T5VF) is equal to 264.
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Proof:

It is first shown that M3 is a stable minimal determining set for gg(Tng).
To this end we set the B-coefficients ¢, of a spline s € ggz(T‘%VF) to arbitrary
values for each domain point ¢ € M3. Then we show that all other B-coef-
ficients of s are uniquely and stably determined.

The B-coefficients of s associated with the domain points in the balls
D4(v;), i =1,...,4, are uniquely and stably determined from the B-coef-
ficients corresponding to the domain points in (Ml%2 ) by the C* super-
smoothness conditions at the vertices of T. "

Now, we can uniquely and stably determine the remaining B-coefficients

of s corresponding to the domain points in the tubes E3((v;,v;i11)), i =
1,2,3, from the B-coefficients associated with the domain points in (M22T2 )
WF

using the C3 supersmoothness conditions at the corresponding three edges
of T.

Next, we consider the B-coefficients corresponding to the domain points
in the Clough-Tocher split faces F; := (v1,v7,v3) and F, := (vp,v3,0v4). The
subtriangles forming these faces are degenerated faces of the subtetrahedra
Ti1, Tjp, and Ti3,j =1,2, since they lie in one common plane, respectively.
Therefore, we can consider the B-coefficients of s|p],, j =1,2, as those of

a bivariate spline ggj € ng(lsj,CT)/ j =1,2, defined in (A.22). Examining

ggj , we can see that the B-coefficients corresponding to the domain points

within a distance of four from the vertices of F;, j = 1,2, and corresponding

to those within a distance of three from two edges of Fj, j = 1,2, are already

uniquely and stably determined. Then, together with the B-coefficients

associated with the domain points in (MBZT2 ), all B-coefficients associated
WF

with the domain points in the minimal determining set in Lemma A.14

are uniquely and stably determined. Thus all B-coefficients of ggj ,j=12,
are uniquely and stably determined, and therefore also all B-coefficients of
S | 1:],, ] =1 ,2.

Now, we consider the B-coefficients of s restricted to the two non-split
faces (v3,v1,v4) and (v1,v2,v4) of T. The only undetermined B-coefficients
of s corresponding to domain points on these faces are associated with the
domain points in (M42T12N F). Thus, s restricted to these faces is uniquely and

stably determined.

Now, following Lemma 2.33 for the case j = 0, we can use the C! smooth-
ness conditions at the edges (v1,v3), (v1,v4), and (v2,v4), to uniquely and
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stably determined the remaining B-coefficients of s corresponding to the
domain points within a distance of one from these edges.

Next, we investigate the B-coefficients of s associated with the domain
points in the shells R?’l (vT),jo/2 (vr), and R?’S(UT), j =1,2, which form
a triangle Fjl, respectively. Following the same arguments as above, these

1
B-coefficients can also be regarded as those of a bivariate spline gfj in the
space Sg(l—"]%CT), j=1,2, defined in (A.14). Examining these splines, we
see that the B-coefficients corresponding to the domain points within a dis-
tance of three from the vertices and within a distance of two from two of the
edges of F; 1,7=1,2, are already uniquely and stably determined. Together

with the B coefficients associated with the domain points in (MST2 ), all

B-coefficients corresponding to the domain points in the m1n1mal deter—
mining set of Lemma A.10 are uniquely and stably determined. Therefore,
all B-coefficients of 5|1, j = 1,2, are uniquely and stably determined.

j

Now, we consider the B-coefficients of s corresponding to the domain
points within a distance of two from the edge (vq,v4). Together with the
B-coefficients of s associated with the domain points in (M62T2 ), we have

WF

already uniquely and stably determined all B-coefficients of s correspond-
ing to the domain points on the interior face (v1,v4,v7) within a distance
of two from this edge. Furthermore, the B-coefficients of s restricted to
the faces of T are already uniquely and stably determined. Therefore, the
only undetermined B-coefficients of s considered here are associated with
domain points in the shell Rg(vr) with a distance of one from the interior
face (v1,v4,07). Thus, using the C! and C? smoothness conditions across
this face and following Lemma 2.33 for the case j = 1, we can uniquely and
stably determine the last undetermined B-coefficients of E;((v1,v4)).

Next, following Lemma 2.33 for the case j = 0, we can use the C! and
C? smoothness conditions at the three interior faces (v1,v3,07), (v1,v4,07),
and (vp,04,07) of T to uniquely and stably determined the remaining
B-coefficients of s corresponding to the domain points within a distance of
two from the edges (v1,v3), (v1,v4), and (vp,v4).

Subsequently, we examine the B-coefficients of s corresponding to the
domain points with a distance of one from the two faces (v3,v1,v4) and
(v1,v2,v4). The only undetermined B-coefficients of s associated with the
domain points in the shells RT3 (vr) and RT4 (vr) correspond to the domain
points in (M7 2 ) Thus, since these domam points are contained in the
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minimal determining set, s is uniquely and stably determine on these two
shells.

Following Lemma 2.33 for the case j = 0, we can use the C3 supersmooth-
ness conditions at the edges (vy,v3), (v1,04), and (vp,v4) of T3 - to uniquely
and stably determined the remaining B-coefficients of s corresponding to
the domain points within a distance of three from these edges.

Now, we consider the B-coefficients of s associated with the domain
points in the shells R7Tj’1 (UT),R;j'Z (vr), and R?'S(UT), j=1,2, which form
a triangle F]-Z, respectively. Following the same arguments as above, these

2
B-coefficients can be regarded as those of a bivariate spline g? in the space
S%(F]%CT), j=1,2, defined in (A.6). Considering these splines, we see that
the B-coefficients corresponding to the domain points within a distance
of two from the vertices and within a distance of one from the edges of
1, j = 1,2, are already uniquely and stably determined. Together with

the B-coefficients associated with the domain points in (M822 ), all B-co-
WF

efficients corresponding to the domain points in the minimal determining

set in Lemma A.6 are uniquely and stably determined. Thus, following

Lemma A.6, all B-coefficients of s| r2, ] = 1,2, are uniquely and stably de-
]

termined.

Next, we examine the B-coefficients of s corresponding to the domain
points with a distance of two from the faces (v3,v1,v4) and (vq,v2,v4) of T.
Here, the only undetermined B-coefficients of s associated with the domain
points in the shells R;3 (vr) and R;‘* (vr) correspond to the domain points
in (M92T5v F). Thus, s is uniquely and stably determine on these shell.

Following Lemma 2.33 for the case j = 1, we can use the C! and C?
smoothness conditions at the face (v;,v3,v7) to uniquely and stably com-
pute the remaining B-coefficients corresponding to domain points within
a distance of four from the edge (v, v3) from the already determined B-co-
efficients and those associated with the domain points in (MlOzTI%V F).

Now, we consider the B-coefficients of s associated with the domain
points in the shells R6Tf’1 (UT),RZ/"2 (vr), and R6Tj’3(UT), j =1,2, which form
a triangle F]-3, respectively. These B-coefficients can be regarded as those of

3
a bivariate polynomial g? defined on 1—"]-3, j =1,2. Examining these poly-
nomials, we see that the B-coefficients corresponding to the domain points
within a distance of one from the vertices, on two edges and within a dis-
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tance of one from one edge of Fj3, j=1,2, are already uniquely and stably

determined. Together with the B-coefficients associated with the domain
points in (M112T2 ), all B-coefficients corresponding to the domain points
WF

in the minimal determining set in Lemma A.4 are uniquely and stably de-
termined. Therefore, all B-coefficients of s|.3, j = 1,2, are uniquely and
j

stably determined.

Following Lemma 2.33 for the case j = 0, we can use the C!, C2,and C3
smoothness conditions at the interior face (vp,v3,vr), which are imposed
by the C” supersmoothness at v, to uniquely and stably compute the re-
maining B-coefficients of s corresponding to the domain points within a
distance of five from the edge (v;,v3) from the already determined B-coef-
ficients. In the same way, we can uniquely and stably compute the remain-
ing undetermined B-coefficients of s corresponding to the domain points
within a distance of four from the edges (v1,v;) and (v3,v1) from those
already determined by using the C! and C? smoothness conditions at the
faces <Ul, 0y, UT> and <03, 01, UT> .

Next, we investigate the B-coefficients of s associated with the domain
points in the shells R5T1’1 (ZJT),RSTL2 (vr), and R?'S (vr), which form a trian-
gle F}. Following the arguments from above, these B-coefficients can be

considered as those of a bivariate polynomial g? of degree five defined

on F{. Examining this polynomial, it can be seen that the B-coefficients

corresponding to the domain points within a distance of one from the ver-

tices, on two edges and within a distance of one from one edge of F} are

already uniquely and stably determined. Together with the B-coefficients

corresponding to the domain points in (M122T2 ), all B-coefficients corre-
WE

sponding to the domain points in the minimal determining set in Lemma
A.3 are uniquely and stably determined. Thus, all B-coefficients of s| pi are

uniquely and stably determined.

Finally, we consider the last undetermined B-coefficients of s. These are
associated with domain points in the ball D;(vr). Due to the C” super-
smoothness of s at the split point v, we can consider the B-coefficients
associated with the domain points in Dy (vT) as those of a trivariate poly-
nomial ¢ defined on the tetrahedron T, which is formed by the domain
points in Dy(v7). Note that T is also subjected to a second order partial
Worsey-Farin split. Examining g, we see that the B-coefficients associated
with the domain points on the non-split faces of T, corresponding to the
domain points within a distance of one from one of the faces that has been
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refined with the Clough-Tocher split, and within a distance of two from the
second refined face are already uniquely and stably determined. Now, set-

ting the B-coefficient of ¢ associated with the domain point fOT, 1(5}0,9 is equal
to setting the function value of ¢ at vr. Thus, following Lemma 2.42, the
remaining undetermined B-coefficients of g can be uniquely and stably de-
termined from smoothness conditions. Therefore, we have uniquely and
stably determined all B-coefficients of s.

Since the set of domain points M3 is a minimal determining set for

S2(TZp), it follows that dim S2(T3,;) = #M3 = 264. O

Lemma 3.13:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the three edges
(v1,02), (v2,03), and (v3,v,) with the tetrahedra Ty, T», and T, respectively,
with TJ € A, j=1,2,3. Moreover, T is refined with a second order partial
Worsey-Farin split at the split point v in the interior of T, and the split
points v, and vf, in the interior of the faces (v1,v5,v3) and (vy,v3,v4), re-
spectively.

Let S2(T2¢) be the superspline space defined in Theorem 3.12. Then,
for any spline s € 83’4’3 (A\T), there is a spline g € ggz(T%,F) such that

- {s, on A\ T

S:=
g, onT,

belongs to 892’4’3 (A). Moreover, g is uniquely and stably determined by the
value of g(vr) and the B-coefficients of s[5\ 1 by the following additional
smoothness conditions across the edges of T:

T4T1£05 = T(JTzz(ng— TOTOE(IJ’SV— T1T]4+410]2~_0 j=12 (3.54)
T4T3'1T13+140g TIZT%lJriOg:O i=0,...,3 (3.55)
szTlgls—T()Tzzig— ToToTsig— 1T]4+31,1sz~—0 i=0,...,3,j=12 (3.56)
7T =T =0 (3.57)
T3T33§315—72T§3315—T2T4§1§— Teszglg—TzTaglg— Tsz}lls—O (3.58)
T = Ty = 15 =0, =12 (3.59)
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TT TT TT

T32225 = 723225 = T22325 =0,]=234 withTy:=T; (3.60)
T, Tio .

T 045 =0,i=0,...,3 (3.61)
Ty, Trsip— i3 = TTZ/Tl-H 2-ig _ T2,T1+i,2—if§_ T, Tisip—ie
3,0,3,3 03,33 2223 = Y143 (3.62)

T, Tivip—i~ T Tiyin i~ '
=Tyoa3 S=Tooasz 5=0,1=0,1

T, T 25 TZ/Tl 25 TZ;Tl 25

D248 =T2045=T11345=0 (3.63)

Proof:

Using the C* supersmoothness conditions at the vertices of T and the C3
supersmoothness conditions at the edges (v;,v;11), i =1,2,3, of T we can
uniquely and stably determine the B-coefficients of ¢ corresponding to the
domain points in (M12 2, ) and (M22 2 ) from Theorem 3.12. From the ad-

ditional smoothness conditions in 3. 54) we can uniquely and stably deter-
mine the B-coefficients of g corresponding to the domain points in (M32T2 )-
W

F
Then, from the additional smoothness conditions in (3.55) - (3.63), we can
uniquely and stably determine the B-coefficients of g corresponding to the
domain points in (M42 12 ) (M122 12 ) Finally, the B-coefficient associated

with the domain point in (M13T ) is equal to the value of g(vr). Thus,
WF
following Theorem 3.12, g is uniquely and stably determined. ]

Theorem 3.14:
Let M3 be the union of the following sets of domain points in DT%, 9"

(M12,
(M2
(M3

( i), i=1,...,4, witho; € T, € T

{5 4k,}l oL k<4 it+j+k=9-1

2
{54 12+103’§4 102+13’£04 i2+41,3Ji=0

)
)
)
<M4 > 32 ((02,03)) \ (D4 (v2) U D, (v3))
(M5 )
(M62 )
)
)

11+z
{64140’ 440’5027050090
3
{544 i,141,0Ji=0

1]+1
{54131’ 431’50261’50081

(M8 {54221/ 3321/53231
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(M9? 12, ) {53042} i=123j=1.2
(MlO 2,) {632062320: 6532}

T,
M112 T2, ) {& 1211+i04 ?:0

Tiqin—i Tl+i/2—i Titip—i JTiyio—i ¢Titip—i Ti4i2—i
(M12 2 ) {53033 750,3,3,3 ’52223 ’61,1,4,3 ’52,0,4,3 ’50243

(M13T {6325 60525 5435}

T T
(M“zmp’ {&980s

Then Mv% is a stable minimal determining set for §92 (T%IF).

z 0

Proof:
In order to show that M3 is a stable minimal determining set for S3(T%y)

we set the B-coefficients c¢ of a spline s € gg—(TI%VF) to arbitrary values for

each domain point £ € ./{/IV% and show that all other B-coefficients of s are
uniquely and stably determined.

We can uniquely and stably compute the undetermined B-coefficients of

s corresponding to the domain points in the balls Dy(v;), i =1,...,4, from

those associated with the domain points in (MlZT2 ) using the C* super-
WF

smoothness conditions at the vertices of T.

Then, together with the B-coefficients associated with the domain points
in (MZ2 2 ) and (MST2 ), all B-coefficients corresponding to the domain
WF

points w1th1n a distance of two from the face (v1,v;,v4) and within a dis-
tance of three from the corresponding edges are uniquely and stably deter-
mined.

Now, using the cs3 supersmoothness conditions at the gdges of T and
the B-coefficients associated with the domain points in (M4?F2 ), we can
WF

uniquely and stably compute all B-coefficients of s corresponding to the
domain points within a distance of three from the edges (v1,v2), (v2,v4),
(v4,01), and (v2,03).

Next, we examine the B-coefficients associated with the domain points in
the Clough-Tocher split faces F; := (v1,v2,v3) and F, := (v,03,04). These
can be determined in the same way as in the proof of Theorem 3.12 from the
already determined B-coefficients and those corresponding to the domain
points in (I\N/ISZT%V F).
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Since the remaining undetermined B-coefficients of s restricted to the
face (v3,v1,v4) are associated with the domain points in (M62T2 ),
WF

the spline s is uniquely and stably determined on this face.

Subsequently, following Lemma 2.33 for the case j = 0, we can uniquely
and stably determine the remaining undetermined B-coefficients with a
distance of one from the edges (v1,v3) and (v3,v4) using the C! smoothness
conditions at these edges.

Now, the B-coefficients of s corresponding to the domain points in the

shells Rg“ (vr), i=1,2,3, j = 1,2, are considered. Again, the remaining

undetermined B-coefficients of s restricted to these shells can be computed

in the same way as in the proof of Theorem 3.12 from the B-coefficients as-

sociated with the domain points in (1\7[72T2 ) and those already determined.
WF

Next, following Lemma 2.33 for the case j = 0, we can use the C! and
C? smoothness conditions at the interior faces (v1,v3,v7) and (v3,v4,v7) Of
T3 ¢ in order to uniquely and stably compute the remaining undetermined
B-coefficients of s corresponding to the domain points within a distance of
two from the edges (v1,v3) and (v3,v4), respectively.

Then, since the only undetermined B-coefficients of s restricted to the
domain points in the shell Rg3(vT) correspond to the domain points in

(I\N/ISZT2 ), all B-coefficients of s within a distance of one from the faces of T
WF
are uniquely and stably determined.

Again, following Lemma 2.33 for the case j = 0, we can uniquely and sta-
bly compute the remaining undetermined B-coefficients of s corresponding
to the domain points within a distance of three from the edges (v1,v3) and
(v3,v4) using the C® supersmoothness conditions at these edges.

Then, the last undetermined B-coefficients of s corresponding to the do-
main points in the shells R;j’i (vr), i=1,2,3, j=1,2, can be computed in
the same way as in the proof of Theorem 3.12 from the already determined
B-coefficients and those associated with the domain points in (1\~/I92T€v F).

The remaining undetermined B-coefficients of s restricted to the shell
R;3 (vr) are associated with the domain points in (1\~/[102T2 ). Thus, all B-co-

efficients of s corresponding to the domain points within a distance of two
from the faces of T are uniquely and stably determined.

Now, following Lemma 2.33 for the case j = 1, we can uniquely and sta-
bly compute the remaining undetermined B-coefficients of s correspond-
ing to the domain points within a distance of four from the edge (v,v3)
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from the already determined B-coefficients and those associated with the
domain points in (M112T2 ) using the C! and C? smoothness conditions at
WE

the interior face (vy,v3,07).
Then the remaining unknown B-coefficients of s associated with domain

points in the shells R?'i(UT), i=1,2,3, j=1,2, can be determined in the

same way as in the proof of Theorem 3.12 from the already determined

B-coefficients and those associated with the domain points in (M122T2 ).
WEF

Next, following Lemma 2.33 for the case j = 0, we can uniquely and sta-
bly compute the remaining undetermined B-coefficients of s corresponding
to the domain points within a distance of four from the edges (v1,v;) and
(v7,v4) using the C! and C? smoothness conditions at the faces (vy,vs,v7)
and (vp,v4,v7), respectively.

Then, the last undetermined B-coefficients of s restricted to the shell
R6T4(UT) are associated with the domain points in (1\7[13%%v F). Thus, all B-

coefficients of s restricted to R6T4 (vr) are uniquely and stably determined.
Finally, the last undetermined B-coefficients of s are considered. These
are associated with domain points in the ball D;(v). Since s has C” super-
smoothness at the split point v1, we can consider the corresponding B-coef-
ficients as those of a trivariate polynomial g of degree seven that is defined
on the tetrahedron T, which is bounded by the domain points in Ry (vr).
Due to the partial Worsey-Farin split of T, the tetrahedron T is also sub-
jected to a second order partial Worsey-Farin split. Investigating g it can
be seen that the B-coefficients associated with the domain points within a
distance of one from the two refined faces, within a distance of one from a
non-split face, and on the last non-split face are already uniquely and sta-
bly determined. Then, setting the B-coefficient associated with the domain

point §0T, 1(5}0,9 is equal to setting the value of g at the point vr. Therefore,
following Lemma 2.42, the remaining undetermined B-coefficients of g can
be uniquely and stably determined from smoothness conditions. Thus, we
have uniquely and stably determined the spline s. m]

Lemma 3.15:

Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly one face (vy,v2,v4)
and the edge (vp,v3) with the tetrahedra T; and T, respectively, with
Ty, T, € A. Moreover, T is refined with a second order partial Worsey-Farin
split at the split point v7 in the interior of T, and the split points vf, and
vf, in the interior of the faces (v1,v2,v3) and (v,,v3,v4), respectively.
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Let gg(Tsvp) be the superspline space defined in Theorem 3.12. Then,
for any spline s € 892’4’3(A \ T), there is a spline g € ggz(Tgvp) such that

S

~._Js, onA\T
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the edges and faces of T:

S = S = T AT = TIPS =0, =12, with Ty = Ty (3.64)
L F=0,i=0,...,3 (3.65)
= A= T = T =0, o6
i=0,..,3j=12 with T3:= Ty

TS = TS = Ty =0 (3.67)
rf/ VS =0,i=123j=12 (3.68)
TyrhE = Gy = Ty =0 (3.69)
Q0§ =0,i=0,..3 (370)
e 5=l sy = .
=G = =0 o
T35S = Thysh8 = T ahE = 0 (372)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C® super-
smoothness conditions at the edges (v1,v2), (v2,v3), (v2,v4), and (v1,v4),
and the C? smoothness conditions at the face (v7,v5,v4) we can uniquely
and stably determine the B-coefficients of g corresponding to the domain
points in M12, ), (M22, ), (M32, ), and (M42, ) from Theorem 3.14.

Tiwe Tive Twe” Tivr

From the additional smoothness conditions in (3.64) we can uniquely and
stably determine the B-coefficients of g corresponding to the domain points
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in (M52 12 ) Then, from the additional smoothness conditions in (3.65) -

(3.72), the B-coefficients of g corresponding to the domain points in
(M6Tz ) - (M13T ) can be uniquely and stably determined. The B-coef-
WF

ficients associated with the last domain point in the minimal determining
set M2, the one in (M142T2 ), is uniquely determined by the value of g(vr).
WE

Thus, following Theorem 3.14, g is uniquely and stably determined. O

Theorem 3.16:
Let M3 be the union of the following sets of domain points in D2 g:
WE”

112, ) D, (v;), i=1,...,4, withv; € Ty, € T2,
(M22 T2, ) {5,]1(1}12 o k<4 i+j+k=9-1

(M3 T2, ) {54 12+zo3'54 102+z3'504 2413 z:O’j:3’4

~ T3 3
(M4 2 ) {544 11+10/534 11+11f§z4 1412843 iip Vim0
A 4

(MS 2 ) {544 i,i,1’ 34 1,i,2Ji=0

9 T T1 3 Tip Thp Trp Ths3 Ty T
(M6 2 ) {51 4,407 4 ,1,4,07 f2,0,7,050,0,9,0’ f4 14,0 f1,4,4,0’ f0,2,7 050 0,9,0
T T1 2
(M7 2 ) {54 3,0,27 3 ,4,0,2
Ti1 T1 3 Ti1 Top Tos Top

(M8 2 ) {51 4,317 41,3,1’52,0,6,1’54,1,3,1’51,4,3,1’50,2,6,1

(M9 2 ) {53042} 121/2/3/j:1/2

T 3
(M10 2, ) {€ 1211+i04 i—0

Titip—i T1+i,2—i Tiyio—i JTivip—i ¢Titiz—i JTivip—in1
(Mll 2 ) {63033 750,3,3,3 ’52223 ’61,1,4,3 ’52,0,4,3 ’50,2,4,3 i=0

(M12 2 ) {63123’ 2223’52133}

~ T:
01132, ) {0k
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Then M3 is a stable minimal determining set for

55 (Tiyr) = {s € C*(Tjyr) : sl € P§, VT € Tyyy,
seCHo),i=1,...,4,
s € C3(e), foralledgese € T,
s€C7(<vp,vT>), i=1,2
(v

s € C(vr),

T, T3 Ti5,Ti5

Gis R .
(2% 15+110 T4410 s—O,z—O,...,3,]—1,2,
Ti1Tjs

7" 15+1015 =0,i=0,...,2,j=1,2},
and the dimension of 82(T?%,;) is equal to 266.

Proof:
First, we show that M% is a stable minimal determining set for SS(TI%\,F).
To this end we set the B-coefficients c¢ of a spline s € 5'92(T§VF) to arbitrary
values for each domain point ¢ € M3 and show that all other B-coefficients
of s are uniquely and stably determined.

From the B-coefficients associated with the domain points in (M12T5v F),

we can uniquely and stably determine the B-coefficients of s correspond-
ing to the domain points in the balls Dy4(v;), i =1,...,4, using the C* su-
persmoothness conditions at the vertices of T.

Subsequently, together with the B-coefficients associated with the do-
main points in (M2T2 F) and some in (M32 72 ), all B-coefficients of s|r, cor-

responding to the domain points within g distance of two from the face
(v1,v2,v4) and within a distance of three from the corresponding edges are
uniquely and stably determined.

Now, using the C? supersmoothness conditions at the edges of
(v1,v2,v4), we can uniquely and stably determine the remaining B-coef-
ficients corresponding to domain points within a distance of three from
these edges.

Then, together with the remaining B-coefficients associated with the do-
main points in (M32T5v F) and those in (M42T§v F) and (l\A/I52T5v F), all B-coefficients

of s|1, corresponding to the domain points within a distance of two from
the face (v3,v1,v4) and within a distance of three from the corresponding
edges are uniquely and stably determined.
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Next, using the C® supersmoothness conditions at the edges of
(v3,v1,v4) we can uniquely and stably compute the remaining B-coeffi-
cients of s corresponding to domain points within a distance of three from
the edges (v3,v1) and (v4,v3).

Subsequently, we consider the B-coefficients associated with the domain
points in the Clough-Tocher split faces F; := (v1,vp,v3) and F, := (v5,v3,04)
of T4 ;. These can be determined in the same way as in the proof of Theo-
rem 3.12 from the already determined B-coefficients and those correspond-
ing to the domain points in (1\7[6%% F).

Then, following Lemma 2.33 for the case j = 0, we can use a C! smooth-
ness condition at the edge (vp,v3) in order to compute the last undeter-
mined B-coefficient of s corresponding to a domain point within a distance
of one from this edge.

Now, using the C! and C? smoothness conditions at the edge (v,,v3) we
can uniquely and stably compute the B-coefficients corresponding to the
domain points within a distance of two from this edge from the already
determined B-coefficients and those associated with the domain points in
(I\A/[72T2 ), by Lemma 2.33 for the case j = 1.

WF

Next, we examine the B-coefficients of s associated with the domain
points in the shells R;j’l (UT),jo'Z (vr), and R?'S(ZJT), j =1,2, which form
a triangle Fjl, respectively. Since the three subtriangles forming the faces
<v1,vz,03> and (vy,v3,v4) are degenerated faces of the subtetrahedra T,

Tj», and Tj3,j = 1,2, since they lie in one common plane, respectively,
we can con51der the B-coefficients of s|F1, j =1,2, as those of a bivariate

spline g1 € S (F i CT) =12, defmed in (A.16). Considering these bi-
variate splines, we see that the B-coefficients corresponding to the domain
points within a distance of three from the vertices and within a distance of
two from two of the edges and within a distance of one from the third edge
of F]-l, j=1,2, are already uniquely and stably determined. Thus, together

with the B-coefficients associated with the domain points in (I\A/[82T2 ), all
WFE

B-coefficients corresponding to the domain points in the minimal deter-
mining set in Lemma A.11 are uniquely and stably determined. Therefore,
all B-coefficients of 5|1, j = 1,2, are uniquely and stably determined.

Subsequently, following Lemma 2.33 for the case j = 0, we can uniquely
and stably compute the remaining undetermined B-coefficients of s corre-
sponding to the domain points within a distance of three from the edge
(v3,v3) using the C® supersmoothness conditions at these edges.
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Now, the remaining B-coefficients of s associated with the domain points

in the shells R;j’i (vr), i=1,2,3, j=1,2, can be determined in the same way
as in the proof of Theorem 3.12 from the already determined B-coefficients
and those associated with the domain points in (I\A/I92T2 ).

WF

Then, all other undetermined B-coefficients of s can be uniquely and sta-
bly computed in the same way as in the proof of Theorem 3.14 from those
already determined and the ones corresponding to the domain points in
(M102%, ) - (M132, ).

WF WF

Then, considering the dimension of $2(T?2,) we see that dim 82 (T3,;) =
266 = #M2, since M3 is a minimal determining set for this superspline
space. i

Lemma 3.17:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the two faces
(v1,v2,04) and (v3,071,04) with the tetrahedra Ty and T, respectively, with
Ty, T» € A. Moreover, T is refined with a second order partial Worsey-Farin
split at the split point v7 in the interior of T, and the split points vf, and
vF, in the interior of the faces (v1,v7,v3) and (v2,v3,v4), respectively.

Let Sg(T%vF) be the superspline space defined in Theorem 3.16. Then,
for any spline s € 592’4’3(A \ T), there is a spline g € S2(T% ) such that

- {s, onA\T

5=
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the vertices, edges and faces of T:

TTLT] 1z _ T1,T1 15— T1,T1 15— Tz,Tl 35
1440 2070 0090 4140 (373)
. TTZ'TZ 2% Terz 25 _ Terz 2= TT1,T2,3§_ 0
4140 0270 0090 144,0° —
T, T, 25 _ T1,T1 25
T30 5 = 34055 =0 (3.74)
T, T 1~ T, T~  _DTis~ _DThor DThae  _T1,Ty 35—
4315 = 100615 = 141315 = 41315 = 102615 = T14315=0 (3.75)

TT:/~_ T2,T13~_ T, Trs~
T30425 = 3,045 5 = 30455 =0, 1,j =12 (3.76)
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Tl/Tl 2

T, 11+104S:0,1:0,...,3 (3.77)
Tl+ile+i,2—i~_ Tl+i/Tl+i/2—i~_ Tl+i/Tl+i/2—i~_ Tl+i/Tl+i/2—i'§
3,033 - "0,3,3,3 2,223 - 1,143 (3 78)
TT1+1/T1+1 2— zg_ TT1+er1+z 2— z~ 0 l 0 1
2,043 0,2,4,3 - -
Ty, Ty §= Ty, Ty ~ T1,Ty ~
31235 = 12235 = 11335 =0 (3.79)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C? super-
smoothness conditions at the five edges (v1,v2), (v1,v3), (v1,04), (v2,04),
and (v3,v4), and the C? smoothness conditions at the faces (v1,v,v4) and
(v3,v1,v4) we can uniquely and stably determine the B-coefficients of g cor-
responding to the domain points in (M12 12, ) (M22 12, ) (M32 2, ) (M4 ),

and (I\A/[SZT2 ) from Theorem 3.16. From the add1t1onal smoothness cond1—
WF

tions in (3.73) we can uniquely and stably determine the B-coefficients of
g corresponding to the domain points in (l\A/[6Ff‘F2 ). Now, using the addi-
WF

tional smoothness conditions in (3.74) - (3.79) we can uniquely and stably
determine the B-coefficients associated with the domain points in (M62 2, )

- (M122T2 )- The last undetermined B-coefficient corresponding to a do—
WF

main point in the minimal determining set M3 is uniquely determined by
the value of g(vr). Thus, following Theorem 3.16, g is uniquely and stably
determined. ]

Theorem 3.18:

Let M3 be the union of the following sets of domain points in DT%N L9
(112, ) D, (v), i=1,...,4 withov; € T, € T

(M22 12 ) {grj,k,}%zo, k<4, i+j+k=9-1

(MBTﬁvp) {547i,2+i,0,3'£4Tii,0,2+i,3'50T§17i,2+i,3}12:0' j=34

(M422 ) {fﬁ AR 0’§§z—i,1+i,l’ngil—i,l-«—i,Z’51,33—1‘,1',2}?:0

(M57 T2, ) {544 ii17 34 i,i2 ;4:0

V62, > E3' ({02,03)) \ (D, (v2) U D, (03)

(M7 2 ) {53042} i=123j=12
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72 T 3
(MST {645 10i04} 0

“ro2 Tiyip-i T1+i,2—i Tiyini JTivip—i JTiviz—i JTivip-ini
(M9 {63033 750,3,3,3 ’52223 51,1,4,3 ’52,0,4,3 ’60,2,4,3 i=0

(M10 2, ) {53123, 2223/52133}
T
(Mllm F) {€060.9

Then M3 is a stable minimal determining set for

S3(Thyp) == {s € C*(T§p) : s|l3 € P3, VT € Thyp,
s€E C4(v,'), i=1,...,4,
s € C3(e), foralledgese € T,
s € C7<<'UF1.,'UT>), i=1,2

s e C(vr),

T] IrT] i+1 T/ uT] i+1

510 S= 3501 5=0,
i=1,23,j=12 with Ty :=Tj;},

and the dimension of 82(T3;;) is equal to 270.

Proof:
We first show that M3 is a stable minimal determining set for S3(T2p).
Therefore, we set the B-coefficients c¢ of a spline s € S3(T3) to arbitrary
values for each domain point ¢ € M3 and show that all other B-coefficients
of s can be uniquely and stably computed from those.

Considering the B-coefficients associated with the domain points in the
balls D4(v;), i =1,...,4, we see that these are uniquely and stably deter-
mined from those correspondmg to the domain points in (Ml ) by the

C* supersmoothness conditions at the four vertices of T.

Then, the B-coefficients corresponding to the domain points within a dis-
tance of two from the faces (v1,v7,v4) and (v3,v1,v4), and within a dis-
tance of three from the corresponding five edges, are uniquely and stably
determined from the B-coefficients associated with the domain points in
(1\_/[22T2 ) - (M52 2, ) in the same way as in the proof of Theorem 3.16.

WF

Now, we can umquely and stably compute all remaining B-coefficients
corresponding to domain points within a distance of three from the edge
(v2,v3) from those associated with the domain points in (1\_/[62T2 ).

WE
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Next, we examine the B-coefficients in the shells Ro(v7) /i and Rg(vr) T,
fori=1,2,3 and j = 1,2. These can be uniquely and stably computed in
the same way as those corresponding to the domain points in the shells
Ro(vr)Ti and Rg(vr)Tii, i = 1,2,3, in the proof of Theorem 3.4 from the
already determined B-coefficients by applying Lemma A.13 and Lemma
A8.

Then, the remaining undetermined B-coefficients of s can be uniquely
and stably determined in the same way as in the proof of Theorem 3.16
from the already determined B-coefficients and those associated with the
domain points in (1\7[7?%2 ) - (1\7[112T2 ).

WF WF

Finally, considering the dimension of the space S3(T3;) we can state
that dimS2(T3z) = 270, since M3 is a minimal determining set for
82(T% ;) and the cardinality of this set is equal to 270. i

Lemma 3.19:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly the two faces
(v1,v2,v4) and (v3,v1,v4) with the tetrahedra T1 and T, respectively, and
the edge (v,,v3) with the tetrahedron T, with Ty, To, T € A. Moreover, T is
refined with a second order partial Worsey-Farin split at the split point v
in the interior of T, and the split points vr, and vf, in the interior of the
faces (v1,v2,v3) and (vp,v3,0v4), respectively.

Let S3(T%7) be the superspline space defined in Theorem 3.18. Then,
for any spline s € S3**(A \ T), there is a spline g € S3(T2) such that

~{S, on A\ T

S:=
g, onT,

belongs to 892’4’3 (A). Moreover, g is uniquely and stably determined by the
value of g(vr) and the B-coefficients of s[5\ 1 by the following additional
smoothness conditions across the edges and faces of T

TiTi~_ ToiTis~_ TToe T This .
T30425 T3042 S = T30425 = 730425—0 i=1,2 (3.80)
T 11,
T, ll+104s—0 i=0,..3 (3.81)
TTsz i~ TTigiomic  TTigipmic _TTigip-ic T Tigio-is
TG033 5= 7333 5T 0223 5TT143 57043

(3.82)

_ TT]+12 1~
=Typ43 =0,i=0,1
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T1T4~_ TT4~_ Ty, Ty~ _
T31035 = Tp3035 = 1335 =0 (3.83)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C3 su-

persmoothness conditions at the edges of T, and the C? smoothness con-

ditions at the faces (v1,v2,v4) and (v3,v1,v4) we can uniquely and stably

determine the B-coefficients of g corresponding to the domain points in

(1\_/[12T2 ) - (M62 12, ) from Theorem 3.18. Then, from the additional smooth-
WF

ness condltlons in (3.80) - (3.83) we can uniquely and stably determine the
B-coefficients associated with the domain points in (1\_/[72T2 ) - (M10? 2, )
WF

The B-coefficients associated with the last domain point in the minimal de—
termining set M3 from Theorem 3.18 is equal to the value of g(vr). Thus,
following Theorem 3.18, g is uniquely and stably determined. ]

Theorem 3.20:
Let M3 be the union of the following sets of domain points in DTEV 9"

112, ) D, (v), i=1,...,4 withov; € Ty, € Ty
(Mzz {Ez]kl}l 0/ij1k<4 i+j+k=9-1
132,

(M4 {544 11+10’£34 11+11’§24 zl+12’£43 112}

)
)
(M5 ) {544 it Szt o
)
)

{54 12+zo3f§4 102+13r§04 12—1—13}1 0 ] =34

<M6 32 ((02,03)) \ (D} (02) U D, (v3))

(M7 {€T11 Tl 1 £T1 1

1,08—i,i” 01,871'1’ 0,09—1i,i l 0

(M8T {53042} i=123j=12

VoD T
(M9 {5 151+104

Tiyip—i T1+z,2—z‘ Tiyip—i JTivip—i ¢Titio—i JTivip—in1
(Mlo 2 ) {53033 750,3,3,3 ’52223 ’51,1,4,3 ’62,0,4,3 ’50,2,4,3 i=0

(Mll 2 ) {53123’ 2223’52133}

T
(M122 2, ) {€0g09
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Then M3 is a stable minimal determining set for

S§(Tjyp) = {s € C*(Thy) Pslg € P35, T € Tiyp,
se C4(v,-), i=1,...,4,
s E Cg(e), for alledgese e T,
s€ C7(<vpi,vT>), i=1,2
s € C7(vT),
T s =0,i=1,2,3, with Tyg =Ty,

Ty T, . .
733’0112/’“5 =0,i=123 withTps:=Ty1},

and the dimension of 82(T?%;) is equal to 276.

Proof:

First, we show that M% is a stable minimal determining set for the super-
spline space Sg(T%\,F). To this end we set the B-coefficients ¢, of a spline
s € 82(T4p) to arbitrary values for each domain point ¢ € M3 and show
that all other B-coefficients of s are uniquely and stably determined.

The B-coefficients corresponding to the domain points within a distance
of four from the vertices of T, within a distance of three from the edges of
T, and within a distance of two from the faces (v1,v5,v4) and (v3,v1,v4) can
be uniquely and stably determined from those associated with the domain
points in (l\V/IlzT2 ) —(I\V/I62T2 ) in the same way as in the proof of Theorem
3.18, " "

Now, we consider the B-coefficients associated with the domain points in
the Clough-Tocher split face F := (v1,v5,v3). The three subtriangles form-
ing this face are degenerated faces of the three subtetrahedra T 1, T7 », and
Ty 3, since they lie in one common plane. Thus, we can regard the B-coef-
ficients of s|r as those of a bivariate spline gy € ng(FCT) defined in (A.24).
Investigating go, it can be seen that the B-coefficients corresponding to the
domain points within a distance of four from the vertices of F and within a
distance of three from the edges of F are already uniquely and stably deter-
mined. Together with the B-coefficients associated with the domain points
in (M72T2 ) with i = 0, we have determined all B-coefficients correspond-

WF

ing to the domain points in the minimal determining set in Lemma A.15.
Therefore, following Lemma A.15, all B-coefficients of gy are uniquely and
stably determined, and thus also all B-coefficients of s|r.
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Next, we investigate the B-coefficients of s corresponding to the domain
points in the shells Rgl'l (vT),Rgl'z (vr), and Rgm (vr), which form a trian-
gle F1. Following the same arguments as above, these B-coefficients can
be regarded as those of a bivariate spline g; in the space S3(Fl;) defined
in (A.18). Examining this spline, we see that the B-coefficients correspond-
ing to the domain points within a distance of three from the vertices and
within a distance of two from the edges of F! are already uniquely and
stably determined. Then, together with the B-coefficients associated with
the domain points in (1\7[7%2 ) with i = 1, all B-coefficients corresponding

to the domain points in the minimal determining set in Lemma A.12 are
uniquely and stably determined. Thus, by Lemma A.12 the remaining B-
coefficients of g1 are uniquely and stably determined, and therefore also all
B-coefficients of s| 1.

Then, the remaining undetermined B-coefficients of s can be computed
from those already determined and the ones associated with the domain
points in (M82T2 ) - (l\v/[122T2 ) in the same way as in the proof of Theorem
3.16. v "

Now, considering the dimension of the space Sg-(Tg\,F) we can see that
dimS2(T,7) = 276, since the cardinality of the minimal determining set
M3 is equal to 276. m]

Lemma 3.21:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the three faces
(v1,v2,v4), (v3,01,04), and (v1,v;,v3) with the tetrahedra Ty, T», and T,
respectively, with Tl, Tz, Tg, € A. Moreover, T is refined with a second order
partial Worsey-Farin split at the split point v in the interior of T, and the
split points v, and v, in the interior of the faces (v1,v,,v3) and (v2,v3,v4),
respectively. The tetrahedron T3 is also subjected to a partial Worsey-Farin
split, such that the common face with T is refined with a Clough-Tocher
split. The three subtetrahedra are denoted by Tg,i, i=1,2,3, where Tg,l' has
a common face with Ty ;.

Let ng(T%,F) be the superspline space defined in Theorem 3.20. Then,

for any spline s € 892’4’3(A \ T), there is a spline g € S2(T% ) such that

N_{s, on A\ T

S:
g, onT,
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belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the edges and faces of T:

T30, o1~ Tp,Tro~ Ty, Tr3~

3042 5= T30455= T30455=0 (3.84)
L §=0,i=0,...,3 (3.85)
e L I
_ TZ/T:%ZEH@Z*?: Tg:;,,zzigwi/zfi»sv: 0,i=0,1 .
TS = TYS = T3S =0 @87

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C3 su-
persmoothness conditions at the edges of T, and the C?> smoothness con-
ditions at the faces (v1,v2,v4), (v3,v1,v4), and (vq,v2,v3) we can uniquely
and stably determine the B-coefficients of g corresponding to the domain
points in (1\7[1%2 ) - (1\7[7?%2 ), and in (I\V/ISZT2 ) for j =1, from Theorem 3.20.

WF WF WF
Then, using the additional smoothness conditions in (3.84) - (3.87) we can
uniquely and stably determine the B-coefficients associated with the re-
maining domain points in (I\V/ISZT2 ), and those in (1\7[92T2 ) - (1\V/[112T2 ). The
WF WF WF

last B-coefficients corresponding to the domain point §OT 530,9 in M3 is equal
to the value of g(vr). Thus, following Theorem 3.20, g is uniquely and
stably determined. m]

Theorem 3.22:
Let M3 be the union of the following sets of domain points in DT&; 9"
. To, . .
(M13, ) D" (vy), i =1,... 4 withv; € Ty, € Ty
192 Ty 2 o o Py —
(MZT%]F) {gi,].,k’l o L k<4 i+j+k=9-1
. T T
2 j j T 2 L
(MBTﬁvp) {&4linri038ali004i3S00—ipriaizor ] =34
142 T T3 T3 T3 3
(M4T5VF) {54,47i,1+i,0’ 63,47i,1+i,1’ 52,471‘,1+i,2’ 54,371',1‘,2}1':0
52 T3 T3 4
(MST%/F) {63 i1 S iiatizo

(V162 ) E3*({22,03)) \ (D} (02) U D" (03))
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2 .
(M7T {5108 1ir§ 18 11/5009 iifi= O']_lfz

(MSZT {53042} i=1,23j=1,2

. T,
(M92 {5413 14, 04}

: T14ip-i T1+1,2—i Tyip—i Tivig—i ¢Titio—i Tivip—i
(Mlo 2 ) {53033 750,3,3,3 ’52223 ’51,1,4,3 ’62,0,4,3 ’£0243

(M112 12 ) {53123/ 2223/52133

T;
(M127 s ) {0,609

Then /\/l2 is a stable minimal determining set for

1 0

S3(Thyp) == {s € C*(T}yp) : sl3 € P3, VT € Thyp,
seCHo),i=1,...,4,
s € C3(e), forall edges e € T,
s€ C’((vg,0r)),i=12
seC’(vr)},

and the dimension of S3(T%,y) is equal to 282.

Proof:

We first show that M3 is a stable minimal determining set for the super-
spline space S2(T3 ;). Therefore, we set the B-coefficients c¢ of a spline
s € S2(TZp) to arbitrary values for each domain point ¢ € M3 and show
that all other B-coefficients of s are uniquely and stably determined.

The B-coefficients corresponding to the domain points within a distance
of two from the faces (v1,v2,v3), (v3,v1,04), and (v1,v2,v4), within a dis-
tance of three from the edges of T, and within a distance of four from the
vertices of T are uniquely and stably determined in the same way as in the
proof of Theorem 3.20 from the B-coefficients associated with the domain
points in (MlzT2 ) - (1\'/162T2 ), and those in (1\'/172T2 ) with j = 1.

WF WF

Now, the B-coefficients of s associated with the domain points in the
shells RgTz'i (vr) and Rgz'i (vr), i =1,2,3, can be uniquely and stably com-
puted from the already determined B-coefficients and those correspond-
ing to the domain points in (1\'/172T2 ) with j = 2 in the same way as the

WF
B-coefficients associated with the domain points in the rings R9Tl'i (vr) and
R§“(vr), i =1,2,3, in Theorem 3.20.
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The remaining undetermined B-coefficients of s can also be determined
in the same way as in the proof of Theorem 3.20 from the B-coefficients
corresponding to the domain points in (M82 2, ) (M122 12 )

Considering the dimension of 83 (T% ) we can see that dim S2(T5;) =
282 = #M3, since M3 is a minimal determining set for S2(T3;z). O

Lemma 3.23:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares the four faces (v1,v2,74),
(v3,01,v4), (v1,02,03), and (vo,v3,v4) With the tetrahedra Ty, T», T3, and
T4, respectively, with T €A, i=1,...,4. Moreover, T is refined with a sec-
ond order partial Worsey-Farin split at the split point vt in the interior of
T, and the split points vr, and vf, in the interior of the faces (vy,v,v3)
and (vy,v3,04), respectively. The tetrahedra Ts and Tj are also subjected to
a partial Worsey-Farin split, such that the common face with T is refined
with a Clough-Tocher split, respectively. The three subtetrahedra are de-
noted by ]1, i=1,2,3, j = 3,4, respectively, where T"Jl has a common face
with Tj

Let ng(TI%vP) be the superspline space defined in Theorem 3.22. Then,

for any spline s € S5**(A \ T), there is a spline g € S3(T2) such that

- {s, on A\ T

S:=
g, onT,

belongs to 892’4’3 (A). Moreover, g is uniquely and stably determined by the
value of g(vr) and the B-coefficients of s[5\ 1 by the following additional
smoothness conditions across the faces of T:

T Tip  ~ .
T 11+104sf0 i=0,...,3 (3.88)
TavipoisTisip—i~  _Tarip—iTivio—i~ TayiniTivin i~
T30,3,3 5= T333 5=Tn03 s (3.89)
_ T3+12 1T1+12 z'sv T3+12 1T1+12 z'sv T3+12 1T1+12 1~ 0 l 0 1
- 1143 — 2,043 0,243 -
T,Ts ~_ Ty, Ty Ty, Ty
T310535 = Tp3255 = 11335 =0 (3.90)
Proof:

Using the C* supersmoothness conditions at the vertices of T, the C® super-
smoothness conditions at the edges of T, and the C? smoothness conditions
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at the faces of T, we can uniquely and stably determine the B-coefficients of
¢ corresponding to the domain points in (M12 12 ) (M82 12 ), from Theorem

3.22.

From the additional smoothness conditions in (3.88) - (3.90) we can sta-
bly and uniquely compute the B-coefficients associated with the domain
points in (M92T2 ) - (M1 12T2 ). Since the B-coefficient associated with the

WF WF

domain point in (I\'/1122T2 ) is equal to the value of g(vr), following Theo-
rem 3.22, g is uniquely and stably determined. ]

3.2.3 Minimal determining sets for C> supersplines based
on third order partial Worsey-Farin splits

In this subsection, we examine minimal determining sets for C? splines on
third order partial Worsey-Farin splits of a tetrahedron T := (v1,v5,03,04).
Therefore, let To, - be the third order partial Worsey-Farin split of T at the
split point vt in the interior of T, and let the faces (v1,v;,v3), (v2,03,04),
and (v3,v1,v4) be refined with a Clough-Tocher split at the split point v,
UF,, and vf;, respectively. The corresponding subtetrahedra are denoted by

<01/0210F1/UT>/ Tl 2= <UZI U3,UF1,UT>,
T1 3= (v3,01,VF,,0T), To1 := (v2,03,0E,,0T),
Ty := (v3,04,VE,,vT), Ty 3 := (v4,02,VE,,UT), (3.91)
T3 := (v3,01,05,,07), T35 1= (v1,04,VE,, 0T),
T33 - <U4IU3IUF3IUT>/ T4 - <Ul,02,'04,UT>
Theorem 3.24:
Let M% be the union of the following sets of domain points in DTI?V 9
T, ) .
(M12TSVF) D,"(v;), i=1,...,4, withv; € T, € Top

2 Ty T, T, 4
(M27, ) (.Ul E3" ({01, v141)) U E37 ((01,03)) U E32'2(<U4103>)) \ U (Da (@)
1= 1=
2 T, T, T T, 3
(M3T {544 i,1+i,4, 0’544 i,14+1,3 1’5311',1',4,2’5447i,1+i,2,2}i:0
(M4%“ {f 1141’f 1132}
2 2
(MS {5 —1,0,2+1, 3’504 i2+i,31i=0

(M6 {53042} i=123,j=123
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M7% ) {60} ik >1,1=3,4,5,i+j+k=9—1
3 Wik,
2 T,

(MSTSV F) {50,10?0,9

Then M3 is a stable minimal determining set for

S3(Toyp) :={s € CX(Tiyp) : s|7 € P3, VT € Tiyp,
seCHov),i=1,...,4,
S C3(e), foralledgese e T,
s € C’((vp,vr)), i=1,2

s € C(vr),
T, T;

jir

JEE S D e . L .
T510 5= 0,1,j=1,2,3, with T],4 = T],1,

Ty, T . .
T3’]51,O/]1' s=0,1,j=1,23 withTj4:=Tj.},

and the dimension of ggz(TSVF) is equal to 281.

Proof:
We first show that M3 is a stable minimal determining set for §9Z(T§’v r)- To
this end, we set the B-coefficients c¢ of a spline s € g‘g(TSVP) to arbitrary
values for each domain point ¢ € M2. Then we show that all other B-coef-
ficients of s are uniquely and stably determined.

From the B-coefficients associated with the domain points in (M12T3 )

we can uniquely and stably determine the remaining B-coefficients corre-
sponding to the domain points in the balls Dy(v;), i = 1,...,4, using the C*
supersmoothness conditions at the vertices of T.

Then, the remaining undetermined B-coefficients of s corresponding to
domain points within a distance of three from the edges (vq,v3), (v2,v3),
(v4,v3), and (v1,v;) can be uniquely and stably computed from the already
determined B-coefficients and those associated with the domain points in
(MZZT3 ) using the C® supersmoothness conditions at the corresponding

WF

edges.

Now, the only undetermined B-coefficients of s corresponding to domain
points within a distance of two from the face (v1,v,,v4) are associated with
the domain points in (M32T3 ) and (M42T3 ). Thus, the B-coefficients of s

WF WF

associated with the domain points in the shells RgT‘i i(UT)/ i=0,1,2, are
uniquely and stably determined.
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Together with the B-coefficients associated with the domain points in the
set (M52T3 ) and the already determined ones, we can uniquely and stably
WE

compute the remaining undetermined B-coefficients of s corresponding to

the domain points within a distance of three from the two edges (v2,v4)

and (v4,v1) using the corresponding C3 supersmoothness conditions.
Subsequently, we consider the B-coefficients associated with the domain

points in the shells R9Tj’i (UT),R?'i(UT), and R7T]""(UT), i=1,23j=12.3.

These can be uniquely and stably computed from those already deter-

mined and the ones associated with the domain points in (M62T3 ) in the
WF

same way as those associated with the domain points in the shells R9T Y(vr),

Rg“ (vr), and R;l'i (vr), i =1,2,3, in the proof of Theorem 3.4.
Now, together with the B-coefficients associated with the domain points
in (M72T3 ) with [ = 3, all B-coefficients of s corresponding to the domain
WF

points in the shell R6T4 (vr) are uniquely and stably determined.

Then, following Lemma 2.33 for the case j = 0, we can uniquely and sta-
bly compute the remaining undetermined B-coefficients of s correspond-
ing to the domain points within a distance of four from the edges (v1,v,),
(v3,v4), and (v4,v1) of T from the already determined B-coefficients by
using the C? smoothness conditions at the corresponding interior faces of
Tor

Thus, together with the B-coefficients corresponding to those domain
points in (M72T5v F) with | = 4, the B-coefficients of s associated with the

domain points in the shell R5T4 (vr) are uniquely and stably determined.

Again, following Lemma 2.33 for the case j = 0, the remaining undeter-
mined B-coefficients of s corresponding to the domain points within a dis-
tance of five from the edges (v1,v2), (v2,v4), and (v4,v1) can be uniquely
and stably computed from the ones already determined by using the C3
supersmoothness conditions at the corresponding interior faces of T,
which are contained in the C” supersmoothness conditions at the split
point or.

Now, we examine the last undetermined B-coefficients of s. These cor-
respond to domain points in the ball D7 (vr). Since s has C” supersmooth-
ness at v, we can regard the corresponding B-coefficients as those of a
trivariate polynomial ¢ defined on the tetrahedron T, which is bounded
by the domain points in Ry(vr) and also subjected to a third order par-
tial Worsey-Farin split at v7. Considering g, we see that the B-coefficients
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associated with the domain points on the three Clough-Tocher split faces
of T and the B-coefficients corresponding to the domain points within a
distance of four from the non-split face are already uniquely and stably de-
termined. Now, setting the B-coefficient of g associated with the domain
point fOT, 10'}0,9 is equivalent to setting the function value of g at vr. Thus,
following Lemma 2.42, the remaining undetermined B-coefficients of ¢ can
be uniquely and stably determined from smoothness conditions. There-
fore, we have uniquely and stably determined all B-coefficients of s.

Finally, considering the dimension of the space S3 (T3 ), we can see that

dim 892(T3vp) = #M3 = 281, since the set M3 is a minimal determining set
for this superspline space. ]

Lemma 3.25:

Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly the three edges
(01,03), (v2,03), and (vy,v3) with the tetrahedra Ty, Ty, and T, respectively,
with Tj € A, j=1,2,3. Moreover, T is refined with a third order partial
Worsey-Farin split at the split point vt in the interior of T, and the split
points vr,,vr,, and vp, in the interior of the faces (v1,v,v3), (v2,03,04),
and (vy1,v3,v4), respectively.

Let S2(T3¢) be the superspline space defined in Theorem 3.24. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € S2(T3,¢) such that

~_{s, onA\T

=
g, onT,

belongs to 892'4'3 (A). Moreover, g is uniquely and stably determined by the
value of g(vr) and the B-coefficients of 5[5\ 1 by the following additional
smoothness conditions across the vertices and edges of T:

IS =0, <5, k4 1<3, i+ j+k+1=9 (3.92)

1

T3, Ty ~_ BT T5,Ty T5,Ty .

Ty ia0S = Talitis15 = B 2iia05 = 1 2i14i025=0,1=0,...,3 (3.93)
BT ~_ T30 .

T 1415 = T, Iy 32s—O i=0,...,4 (3.94)

Ty, Ty _ D0 -
Ty 1024135 = Toaintis® =0,1=0,1,2 (3.95)
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T, Tii - Tii1,Tin T3, T3 i1~ T1, T3 1~ . .
jriji~ jHLdj2~ 3743,j4+1~ 1431~ _ _
30425 = T3040 5 =T3040 S=T30455= 0,i=13j=12 (3.96)
Ty, Ty~ .. .
rw{kfs=0, i,jk>1,1=345i+j+k=9-1 (3.97)
Proof:

Using the C* supersmoothness conditions at the vertices of T and the C3
supersmoothness conditions at the three common edges of T with A, we
can uniquely and stably compute the B-coefficients of g associated with the

domain points in (M1%, ) and (M23, ), except for those in Egl/l ({v1,02)) \
WF WF
(D4(v1) U Dy(v2)), from Theorem 3.24.

From the additional smoothness conditions in (3.92) - (3.97) we can sta-
bly and uniquely determine the B-coefficients associated with the remain-
ing domain points in (M22T3 ) and with those in (MSZT3 ) - (M72T3 ). Finally,

WF WF WF
the last undetermined B-coefficient corresponding to a domain point in
the minimal determining set M3 from Theorem 3.24 is equal to the value
of g(vr). Thus, following Theorem 3.24, g is uniquely and stably deter-
mined. ]

Lemma 3.26:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the four edges
(v1,v3), (v2,03), (v4,v3), and (vy,v;) with the tetrahedra Ty, T, T3, and Ty,
respectively, with Tj €A, j=1,...,4 Moreover, T is refined with a third
order partial Worsey-Farin split at the split point vt in the interior of T,
and the split points vf,,vr,, and vg, in the interior of the faces (v1,v2,03),
(v2,v3,v4), and (v1,v3,04), respectively.

Let ggz(TSVF) be the superspline space defined in Theorem 3.24. Then,
for any spline s € 892’4’3(A \ T), there is a spline g € ggz(TSVF) such that

~_{s, on A\ T

S:
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5|5\ 7 by the following
additional smoothness conditions across the vertices and edges of T:

T3,Ty ~_ TN ~_ BT ~_ T30 > _ P
Ty 2140405 = Tatil4izn® = T3iians = Ta2i14in05 = 0,1=0,...,3 (3.98)



98 3 Minimal determining sets for splines on partial Worsey-Farin splits

TZ3’3}4 5= T4T .§=0,i=0,...,4 (3.99)

T4T1/1T32+z 38 = T0T4T1 2435 =0,1=0,1,2 (3.100)

= T S = Ty T gy S 0,213, j=12 (310D

TlT]lle“s—O ij,k>1,1=3,45i+j+k=9—1I (3.102)
Proof:

We can uniquely and stably determine the B-coefficients of g associated
with the domain points in (M12T3 ) and (M2§3 ) from Theorem 3.24 by us-
WF WF

ing the C* supersmoothness conditions at the vertices of T and the C® su-

persmoothness conditions at the edges (v1,v3), (v2,v3), (v4,v3), and (v1,03).

Using the additional smoothness conditions of g in (3.98) - (3.102), we

can uniquely and stably compute the B-coefficients corresponding to the

domain points in (M32 3, ) (M72T3 ). Finally, the B-coefficient correspond-
WF

ing to the domain pomt in (M82T3 ) is equal to the value of g(vr). Thus,
WEF
following Theorem 3.24, g is uniquely and stably determined. ]

Lemma 3.27:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the face (vq,v,v4)
with the tetrahedron T, and the edges (v1,03) and (v2,03) with the tetrahe-
dra Ty and T», respectively, with T,T1,T» € A. Moreover, T is refined with a
third order partial Worsey-Farin split at the split point v in the interior of
T, and the split points vf,, vr,, and vg, in the interior of the faces (vy,v,,v3),
(v2,v3,v4), and (v1,v3,04), respectively.

Let 82( T3¢) be the superspline space defined in Theorem 3.24. Then,
for any spline s € 892 A3(A\ T), there is a spline g € ng(TS'\,F) such that

L on A\ T
. g, onT,

belongs to 892'4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5] a\r by the following
additional smoothness conditions across the vertices, edges, and faces of T:

T?Tl“s—oi,j<5,k+l§3,i+j+k+l:9 (3.103)
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T, T T Torjs—j~ T, Tiyjoj~

T30425 = T3047 S=Ts04n S (3.104)
T, T ~ '
=Ty4n " §=0,i=1,23,j=0,1

TS =0,ijk>1,1=3,45i+j+k=9-1 (3.105)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C® su-
persmoothness conditions at the edges of T, except for (v3,v4), and the
C? smoothness conditions at the face (v1,v2,v4), we can uniquely and sta-
bly compute the B-coefficients of g associated with the domain points in

(Ml2 ) (M223 ), except for those in E3T2’2(<v4,v3>) \ (D4(v3) U Dy(vy)),
(M3 ) (M42 . ) and (M523 )from Theorem 3.24.

W
From the additional smoothness conditions of g in (3.103) - (3.105), we
can uniquely and stably determine the B-coefficients associated with the
remaining domain points in (M22T3 ), and the ones associated with the
WE

domain points in (M62T3 ) and (M7%,3 ). The last undetermined B-coef-
WF WF

ficient corresponding to a domain point in the minimal determining set
M3 is equal to the value of g(vr). Therefore, following Theorem 3.24, g is
uniquely and stably determined. ]

Lemma 3.28:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the face (v1,v2,v4)
with the tetrahedron T, and the edges (v1,03), (v2,03), and (vy,v3) with the
tetrahedra T1, Tz, and T3 respectively, with T,T: e, j=1,2,3. Moreover,
T is refined with a third order partial Worsey-Farin split at the split point
vt in the interior of T, and the split points vf,,vf,, and v, in the interior of
the faces (v1,v2,v3), (v2,v3,v4), and (v1,v3,v4), respectively.

Let ggz(Tg’VP) be the superspline space defined in Theorem 3.24. Then,
for any spline s € 892'4’3(A \ T), there is a spline g € S3( T3 ¢) such that

~_{s, on A\ T

=
g onT,

belongs to 892'4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5\ 7 by the following
additional smoothness conditions across the edges and faces of T
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T,Ti 1~ T Ty j5j~ T Tiyjoj~

3041125—73042] ]5273042] ! (3.106)
Ty Tisgjs 2~ _T5- ]/T2+]2+]~ 0, 0,1 .
3,04,2 5=T304,2 =0,j=

1, .. .

TZ]k‘*IS—O i,jk>1,1=3,45i+j+k=9-1 (3.107)

Proof:

From the C* supersmoothness conditions at the vertices of T, the C® super-
smoothness conditions at the edges of T, and the C? smoothness conditions
at the face (v1,v5,v4), we can uniquely and stably determine the B-coeffi-
cients of g associated with the domain points in (M12 I, ) (M52 I, ) from

Theorem 3.24.

Using the additional smoothness conditions of g in (3.106) - (3.107), we
can uniquely and stably compute the B-coefficients corresponding to the
domain points in (M62 I3 ) and (M723 ) Since the value of g(vr) is equal to

the B-coefficient Correspondmg to the domain point in (M8T3 ), following
WF

Theorem 3.24, g is uniquely and stably determined. ]

Theorem 3.29:
Let M3 be the union of the following sets of domain points in DszAz L9

A Ty, . .
(1\/[12T3 ) D, (v;), i=1,...,4, withv; € T, € To,p

21, T T

(M22 13,) (U E3" ({v;,014:)) UEs l'3(<01,03>)U1532’2(<U4/03>)) \ U (D4(v:))
(M3 3 ) {5 zl+140’£4 11+131’53 1142’5 11+122}
(M4 3 ) {5 1141’54 1132}1 0
(M5 3 ) {5 102-&-13’504 12+13}1 0
(M6 ) {§T11 T11 £T11

3 1,08—1i,i” 018 1,i”50,09—1,i l 0
(M72 ™ ) {53042} i=1,23j=123
(V182 % ) (&)} idk>1,1=3,45i+j+k=9-1

T
(M97, ) {€0609
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Then M3 is a stable minimal determining set for

S3(Toyp) == {s € C¥(Tp) : s|7 € P3, VT € Tyr,
se C4(v,»), i=1,...,4,
s € C3(e), foralledgese € T,
s € C7(<UPI,,UT>), i=1,2

s € C(vr),

TiiTjivn . _TiiTjin

510 5= 3501 S=0
i=1,2,3,j=23 with Tjy:=Tj;},

and the dimension of $2(T3 ) is equal to 287.

Proof:

First, we show that M% is a stable minimal determining set for 392(7"5’\”_-).
To this end, we set the B-coefficients c¢ of a spline s € 5'92(7"3\, r) to arbitrary
values for each domain point ¢ € M3. Then we show that all other B-coef-
ficients of s are uniquely and stably determined.

The B-coefficients corresponding to the domain points within a distance
of four from the vertices of T, within a distance of three from the edges of
T, and within a distance of two from the face (v1,v5,v4) can be uniquely
and stably determined in the same way as in the proof of Theorem 3.24
from those in (1\A/[12T3 ) - (l\A/I52T3 ).

WF WF

Then, the B-coefficients associated with the domain points in the shells
Rng'i (vr) and Rgl’i(vT), i =1,2,3, can be uniquely and stably computed
from the already determined ones and those associated with the domain
points in (M6 , ) in the same way as the corresponding B-coefficients are
determined in ‘:cvhe proof of Theorem 3.20.

Now, the remaining undetermined B-coefficients can be uniquely and
stably computed from those corresponding to the domain points in
(M7 ) (M92 I, ) and the already determined ones in the same way as
in the proof of Theorem 3.24.

Considering the dimension of the spline space $3(T5,;), we can state
that dim 82 (T3, ) = 287, which is equal to the cardinality of the minimal
determining set M3. i
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Lemma 3.30:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the face (v1,v2,v3)
with the tetrahedron T, and the edge (v4,v3) with the tetrahedra T, with
T,T € A. Moreover, T is refined with a third order partial Worsey-Farin
split at the split point vt in the interior of T, and the split points vf,,vF,,
and vp, in the interior of the faces (v1,v,v3), (v2,v3,74), and (v1,v3,04),
respectively. The tetrahedron T is also subjected to a partial Worsey-Farin
split, such that the common face with T is refined with a Clough-Tocher
split. The three corresponding subtetrahedra are denoted by T;, i = 1,2,3,
respectively, where T; has a common face with Ty ;.

Let S2(T, ;) be the superspline space defined in Theorem 3.29. Then,

for any spline s € 892’4’3 (A\ T), there is a spline g € S2(Tiy ;) such that

S s, onA\T
' g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5|5\ 1 by the following
additional smoothness conditions across the vertices, edges and faces of T:

Tfi’fﬁi,zl,o?: Tﬂfﬁi,;&,lg: T3Ti'i,Tf,4,2§: Tﬂgﬁi,z,zg: 0,i=0,...,3 (3.108)

il s=v T 5=0,i=0,....4 (3.109)

TE’:%,ZH,EEZ T&’E,umg: 0,i=0,1,2 (3.110)

{ s = {})’,Zf;f'*fgz rzgjfggz rz,gj?;g: 0,i=01,j=23  (3.111)

TS =0,ijk>1,1=345i+j+k=9-1 (3.112)
Proof:

From the C* supersmoothness conditions at the vertices of T, the C3 super-
smoothness conditions at the edges (v1,v2), (v1,v3), (v2,v3), and (vy,v3)
of T, and the C2 smoothness conditions at the face (v1,v2,v3), we can
uniquely and stably compute the B-coefficients of g associated with the

domain points in (M12, ), (M22, ), (M62, ), and those in (M72, ) with
TWF TWF TWF TWF

j =1 from Theorem 3.29.
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Using the additional smoothness conditions of g in (3.108) - (3.112), we
can uniquely and stably determine the B-coefficients associated with the
remaining domain points in (M72T3 ), the ones associated with the domain

points in (M32 I, ) - (M52 I, ) and (M8 I3, ) Since the B-coefficient corre-

sponding to the domaln pomt in (M923 ) is equal to the value of g(vr),
W
following Theorem 3.29, g is uniquely and stably determined. ]

Lemma 3.31:
Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the two faces
(v1,v0,03) and (vy,v2,v4) with the tetrahedra Tand T, respectively, with
T,T € A. Moreover, T is refined with a third order partial Worsey-Farin
split at the split point vt in the interior of T, and the split points vf,,v,,
and vp, in the interior of the faces (v1,v;,v3), (v2,v3,74), and (v1,v3,04),
respectively. The tetrahedron T is also subjected to a partial Worsey-Farin
split, such that the common face with T is refined with a Clough-Tocher
split. The three corresponding subtetrahedra are denoted by T;, i = 1,2,3,
respectively, where T; has a common face with T ;.

Let S2(T3r) be the superspline space defined in Theorem 3.29. Then,

for any spline s € 892’4’3(A \ T), there is a spline g € S3(T} ) such that

=
g onT,

- {s, onA\T

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the vertices, edges and faces of T:

TT22

T 5 =00, <5 k+1<3, i+j+k+1=9 (3.113)
TsToTi]zg— TB,TOTEB 5= T3HO,2221~_ T3T?J’4Tszl~_0 j=23 (3.114)
rf]{ﬁs—o ijk>1,1=345i+j+k=9-1 (3.115)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C3 su-
persmoothness conditions at the edges of T, except for (v4,v3), and the
C? smoothness conditions at the faces (v1,v5,v3) and (vq,v5,v4), we can
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uniquely and stably determine the B-coefficients of g corresponding to the
domain points in (M12 T ), (M32 3, ) - (M623 ), (V22 T, ), except for those

correspondmg to the domam pomts in E3 (<v4, v3)) \ (Dy4(v3) U Dyg(vy)),
and those in (M7 ) with j =1 from Theorem 3.29.

From the add1t10nal smoothness conditions in (3.113), (3.114), and (3.105)
we can uniquely and stably compute the B-coefficients associated with the
remaining domain points in (V122 I, ) and (M7T3 ), and those correspond-

ing to the domain points in (M8T ) The last B- coeff1c1ents associated with
WF

a domain point in M% is equal to the value of g(vr). Thus, following The-
orem 3.29, ¢ is uniquely and stably determined. ]

Lemma 3.32:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly the two faces
(v1,v2,v3) and (v1,v2,v4) with the tetrahedra T1 and Tz, respectively, and
the edge (v4,v3) with the tetrahedron T, with Ty, T, T € A. Moreover, T is
refined with a third order partial Worsey-Farin split at the split point v in
the interior of T, and the split points vf,, v, and vf, in the interior of the
faces (v1,v2,v3), (v2,v3,v4), and (v1,0v3,04), respectively. The tetrahedron
Ty is also subjected to a partial Worsey-Farin split, such that the common
face with T is refined with a Clough-Tocher split. The three corresponding
subtetrahedra are denoted by Tl,ir i =1,2,3, respectively, where Tl,i has a
common face with T ;.

Let ng(Tgvp) be the superspline space defined in Theorem 3.29. Then,

for any spline s € S5**(A \ T), there is a spline g € S3(T3,-) such that

~{s, on A\ T

S:=
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5|5\ 7 by the following
additional smoothness conditions across the edges and faces of T:

TT: - Toloiiniw  T1:Ti1~ . .
i _ 2/4241,3—i 111 - -
T30425 To4s S=T3042 §=0,i=0,1,=23 (3.116)

Tli§=0,ijk>1,1=345i+j+k=9-1 (3.117)
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Proof:
From the C* supersmoothness conditions at the vertices of T, the C3 su-

persmoothness conditions at the edges of T, and the C? smoothness con-
ditions at the faces (v1,v2,v3) and (vq,v2,v4), we can uniquely and stably
determine the B-coefficients of g corresponding to the domain points in
(1\7[12 ) (M62 ™ ) and those in (M72 )with j =1 from Theorem 3.29.

From the additional smoothness conditions in (3.116) and (3.117) we can
uniquely and stably determine the B-coefficients corresponding to the re-
maining domain points in (M72T3 ), and to those in (M8rf}3 ). Since the

WF WF

value of g(vr) is equal to the B-coefficient associated with the domain point
in (I\A/[92T3 ), following Theorem 3.29, ¢ is uniquely and stably determined.o
WF

Theorem 3.33:
Let M% be the union of the following sets of domain points in D5 4:
WE

v Ty, . .
(1\/[12 ) D,"(v;), i=1,...,4, withv; € Ty, € Toyr

“ T, T 4
(M2 R (UlE "((vi,014)) UE3" ((01,03)) U E32’2(<v4,v3>)) \4U1(D4(Ui))
1 1=
(M3 {5 11+140’§4 11+z31’£3 1142’E zl+z22}
M42 {5 1141’64 1132}
(M5T {54 i02+i,3'§0,47i,2+i,3}i:0
M62 ]/1 Tj,l 1 i—12
( T3, {5108 11’50,1,871',1"50,0,971‘,1‘ i—0r ] =L
(M72T {53042} i=1,23,j=1,23
(1\7[82T {gl]kl} ijk>1,1=345i+j+k=9—1I

v T
0192, ) (€05
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Then M3 is a stable minimal determining set for

S3(Toyp) == {s € C¥(Tp) : s|3 € P3, VT € Ty,
se C4(vl~), i=1,...,4,
s € C3(e), foralledgese € T,
s € C7(<Upi,vT>), i=1,2
se C7(vr),

T3, T3, . .
73%',’1’8’1“3 =0,i=1,2,3, with Ty 4 := T3,

TEs =0, i=1,2,3, with Tyg == Ty},
and the dimension of S2(T, ;) is equal to 293.

Proof:

We first show that M% is a stable minimal determining set for 592(T§VF).
Therefore, we set the B-coefficients c¢ of a spline s € S3(Tiyp) to arbitrary
values for each domain point ¢ € M3 and show that all other B-coefficients
of s are uniquely and stably determined.

The B-coefficients corresponding to the domain points within a distance
of four from the vertices of T, within a distance of three from the edges of
T, and within a distance of two from the faces (vq,v2,v3) and (v1,v2,04)
can be uniquely and stably determined in the same way as in the proof of
Theorem 3.29 from the B-coefficients associated with the domain points
in (M12T3 ) - (1\V/[52T3 ) and those corresponding to the domain points in

WF WF
(M6, ) with j=1.
WF

Now, the B-coefficients corresponding to the domain points in the shells

RQTZ" (vr) and Rgz" (vr), i =1,2,3, can be uniquely and stably computed

from those already determined and the ones associated with the domain
points in (M62T2 ) with j = 2 in the same way as the B-coefficients in the
WF

shells R9T]” (vr) and Rgl’i (vr), i=1,2,3, are determined in the proof of The-
orem 3.20.

Then, the remaining B-coefficients of s can be uniquely and stably deter-
mined from those corresponding to the domain points in (1\7[72T3 )- (l\v/[8§3 )
and the already determined B-coefficients in the same way asWiFn the prgcp)f
of Theorem 3.24.
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Finally, examining the dimension of the space S2( T3 r), we can see that
dim 82 (T3, ) = 293 = #M3, since the set M3 is a minimal determining set
for the superspline space S (TS,5). i

Lemma 3.34:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the three faces
(v1,v2,03), <02,U3,U4> and (v1,05,v4) with the tetrahedra T;, T5, and T,
respectively, with T, Ty, T € A. Moreover, T is refined with a third order
partial Worsey-Farin split at the split point v in the interior of T, and the
split points vr,, vr,, and v, in the interior of the faces (v1,v5,v3), (v2,v3,v4),
and (v1,v3,v4), respectively. The tetrahedra T1 and T are also subjected to
a partial Worsey-Farin split, such that the common faces with T are refined
with a Clough-Tocher split, respectively. The subtetrahedra are denoted by
Tj,i/ i=1,2,3,j=1,2, respectively, where T]l has a common face with le
Let S2(T3r) be the superspline space defined in Theorem 3.33. Then,

for any spline s € S3**(A \ T), there is a spline g € S2(T3,¢) such that
s._ s on A\T
' g, onT,

belongs to 892’4'3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the edges and faces of T:

rg}ﬁ;?“_ T3T A= Ty =0 (3.118)
TT .. . .
ljk‘*,s—O i,jk>1,1=345i+j+k=9-1 (3.119)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C® super-

smoothness conditions at the edges of T, and the C? smoothness conditions

at the faces (v1,v2,v3), (v2,03,04), and (v1,v7,v4), we can uniquely and sta-

bly compute the B-coefficients of ¢ corresponding to the domain points in

(1\V/[12T3 ) - (M62 I, ) and those in (M72 I3, )w1th j=1and j =2 from Theorem
WF

3.33.
From the additional smoothness conditions in (3.118) and (3.119) we can
uniquely and stably determine the B-coefficients associated with the re-
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maining domain points in (l\v/[72T3 ), and with those in (M823 ) The B-co-
WF
efficient associated with the last domain point in M%, the one in (M9T3 ),
WF

is equal to the value of g(vr). Thus, following Theorem 3.33, g is uniquely
and stably determined. m]

Theorem 3.35:
Let M3 be the union of the following sets of domain points in DT‘% 9"

(112, ) D, (v), i=1,...,4 witho; € T, € TS,
2 . 4
(Ni22, ) (u E3" ((03,0144)) U E3 " ((01,03)) U E§2'2<<v4,v3>>) \ U (Da(v;))

i=1
(M3 3 ) {5 11+14O’£4 11+131’£3 1142’g 11+122}

(M4] T3 ) {€ ia1baiima o

(M5] 3 ) {€4 04in0aintiatimo

(M6T3 ) {5108 11'50,1,8—1',1"5(7)}61,9—i,i}11:0’j:1'2’3
M72, ) (&5} i=123,j=1,23

(M82 3, ) {5,]kl}, i,jk>1,1=3,45i+j+k=9—1I

T
(MgTSv F) {foi)}o/g

Then M3 is a stable minimal determining set for

S§(Tiyp) = {s € C}(Tj,p) : |z € Ps, VT € Ty,
s€Cvy),i=1,...,4,
s € C3(e), forall edgese € T,
s € C’((vg,vr)), i=1,2
seC’(vr)},

and the dimension of S3(T5, ;) is equal to 299.

Proof:

First, we show that the set M3 is a stable minimal determining set for the
spline space 592(7"5’\”_-). To this end, we set the B-coefficients c¢ of a spline
s € S2(Tj ) to arbitrary values for each domain point ¢ € M3. Then, we
show that all other B-coefficients of s are uniquely and stably determined.
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The B-coefficients corresponding to the domain points within a distance
of four from the vertices of T, within a distance of three from the edges of
T, and within a distance of two from the faces (v1,v,,v3), (v2,v3,v4), and
(v1,v2,04) can be uniquely and stably determined in the same way as in
the proof of Theorem 3.33 from the B-coefficients associated with the do-
main points in (Ml%v F) - (MS%SV F) and the ones associated with the domain

points in (M62T€V F) withj=1andj=2.

Then, we can uniquely and stably compute the B-coefficients corre-

sponding to the domain points in the shells R9T3'i(vT) and Rgs'i (vr), i =
1,2,3, from the already determined B-coefficients and those associated with
the domain points in (M62 2, ) with j = 3 in the same way as the B-co-

efficients corresponding to the domain points in the shells R9 (vr) and

Rg” (vr), i =1,2,3, are determined in the proof of Theorem 3.20.

The remaining B-coefficients of s can be uniquely and stably computed
from those corresponding to the domain points in (M72T3 ) - (M92T3 ) and
WEF WF
the already determined ones in the same way as in the proof of Theorem
3.24.

At last, considering the dimension of the superspline space S3 (T3 ),
we obtain that dim S3(T9, ;) = #M3 = 299, since the set M3 is a minimal
determining set for the space of supersplines S3 (T3 z) - ]

Lemma 3.36:

Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares the four faces <01,Z)2,?)3>
(02,03,04), (v1,03,04), and <vl,vz,v4> with the tetrahedra Ty, T», T3, and
T, respectively, with Ty, 1o, T3, T € A. Moreover, T is refined with a third
order partial Worsey-Farin split at the split point v7 in the interior of T,
and the split points vr,,vf,, and vg, in the interior of the faces (vq,v5,v3),
(v2,v3,v4), and (v1,v3,04), respectively. The tetrahedra Tl, T,, and Tg, are
also subjected to a partial Worsey-Farin split, such that the common faces
with T are refined with a Clough—Tocher split, respectively. The subtetra-
hedra are denoted by T iis i=1,2,3,j=1,2,3 respectively, where T]l has a
common face with Tj ;.
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Let S3(T3 ) be the superspline space defined in Theorem 3.35. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € S3(Ts ;) such that

L on A\ T
. g, onT,

belongs to 892'4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5] a\r by the following
additional smoothness conditions across the face (vq,v5,v4) of T:

TS =0,ijk>1,1=345i+j+k=9-1 (3.120)
Proof:

From the C* supersmoothness conditions at the vertices of T, the C* super-
smoothness conditions at the edges of T, and the C? smoothness conditions
at the faces of T, we can uniquely and stably compute the B-coefficients of
g corresponding to the domain points in (I\V/IlzTSv F) - (M72T3v F) from Theorem
3.35.

From the additional smoothness conditions in (3.120) we can uniquely
and stably compute the B-coefficients corresponding to the domain points
in the set (MSZT3 ). Since, the B-coefficient associated with the domain point

WF

in (1\'/[92T3 ) is equal to the value of g(vr), following Theorem 3.35, g is

uniquely and stably determined. ]

3.2.4 Minimal determining sets for C> supersplines based
on fourth order partial Worsey-Farin splits

In this subsection, we construct minimal determining sets for C? splines of
degree nine based on the fourth order partial Worsey-Farin split of a tetra-
hedron T := (vq,v,,v3,04). Therefore, let Tf}vp be the fourth order partial
Worsey-Farin split of T at the split point v7 in the interior of T, and let the
four faces (v1,v2,0v3), (v2,03,v4), (v3,01,04), and (vq,v2,v4) be refined with
a Clough-Tocher split at the split point vg,, vF,, UF,, and vf,, respectively.
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The corresponding subtetrahedra are denoted by

Ty := (v1,2,9F,01), Ty := (v2,03,9F,01),
Tl,?) - <U3IvllvFll T>/ T21 - <UZIU3/UF21 T>/
Ty := (v3,04,VE,, UT), Ty 3 := (v4,02,VE,, UT), (3.121)
T3,1 <U3/Z)1/UF3/ T>/ T3,2 <U Z)4/’0F3/ T>/
T33 := (v4,03,VF;, V1), Ty := (v1,02,9F,,0T),
Ty := (v2,04,0F,,0T), Ty3 := (v4,v1,VF,,0T)-
Theorem 3.37:

Let M3 be the union of the following sets of domain points in DTév 9"
(M12, ) D,"(v;), i =1,...,4, withv; € Ty, € T
WF
T T T T.
(M2, ) (E5™ ((01,02)) U E5" ({02,03)) U E5™ ((03,01)) U E3™ ({03, 04))U
T T 4
UE;™ ((04,02)) U E5™ ((01,04))) \ U (Da(21))
1=

(M3, ) (ko) i=1,23j=1,..4

Tlt Tll Tll T]z T]z T]z
(M4 ) {54023’ 3033’53123’53024’52214’52025

T;
(M5 ) {€2043

T;
(M6T¢] F) {50,10'}0/9

Then M3 is a stable minimal determining set for

S2(Tpp) :={s € C*(Tyyp) : s|z € P, VT € Tyyp,
s€E C4(vi), i=1,...,4,
s€ C3(e), foralledgese € T,
s € C"((vp,vr)), i=1,2

se C7(vr),
TiiTiiv1 . _TiTjin —0
3510 5= Ts501 5=

i=1,23,j=1,..4 with T;y:=T;;},

and the dimension of S3(T4;) is equal to 292.



112 3 Minimal determining sets for splines on partial Worsey-Farin splits

Proof:
First, we show that M3 is a stable minimal determining set for the super-

spline space ggz(TI‘}\,F). To this end we set the B-coefficients ¢, of a spline

s € ggz(Tf}\,P) to arbitrary values for each domain point £ € M3 and show
that all other B-coefficients of s are uniquely and stably determined.

We can uniquely and stably determine the B-coefficients of s associated
with the domain points in the balls D4(v;), i =1,...,4, from the B-coef-
ficients corresponding to the domain points in (M12T4 ) by using the C*

WF

supersmoothness conditions at the vertices of T.

Then, we can use the C3 supersmoothness conditions at the edges of T
to uniquely and stably determine the remaining B-coefficients of s corre-
sponding to the domain points within a distance of three from the edges
of T from the already determined B-coefficients and those associated with
the domain points in (M2§4 )-

WF

The B-coefficients associated with the domain points within a distance
of two from the faces of T can be uniquely and stably computed from the
already determined B-coefficients and those corresponding to the domain
points in the (M32TIév F) in the same way as the B-coefficients associated with

the domain points in the shells Rng'i (vr), Rg” (vr), and R;l'i (vr),i=1,2,3,
are computed in Theorem 3.4.

Now, we consider the B-coefficients corresponding to the domain points
in the shells Rgl’i (vr), Rgl’i (vr), and RZ“ (vr),i=1,2,3. The B-coefficients
of s restricted to these shells can be uniquely and stably determined from
the B-coefficients associated with the domain points in (M42T4 ), (M52T4 )

WFE WF

and those already determined in the same way as the B-coefficients of s
restricted to these shells in Theorem 3.4.

At this point, we can consider the last undetermined B-coefficients of
s, which are associated with domain points in the ball D;(vr). Since s
has C7 supersmoothness at the split point vy, we can regard the B-coeffi-
cients corresponding to the domain points in Dy(vr) as those of a trivariate
polynomial g defined on the tetrahedron T, bounded by the domain points
in R7(vr), which is refined with a fourth order partial Worsey-Farin split
at vr. Considering the polynomial g, we can see that the B-coefficients
associated with the domain points on three of the faces of T and those
corresponding to the domain points within a distance of three from the
fourth face are already uniquely and stably determined. Since the setting
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of the B-coefficient of g associated with the domain point fOT 10/]0 g in (1\/[62T4 )
e WE

is equal to setting the function value of g at vr, we can apply Lemma 2.42.
Thus, the remaining undetermined B-coefficients of ¢ can be uniquely and
stably computed by the C” smoothness conditions at vr. Therefore, we
have also uniquely and stably determined all B-coefficients of s.

Since M3 is a minimal determining set for the spline space 392 (Tpp), we
obtain that 83 (T4 ;) = #M3 = 292. o

Lemma 3.38:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,02,03,04) € A a tetrahedron, that shares exactly the four edges
(v1,03), (v1,04), (v2,03), and (v, v4) with the tetrahedra Ty, T», T3, and Ty,
respectively, with 7~"] €A, j=1,...,4. Moreover, T is refined with a fourth
order partial Worsey-Farin split at the split point vt in the interior of T, and
the split points vf,,vF,,vr,, and vy, in the interior of the faces (v1,v,v3),
(v2,v3,v4), (v1,03,04), and (vq,v,v4), respectively.

Let S3(T4 ;) be the superspline space defined in Theorem 3.37. Then,
for any spline s € S5**(A \ T), there is a spline g € S3(T# ) such that

~_{s, on A\T

S:=
g, onT,

belongs to 592’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5]\ 7 by the following
additional smoothness conditions across the vertices and edges of T:

Tg = G20, <5, k+1<3,i+j+k+1=9  (3122)

AT = ST = T S = T s = (3.123)
— s 0, 20,1, j=1,3,4

rZ a'?f yaE= a'?; TyaeT=T 1’?;

-l o
T1/T1 is T3,T1o~

=Ty0055=Tr0055=0,i=13

s =0 (3.125)



114 3 Minimal determining sets for splines on partial Worsey-Farin splits

Proof:

From the C* supersmoothness conditions at the vertices and the C® super-

smoothness conditions at the edges (v1,v3), (v1,v4), (v2,7v3), and (vp,v4) of

T, we can uniquely and stably compute the B-coefficients of g correspond-

ing to the domain points in (M13, ) and (M2Z, ), except for those associ-
WF WF

ated with the domain points (E;l'l ({(v1,02)) U 153T2'2 ((v3,v4) )) \ Ut Da(v;),
from Theorem 3.37.

From the additional smoothness conditions in (3.122) we can uniquely
and stably compute the remaining B-coefficients associated with domain
points in (M22 T4 ) Using the additional smoothness conditions in (3.123),

(3.124), and (3. 125) the B-coefficients corresponding to the domain points
in (M32 ) (M52 T, ) can be uniquely and stably determined. The B-coef-

ficient assoc1ated w1th the last domain point 50,0,0,9 in M3 is equal to the
value of g(vr). Thus, following Theorem 3.37, g is uniquely and stably
determined. O

Lemma 3.39:

Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the five edges
(v1,v3), (v1,04), (v2,03), (V2,v4), and (v1,v2) with the tetrahedra T, T, Ts,
T4, and T5, respectively, with T €A, j=1,...,5. Moreover, T is refined
with a fourth order partial Worsey—Farin split at the split point v7 in the
interior of T, and the split points vf,,vF,,vF,, and v, in the interior of the
faces (v1,v2,v3), (v2,03,04), (v1,03,04), and (v1,v2,v4), respectively.

Let S3(Ti ;) be the superspline space defined in Theorem 3.37. Then,
for any spline s € 892'4’3 (A\ T), there is a spline g € gg(T{}VF) such that

~_{s, onA\T

5=
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5[5\ 7 by the following
additional smoothness conditions across the vertices and edges of T:
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T, Tr

T]kl 5=0,4j<5 k+1<3,i+j+k+1=9 (3.126)
TI/T1+21',3—21"SV o TT2/T2+1',2+1"SV _ T2,T3+i,z+i§ _ T3/Tl+i,2—i~
3,04,2 - 3,042 - 3,042 3,042 (3 127)
,L_T4,T2+2z -y TT51T1+31 15=0,i=0,1
3,04,2 — 3,042 -
T5_0i,Ti Atig TTS —2i/1, iy TTS —2i,/ 11, Atig
4,0,2,3 3,033 — 3,123 (3128)
Ts_0iTiavi~  Ts0iTiasi~  Ts0Th Aty '
3,024 =TDp1a ST D025 =0,i=0,1,2
T5,T 15—
Ty043 S 0 (3.129)

Proof:

From the C* supersmoothness conditions at the vertices of T and the C3
supersmoothness conditions at the edges (v1,v3), (v1,v4), (v2,03), (v2,04),
and (v1,v3) of T, we can uniquely and stably compute the B-coefficients of
g corresponding to the domain points in (Mlsz% F) and (M22Té] F), except for

those associated with the domain points 153T2'2 ((v3,04)) \ (D4(v3) U (D4 (v4)),
from Theorem 3.37.

Using the additional smoothness conditions in (3.126) we can uniquely
and stably determine the B-coefficients corresponding to the remaining do-
main points in (MZT4 ). From the additional smoothness conditions in

(3.127), (3.128), and (3 129) we can uniquely and stably compute the B-co-
efficients corresponding to the domain points in (M3T4 )-(M T ). Since
WF WF

the B-coefficient associated with the domain point in (M6%4 ) is equal to
WF

the value of g(vr), following Theorem 3.37, g is uniquely and stably deter-
mined. ]

Lemma 3.40:

Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares the six edges (vq,0v3),
<Z)1,Z)4>, <02,U3>, <02,ZJ4>, <01,Z)2>, and <U3,U4> with the tetrahedra Tl,fz, Tg,
Ty, Ts, and Ty, respectively, with T"] €A, j=1,...,6. Moreover, T is refined
with a fourth order partial Worsey-Farin split at the split point vt in the
interior of T, and the split points vf,,vF,, v, and vf, in the interior of the
faces (v1,v2,v3), (v2,03,04), (v1,03,04), and (v1,v7,04), respectively.
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Let 592(7"{}\,]?) be the superspline space defined in Theorem 3.37. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € ggz(Té\,P) such that

s._ )8 on A\T
. g, onT,

belongs to 892'4’3(A). Moreover, the spline g is uniquely and stably deter-

mined by the value of g(vr) and the B-coefficients of 5] a\r by the following

additional smoothness conditions across the vertices and edges of T:

T, Tiy2ig—i~ D Tsvinvi~ T3 Tiriooi~e _ToTogois i~

3,042 $5=T042 5= T3042 5=Tgap 8 (3.130)
_ TTSIT1+3I‘/1’S"_ TTG/TZJri,ZJri’S"_ 0i=01

— 3,042 - 3,042 M rT

Ts i Titvi~ Ts0iTinvie  T5 20 Tiarie

4023 5=T3033 5=T3123 5 (3.131)
 TsooiTiari~ _TsoiTiavi~e  TsoiTiavie o o+ .
=TG24 5TTo14 =1025 §=0,i=0,1,2

Ts,Tii~
0435 = 0 (3.132)

Proof:

From the C* supersmoothness conditions at the vertices and the C> super-

smoothness conditions at the edges of T, we can uniquely and stably com-

pute the B-coefficients of g corresponding to the domain points in (M12T4 )
WF

and (M22T4 ) from Theorem 3.37.

WF
From the additional smoothness conditions in (3.130), (3.131), and (3.132)
we can uniquely and stably determine the B-coefficients corresponding to
the domain points in (M32T4 ) - (M52T4 ). The last undetermined B-coeffi-
WF WF

cient corresponding to a domain point in M3 is equal to the value of g(vr).
Thus, following Theorem 3.37, g is uniquely and stably determined. ]

Theorem 3.41:
Let M3 be the union of the following sets of domain points in DT‘% 9"

V112, ) D, (v7), i =1,...,4, withv; € Ty, € T
WF

(MZZT;}VF) (E3" ((01,02)) U E3 " ((02,03)) U E3 ({03,01)) U E3 (03, 04))U

T3 T3, 4
UE;* ((v4,02)) U E3* ((v1,04))) \igl(Dz;(Uz’))
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(M32 {531018 zz’ 311}8—1'1’651019 ii 1 0
(M4 ) {53042} i=1,23,j=1,...,4
<M5 > (€083 aban s a s anan s nabins e
<M6 > {655}
Ti1

(M7T§v . {€0,60,9

Then Mﬁ is a stable minimal determining set for

S3(Tyye) == {s € C*(Tyyp) : sl3 € P3, VT € Ty,
s€CHvy),i=1,...,4,
s € C3(e), forall edges e € T,
s€ C7(<vpl.,vT>), i=1,2

s €’ (vr),

T, T T;. T

jartji+1 ;+]
BG510 5= T, 5 0, 1 s=0,

i=1,2,3,j=2,3,4, with Tjy := Tj },
and the dimension of S2(Tj ) is equal to 298.

Proof:
We first show that the set M2 is a stable minimal determining set for the
superspline space ng(Tf}VF). Therefore, we set the B-coefficients c¢ of a
spline s € $2(Tj ;) to arbitrary values for each domain point £ € M3 and
show that all other B-coefficients of s are uniquely and stably determined.
The B-coefficients of s corresponding to the domain points within a dis-
tance of four from the vertices of T, within a distance of three from the
edges of T and within a distance of two from the faces (vy,v3,v4),
(v3,v1,v4), and (v1,v7,04) can be uniquely and stably determined from
those corresponding to the domain points in the sets (I\A/[lzT4 ), (I\A/IZZT4 ),
WF WF

and (1\A/[42T4 ) with j = 2,3,4, in the same way as in the proof of Theorem
WF
3.37.
We can uniquely and stably determine the B-coefficients of s associated

with the domain points in the shells Rng’i(vT), Rgl’i(vT), and R;“ (v7),
i =1,2,3, from the B-coefficients corresponding to the domain points in
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(M32 T4 ) and those in (V42 T4 ) with j = 1 in the same way as in the proof of

Theorem 3.20.

Then, the remaining undetermined B-coefficients can be uniquely and
stably computed from those already determined and the ones associated
with the domain points in (M52 T4 ) (M62 T4 ) and (M72 T4 )1r1 the same way

as in the proof of Theorem 3.37

Considering the dimension of the space Sg—(TﬁVF), we can see that
S2(Tj ) = 298 = #M2, since M3 is a minimal determining set for this
superspline space. ]

Lemma 3.42:

Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the face (v1,v2,v3)
with the tetrahedron T, and the edges (v1,v4) and (v2,v4) with the tetrahe-
dra Ty and Ty, respectively, with T, T;, T, € A. Moreover, T is refined with
a fourth order partial Worsey-Farin split at the split point vt in the interior
of T, and the split points vr,,vr,, vf,, and v, in the interior of the faces
(v1,02,03), (v2,03,04), (v1,03,04), and (v1,02,v4), respectively. The tetra-
hedron T is also subjected to a partial Worsey-Farin split, such that the
common face with T is refined with a Clough-Tocher split. The three cor-
responding subtetrahedra are denoted by T.,i=1,2,3, respectively, where
T; has a common face with Ty ;.

Let ng(Tf}VF) be the superspline space defined in Theorem 3.41. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € S2(T;,;) such that

~_{s, onA\T

=
g, onT,

belongs to 592’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5|5\ 7 by the following
additional smoothness conditions across the vertices, edges and faces of T:

T, oo~

Tk S =0,i,j <5 k+1<3itj+k+1=9 (3.133)
Ty,Ty, 1 _ Ty, Toginyin Ty, 15 13,13 15— T1,Tayipsie
30455 = T3040 S =T30425=T30425 = T3040 S (3.134)
T, T ~ ’
=T 2,1242i,3— l 0 1_0 1

3,042
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T11T11~ TTerltg'_ T11T11~
Ty0,23%5 = 130335 = 131235
T,T T,T 1., T (3.135)
_ irtli~y irdl,iY irtliy s
=T30045 = 2145 = Toop55 =0, 1=1,2,3
T1,T11~
0435 =0 (3.136)

Proof:

From the C* supersmoothness conditions of g at the vertices of T, the

C® supersmoothness conditions at the five edges (v1,02), (v2,v3), (v3,01),

(v1,v4), and (v3,0v4), and the C?> smoothness conditions at the face

(v1,v2,v3) we can uniquely and stably compute the B-coefficients of g cor-

responding to the domain points in (I\A/HZT4 ) and (1\7[22T4 ), except for those
WF WF

associated with the domain points 133T2’2 ((v3,04)) \ (D4(v3) U (Dy(v4)), and
the B-coefficients associated with the domain points in (I\A/I32T4 ) and
WF

(1\A/[42T4 ) with j =1 from Theorem 3.41.
WF

Using the additional smoothness conditions of g in (3.133) and (3.134),
the remaining B-coefficients associated with the domain points in (1\7[22 )

and (M42 T4 ) can be uniquely and stably determined. Using the addltlonal

smoothness conditions in (3.135) and (3.136) we can uniquely and stably
compute the B-coefficients corresponding to the domain points in (I\A/[SZT4 )
WF

and (1\A/I62T4 )- The last undetermined B-coefficient corresponding to a do-
WF

main point in M3 is equal to the value of g(vr). Thus, following Theorem
3.41, g is uniquely and stably determined. ]

Lemma 3.43:

Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,v3,04) € A a tetrahedron, that shares exactly the face (v1,v2,v3)
with the tetrahedron T, and the edges (vy,vy), (02,v4), and (v3,v4) with
the tetrahedra Tl, Tz, and T3, respectively, with T T €A, j=1,2,3. More-
over, T is refined with a fourth order partial Worsey-Farin split at the split
point vt in the interior of T, and the split points vf,vf,, v, and vg, in
the interior of the faces (v1,v5,0v3), (v2,v3,04), (v1,03,04), and (vq,02,04),
respectively. The tetrahedron T is also subjected to a partial Worsey-Farin
split, such that the common face with T is refined with a Clough-Tocher
split. The three corresponding subtetrahedra are denoted by Ti, i=1,2,3,
respectively, where T; has a common face with Ty ;.
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Let 392(7"{}\,]?) be the superspline space defined in Theorem 3.41. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € S2(Tjk, ;) such that
s._ s on A\T
' g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the edges and faces of T:

s -l e
:TBTE'ZZ;’Z*“ 0,i=0,1 |

T AT = T = Ty 04T (3.138)
T = T = TS =0, 1 =123

il (3.139)

Proof:

From the C* supersmoothness conditions at the vertices of T, the C? su-
persmoothness conditions at the edges of T, and the C?> smoothness con-
ditions at the face (v1,v;,v3) we can uniquely and stably compute the B-
coefficients of g corresponding to the domain points in (Ml2 ) (M122 T, )

(M32, )and (M42, )with j =1 from Theorem 3.41.
TWF TWF
From the additional smoothness conditions in (3.137) we can uniquely

and stably compute the remaining B-coefficients associated with the do-
main points in (M42 4 ) Then, from the additional smoothness conditions

in (3.138) and (3. 139) we can uniquely and stably determine the B-coeffi-

cients corresponding to the domain points in (M52 ) and (M6 ) Finally,

the B-coefficient corresponding to the domain pomt 50009 in (M7T4 ) is
e WF

equal to the value of g(vr). Thus, following Theorem 3.41, g is uniquely
and stably determined. m]
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Theorem 3.44:
Let M7 be the union of the following sets of domain points in DTI%V L9

112, ) D, (v), i=1,...,4 witho; € T, € T4

(V22, ) (E5™ ((01,02)) U 3" ((02,03)) U E3" ((03,01)) U E5* ({o3,04))U
U} ({oa,02)) UET (o1, 080) \ U (Da(o1)

(M?’%“ {gl 0,8— 11’50,]{1,871',1"5;:]61,971‘,1' 11:0' ] =12

(1\714%”) {53042} i=123j=1,..,4

=2 Tll Tll Tll Tll le le
(M5Tévp) {54023’ 3033’53123’53024’52214’52025
12 Tia
(M6T§v F) {52[0,4,3

v T
(MI72, ) &l

Then Mﬁ is a stable minimal determining set for

SZ(Thp) :={s € C3(Tyyp) :s|lz € P3, VT € Ty,
se C4(vi), i=1,...,4,
s € C3(e), foralledgese € T,
s€ C7(<'Upi,UT>), i=1,2

s € C7(UT),
jirtii+l jirtii+l
510 = T3501 =0

i= 1,2,3, ] = 3,4, with T]‘A = Tj,l}!

and the dimension of 82 (Tj ) is equal to 304.

Proof:
First, we show that M3 is a stable minimal determining set for the super-
spline space Sg(TévF). To this end we set the B-coefficients c,¢ of a spline
s € 83(T},¢) to arbitrary values for each domain point £ € M3. Then we
show that all other B-coefficients of s are uniquely and stably determined.
The B-coefficients of s corresponding to the domain points within a dis-
tance of four from the vertices of T, within a distance of three from the
edges of T and within a distance of two from the faces (vq,v2,v3),
(v3,v1,v4), and (v1,v2,04) can be uniquely and stably determined from



122 3 Minimal determining sets for splines on partial Worsey-Farin splits

those corresponding to the domain points in (M12, ), (M22, ), (M32, )
. Twr Twr Twr
with j =1, and (M42T4 ) with j = 1,3,4, in the same way as in the proof of
WF
Theorem 3.41.

The B-coefficients of s corresponding to the domain points in the shells
RgTz'i (vr), RSTZ'i(vT), and R7Tz'i(UT), i =1,2,3, can be uniquely and stably
determined from the already determined B-coefficients and those corre-
sponding to the domain points in (I\V/IC%ZT4 ) with j = 2 and those in (l\v/[42T4 )

WF WF
with j = 2 in the same way as the ones associated with the domain points

RgTi’)(vT), i=1,2,3,j=0,1,2, in the proof of Theorem 3.20.

The remaining B-coefficients of s can be uniquely and stably computed
from the ones already determined and those associated with the domain
points in (M52, ), (M62, ), and (M72, ) in the same way as in the proof

TWF TWF TWF
of Theorem 3.37.
Finally, since the set Mﬁ is a minimal determining set for the superspline

space S2 (T ), we can state that S2(Tjh ) = #M3 = 304. o

Lemma 3.45:
Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the two faces
(v1,0,03) and (va,v3,v4) with the tetrahedra T; and T, respectively, with
T1,T> € A. Moreover, T is refined with a fourth order partial Worsey-Farin
split at the split point vt in the interior of T, and the split points vf,,v,,
vr,, and vg, in the interior of the faces (v1,v2,v3), (v2,v3,v4), (v1,v3,04),
and (v1,v3,04), respectively. The tetrahedra Ty and T, are also subjected to
partial Worsey-Farin splits, such that the common faces with T are refined
with a Clough-Tocher split. The corresponding subtetrahedra are denoted
by T"]'/i, i=1,2,3,j=1,2, respectively, where le has a common face with
]}/i'

Let SQZ(T]‘}VF) be the superspline space defined in Theorem 3.44. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € S2(Tjk ;) such that

~{s, on A\ T

s:
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5[5\ 7 by the following
additional smoothness conditions across the vertices, edges and faces of T:



3.2 C? splines of degree nine on partial Worsey-Farin splits 123

T13 51~

T ikl §=0,i,j<5 k+1<3,i+j+k+1=9 (3.140)

RS = T = TS = s = (3.141)
— s —0,i=0,1 ‘

Tle Tz _ TTl,i/Tl,i'Sv: Tl,i/Tl,ig

402;;IT1]~303T?;Tl,~312TeilTll~ | (3.142)
3024 5 = D214 5= 5 5=0,1=123

;514211;: 0 (3.143)

Proof:

Using the C* supersmoothness conditions of ¢ at the vertices of T, the C3

supersmoothness conditions at the edges (v1,v2), (v1,v3), (v2,03), (v2,04),

and (v3,04), and the C? smoothness conditions at the faces (v1,7,,v3) and

(v2,v3,v4) we can uniquely and stably determine the B-coefficients of g cor-

responding to the domain points in (M12 T4 ) and (1\712%4 ), except for those
WF

associated with the domain points E3 ' (<01,ZJ4>) \ (D4(v1) U (Dy(v4)), and
the B-coefficients associated with the domain points in (1\7[32T4 ) and
WF

(M42T4 ) with j =1 and j = 2 from Theorem 3.44.

WF
From the additional smoothness conditions in (3.140) and (3.141) we
can uniquely and stably determine the remaining B-coefficients associated
with the domain points in (I\V/[Zé4 ) and (I\V/I42T4 ). From the additional
WF

WF
smoothness conditions in (3.142) and (3.143) we can uniquely and stably
compute the B-coefficients corresponding to the domain points in (M52 )

and (M62 T ) Finally, the last B-coefficient corresponding to a domam

point in /\/l2 is equal to the value of g(vr). Thus, following Theorem 3.41,
gis uniquely and stably determined. ]

Lemma 3.46:

Let A be a tetrahedral partition of a polyhedral domain Q C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the two faces
(v1,v2,03) and (vo,v3,v4) with the tetrahedra Tl and Tz, respectively, and
the edge (v1,v4) with the tetrahedron T, with Ty, T», T € A. Moreover, T is
refined with a fourth order partial Worsey-Farin split at the split point v
in the interior of T, and the split points vf,,vr,, vf,, and vf, in the interior
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of the faces (v1,v2,0v3), (v2,v3,04), (v1,03,04), and (vq,v,v4), respectively.
The tetrahedra Ty and T, are also subjected to partial Worsey-Farin splits,
such that the common faces with T are refined with a Clough-Tocher split.
The corresponding subtetrahedra are denoted by f"j,i, i=1,23,j=1,2,re-
spectively, where T/, has a common face with T ;.

Let ng(Tf}VF) be the superspline space defined in Theorem 3.44. Then,
for any spline s € 892’4’3 (A\ T), there is a spline g € S2(Tjk ) such that

~_{s, onA\T

s:
g, onT,

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the vertices, edges and faces of T:

T,T34ip4i~ Ti1, a1~ T3 51~
S =T A S =Tadyn 8=

3,04,2 3,04,2 3,04,2

. o (3.144)

22033~ T3 Tap~ +
T3040 5= T3040 5= 0,1=0,1

Ty Ty~ Ty Ty~ Ty Ty~
Ty (ha'8 =Ty 0a3"8 =Ty na’

4,0,2,3 3,0,3,3 3,1,2,3

T, T T, T T,T (3.145)

_ Ty Ty~ Ty Ty Ty Tie
=T3004' 5= T314" 5= Tho55=0,1=123

T T~
Tyius = 0 (3.146)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C3 su-
persmoothness conditions at the edges of T, and the C? smoothness con-
ditions at the faces (v1,v7,v3) and (vp,v3,v4) we can uniquely and stably
determine the B-coefficients of g corresponding to the domain points in
M12, ), (M22, ), (M32, ), and (M42, ) with j =1 and j = 2 from Theo-

TWF TWF TWF TWF
rem 3.44.

Using the additional smoothness conditions in (3.144) the remaining B-
coefficients associated with the domain points in (Mé%4 ) can be uniquely
WF

and stably determined. Then, using the additional smoothness conditions

in (3.145) and (3.146) we can uniquely and stably compute the B-coeffi-

cients corresponding to the domain points in (1\7[5%4 ) and (l\v/[62T4 ). Since
WF WF
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the B-coefficient associated with the domain point in (l\v/[7%4 ) is equal to
WF

the value of g(vr), following Theorem 3.44, g is uniquely and stably deter-
mined. O

Theorem 3.47:
Let Mﬁ be the union of the following sets of domain points in DTév 9

(M1, ) D, (v;), i=1,...,4 withv; € T, € T4
: T T T T
(MZZT;}VF) (E3" ((v1,02)) UE;Y* ((v2,03)) U E3™* ((v3,01)) U E3* ((v3,04) )U
T. T 4
UE;** ((v4,02)) U E3™ ((v1,04))) \ 'Ul(D4(Ui))
=

‘12 1
(M3 {5108 11'5018 11/5009 iitieor 1 =1,2,3

(M4 ) {53042} i=1,23j=1,...,4

<M5 > (64236856 23 s o arEa 3 arCains e
<M6 ) (&8s

<M7 > {0500

Then ./\/lzzL is a stable minimal determining set for
S§(Tyyp) = {s € C*(Tjy) : sl € PS5, VT € Tyyp,
seCHu),i=1,...,4,
s € C3(e), foralledgese € T,
s€E C7(<Upi,UT>), i=1,2
s e’ (vr),
TS =0, =1,2,3, with Tys =Ty,

Ty, T, . .
T, élo P s=0,i=1,23, with Ty4:=Ty1},

and the dimension of S3(Tjy ) is equal to 310.
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Proof:
We first show that the set M7 is a stable minimal determining set for the
space SZ(Ty ) of supersplines. Therefore, we set the B-coefficients ¢, of a
spline s € S3(T},7) to arbitrary values for each domain point ¢ € M3 and
show that all other B-coefficients of s are uniquely and stably determined.
The B-coefficients of s corresponding to the domain points within a dis-
tance of four from the vertices of T, within a distance of three from the
edges of T and within a distance of two from the faces (vq,v2,v3),
(v2,v3,v4), and (v1,v3,04) can be uniquely and stably determined from
the B-coefficients associated with the domain points in (M12 T4 ) (M22 T4 )

(M324 )withj=1and j =2, and (1\/[424 )w1th] =1,2,4,in the same way

as in Kcvhe proof of Theorem 3.44.

Then, we can uniquely and stably compute the B-coefficients associated
with the domain points in the shells RgTS’i(UT), Rg?"i(vT), and R;” (v7),
i =1,2,3, from the already determined B-coefficients and the ones corre-
sponding to the domain points in (1\'/[32T4 ) with j = 3 and those in (1\'/[42T4 )
with j = 3 in the same way as the onesvgssociated with the domain poi;vlffs
RgTi’)(vT), i=1,2,3,7=0,1,2, in the proof of Theorem 3.20.

We can uniquely and stably compute the remaining B-coefficients of s
from those already determined and the B-coefficients associated with the
domain points in (MSZT4 ), (1\'/[62T4 ), and (1\'/[72T4 ) in the same way as in the

WF WF WF
proof of Theorem 3.37.

Examining the dimension of S2(Tj,;), we see that S3(Tjk ) = #M3 =

310, since M3 is a minimal determining set for the spline space 83 (T, 7).0

Lemma 3.48:

Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares exactly the three faces
<7)1,02,U3>, <02,03,U4>, and <Z)3,7)1,U4> with the tetrahedra Tl, Tz, and Tg,
respectively, with Ty, 1o, T3 € A. Moreover, T is refined with a fourth or-
der partial Worsey-Farin split at the split point vt in the interior of T, and
the split points vr,,vr,, vr, and vy, in the interior of the faces (vq,v2,v3),
(v2,v3,04), (v1,v3,04), and (v1,v2,vs), respectively. The tetrahedra Ty, Ts,
and T; are also subjected to partial Worsey-Farin splits, such that the com-
mon faces with T are refined with a Clough—Tocher split. The correspond-
ing subtetrahedra are denoted by T, s i=1,2,3, j =1,2,3 respectively,
where T],l has a common face with Tj ;.
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Let S3(Tj ) be the superspline space defined in Theorem 3.47. Then,
for any spline s € 83’4’3(A \ T), there is a spline g € S3(T; ) such that

s:
g, onT,

~ {s, onA\T

belongs to 892’4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5| 5\ 7 by the following
additional smoothness conditions across the edges and faces of T:

T T~  TosTus~ T30 Tus~r
3042 = T3040 5= Tagan 5 =0 (3.147)
Ty T~ Ty T~ Ty T i~
T 08 =Ty i =T a8
4,023 3,0,3,3 3,123
1T T, T T, T (3.148)
o Lirdli~ irtli~ 1irtli~ L
=T3004 5 = D314 5= Tp055=0,i=1,23
T1,1,T1,1~_
Tyoa3 5 =0 (3.149)

Proof:

Using the C* supersmoothness conditions at the vertices of T, the C3 super-
smoothness conditions at the edges of T, and the C? smoothness conditions
at the faces (v1,v7,v3), (v2,v3,v4), and (v3,v1,v4) we can uniquely and sta-
bly determine the B-coefficients of g corresponding to the domain points
in (I\‘/HZT4 ), (M22T4 ), (M32T4 ), and (M42T4 ) with j = 1,2,3 from Theorem
347 WF WF WF WF

From the additional smoothness conditions in (3.147) the remaining B-
coefficients associated with the domain points in (1\'/[42T4 ) can be uniquely
F

w
and stably computed. Using the additional smoothness conditions in
(3.148) and (3.149) we can uniquely and stably determine the B-coefficients
corresponding to the domain points in (1\'/[52T4 ) and (1\'/16%,4 ). Moreover,
WF WF

the B-coefficient associated with the domain point in (1\'/[7§4 ) is equal to
WEF

the value of g(vr). Thus, following Theorem 3.47, ¢ is uniquely and stably
determined. o
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Theorem 3.49:
Let M3 be the union of the following sets of domain points in DTév L9

(M12 T ) D i(v;),i=1,...,4 withv; € T, € Tjr

(27, ) (E3 ((01,02)) U 3 ({02,03)) U E3" ((03,01)) U B3 ({03, 04) )U
UET2’3(<U4/02>) UE;™ ((01,04))) \ 6 (D4 (1))

v Tja Tja _
(M32 T, ) {5108 11’50,1,871',1"50,0,971‘,1 i—or J=1,...,4

(1\7144 ) (i) i=123j=1,..4

\/ Tl i Tl i Tl i Tl i T11 T11
(M5 4 ) {54023’ 3033’53123’53024’52214’52025

- T,
(M62 T ) {&20643

T
(M77, ) {€0609

Then /\/l2 is a stable minimal determining set for

83 (Tiyr) = {s € C*(Tiy) : sl € P3, VT € Tyyp,
s€e C4(vi), i=1,...,4,
s € C3(e), forall edges e € T,
s€ C7(<Upi,UT>), i=1,2
seC’(vr)},

and the dimension of S2(T},;) is equal to 316.

Proof:
First, we show that the set M7 is a stable minimal determining set for the
superspline space S2(Tj,). To this end we set the B-coefficients ce of a
spline s € 83(T},5) to arbitrary values for each domain point ¢ € M3 and
show that all other B-coefficients of s are uniquely and stably determined.
We can uniquely and stably determine the B-coefficients of s correspond-
ing to the domain points within a distance of four from the vertices of T,
within a distance of three from the edges of T and within a distance of
two from the faces (v1,v2,v3), (v2,v3,04), and (vs3,v1,v4) from the B-coef-
ficients associated with the domain points in (Ml2 ) (M22 T, ) (M32 T )

with j=1,2,3, and (l\_/I42T4 ) with j =1,2,3, in the same way as in the proof
WF
of Theorem 3.47.
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Now;, in the same way as the B-coefficients associated with the domain
points in RgTii],(vT), i=123,j=0,1,2, are determined in the proof of
Theorem 3.20, we can uniquely and stably compute the B-coefficients of
s corresponding to the domain points in the shells R9T4/i (v7), Rg“ (vr), and
R;4'i (vr), i=1,2,3, from the already determined B-coefficients and those
corresponding to the domain points in (1\_/I32T4 ) with j =4 and in (1\7[42T4 )

WF WF
with j = 3.

The remaining B-coefficients of s can be uniquely and stably determined
from those already determined and the B-coefficients associated with the
domain points in (M52, ), (M62, ), and (M72, ) in the same way as in the

TWF TWF TWF
proof of Theorem 3.37.

Now, considering the dimension of the space S3(T},r), we can see that

82(T} ) = 316, since the cardinality of the minimal determining set M3 is

equal to 316. m]
Lemma 3.50:

Let A be a tetrahedral partition of a polyhedral domain QO C R® and
T := (v1,v2,03,04) € A a tetrahedron, that shares the faces

(v1,v2,03), (v2,03,04), (v3,01,04), and (v1,v,04) with the tetrahedra T1,
T, Tg,, and T4, respectively, with T] €A, j=1,...,4. Moreover, T is refined
with a fourth order partial Worsey-Farin split at the split point v7 in the
interior of T, and the split points vr,,vr,, v, and v, in the interior of the
faces (vq,v2,v3), (v2,03,v4), (v1,03,04), and (v1,vp,04), respectively. The
tetrahedra Tj, j=1,...,4, are also subjected to partial Worsey-Farin splits,
such that the common faces with T are refined with a Clough-Tocher split.
The corresponding subtetrahedra are denoted by Tj,i, i=123j=1,..,4
respectively, where Tj,i has a common face with Tj ;.

Let S2(Tj ) be the superspline space defined in Theorem 3.49. Then,

for any spline s € 892'4’3(A \ T), there is a spline g € S3(T; ) such that

- {s, on A\ T

5=
g, onT,

belongs to 892'4’3(A). Moreover, the spline g is uniquely and stably deter-
mined by the value of g(vr) and the B-coefficients of 5\ 7 by the following
additional smoothness conditions across the faces of T:
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T T~ T T i~ Ty T~
Ty 5t = Ta 228 = Ta '

4023 3,033 3,123

T, T T, T 1T (3.150)

_ Lirlli~_ Lirdli~_ 1irlli~ _ L

= T304 S = T304 5 = Togo5'5=0,i=123

T T~
T ME =0 (3.151)

Proof:

From the C* supersmoothness conditions at the vertices, the C® super-

smoothness conditions at the edges, and the C?> smoothness conditions at

the faces of T we can uniquely and stably determine the B-coefficients of

g corresponding to the domain points in (1\_/[12T4 ), (1\_/[22T4 ), (1\7[3§4 ), and
WF WF WF

(1\_/[4%4 ) from Theorem 3.49.
WF

Then, from the additional smoothness conditions in (3.150) and (3.151)
we can uniquely and stably determine the B-coefficients corresponding to
the domain points in (1\7[52T4 ) and (1\_/[62T4 )- The last undetermined B-coef-

WF WF

ficient associated with a domain point in the minimal determining set M3
is equal to the value of g(vr). Thus, following Theorem 3.49, g is uniquely
and stably determined. a

Remark 3.51:

The space 592 (T p) of supersplines has already been studied in [9], though
a different minimal determining set was constructed there. For the space
S2(T ) of C? splines based on the fourth order partial Worsey-Farin split,
which is also just called Worsey-Farin split, another minimal determining
set was constructed in [66], which is also considered in chapter 8.



4 Local Lagrange interpolation by cubic
C! splines on type-4 cube partitions

In this chapter, the Lagrange interpolation method on type-4 cube parti-
tions constructed by Matt and Niirnberger [67] is introduced. In section
4.1, we consider cube partitions and their classification. Subsequently, in
section 4.2, we examine the type-4 partition, which is obtained by dividing
each cube of a partition into five tetrahedra, according to the classification
of the previous section. In section 4.3, the tetrahedra of a type-4 partition
are refined with partial Worsey-Farin splits based on the classification of
the cubes and the location of the tetrahedra in these. Moreover, interpo-
lation points for S}(A}) are chosen. In section 4.4, we consider the local
Lagrange interpolation with S}(A}). Furthermore, we examine a nodal
minimal determining set corresponding to this spline space. In the next
section, bounds on the error of the interpolant are examined, which shows
that the interpolation method yields optimal approximation order. Finally,
in section 4.6, numerical tests and visualizations are shown. These also
verify the optimal approximation order of the method.

4.1 Cube partitions

In this section cube partitions are considered. Therefore, first cube parti-
tions are defined and afterwards the cubes of a partition are divided into
different classes. This classification is obtained by considering the indices
of the different cubes.

Now, let 1 be an odd integer and let Q) := [0,1] x [0,7] x [0,1n] C R3. Then
the cube partition

O = {Qi,j,k : Qi,j,k = [Z,l =+ 1] X [],] =+ 1] X [k,k + ”, i,j,k = 0,...,1’1 — 1}

of (Y is obtained by intersecting () with # parallel planes in each of the three
space dimensions. The partition < consists of n® cubes.

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 4,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012
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According to their indices, the cubes Ql-,j,k, i,j,k=0,...,n —1, can be
divided into the five classes K, ..., 4. Following Table 4.1, one of the
possible classifications of the cubes can be obtained, where all other cubes
are put in class 4. The properties of the indices of cubes in class K4 are
shown in Table 4.2. Note that this is the partition used throughout this
chapter. An example for n =5 of the classification of ¢ can be found in
Figure 4.1.

i j k

Ko | even | even | even
K1 | odd | odd | even
Ko | odd | even | odd
K3 | even | odd | odd

Table 4.1: Classification of the cubes in < for the classes K, ..., ;.

i j k
K4 | even | even | odd
K4 | even | odd | even

K4 | odd | even | even
K4 | odd | odd | odd

Table 4.2: Possible cases for the indices of cubes in class /Cy.

For a better understanding of the structure of the classification, see Fig-
ure 4.2, where two layers of a cube partition are shown, with some cubes
left out.

In the following lemma, the relations between cubes in the different
classes Ky, ..., K4 are considered. These play an important role for the local
Lagrange interpolation method on the type-4 partition, constructed later in
this chapter.
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Ko /Ka /Ko /Ka /Ky
/’C4 /’C1 /’C4 /K /’C4

Ko /Ka /Ko /Ks /Ko

SR SR SR K K

Ko /Ka /Ko /Ka /Ko /|Ka
Ko | 1a | 1o | i | o ]

5‘

ANZAN
NGANAVANAN:

Ka | Ko | K | Ko | Ky Kyl

\

e
B

e

B
SANSANSAN

A

Figure 4.1: Classification of a cube partition ¢.

Lemma 4.1:

(i) Two different cubes in the same class K;, i =0, ...,3, are disjoint.

(ii) Each cube Qinclass K;, i =1,2,3, shares common edges with at most
four cubes in class i j=0,...,i —1, respectively (see Figure 4.3).

(iii) Two different cubes in class K share at most one common edge.

(iv) If two different cubes in class K4 share a common edge e, then e is
also an edge of two cubes in the classes K; and ICj, withi,j=0,...,3,
and i # j (see Figure 4.4).

(v) Each vertex of ¢ is a vertex of a cube in class K.
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K1 K1

Ko

Figure 4.2: Two layers of a classified cube partition.

Proof:
First, statement (i) is considered. Therefore, let Q := Q; ; x be a cube in class

Ko. Thus, i,j, and k must be even. Now, let Q be another cube sharing
a common vertex, edge, or face with Q, respectively. Then, the triple of
indices of Q must be of the form (i +a,j + B,k + ), witha, 8,7 € {~1,0,1}
and (a,B,7) #0. Thus, at least one of the indices of @ must be odd, which
implies, that Q ¢ K.

The proof is analogue for the cubes in class K1, Ky, and Ks.

Next, assertion (ii) is verified. Therefore, let Q := Q; ;  be a cube in class
K3 in the interior of ¢. Since Q € K3, the index i has to be even and the
indices j and k must be odd. Now, we consider the 18 cubes, that share at
least one edge with Q. The four cubes Q;; 1x-1,Q;j-1k+1,Qij+1k-1, and
Qij+1k+1 have a common edge with Q, respectively. Moreover, since i is
even and j and k are odd, the indices of these four cubes are all even. Thus,
following Table 4.1,the four cubes are in class Ky. Next, the four cubes
Qi—1,jk—1,Qi—1,jk+1,Qit1,k—1, and Qjy1,k+1 are considered. Each of them
has exactly one common edge with Q and their first two indices are odd
and the last one is even. Therefore, these cubes are in class K7 . Sub-
sequently, the cubes Q; 1 1% Qi—1,j+14 Qit+1,j-14 and Qi1 41k Which
share a common edge with Q, respectively, are regarded. For these cubes,
the first and the last index is odd, respectively, and the second one is even.
Therefore, they are in class K. The six other cubes sharing common edges
with Q, must touch Q at a common face. Thus, for their indices holds one
of the combinations shown in Table 4.2, respectively.
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A cube Q in class K3 at the boundary of ¢ has less surrounding cubes.
Thus, the proof is similar for this case, except that there can be less than
four cubes in class K;, i = 0,1,2, sharing edges with Q

The proof is analog for cubes in the classes K;, i =0,1,2.

In the following, assertion (iii) is considered. Therefore, let Q := Q; i«
be a cube in class K4, where the indices i and j are even and k is odd.
Then, the six cubes sharing a common face with Q are Q;;x 1, Qijk+1/
Qi,jfl,kr Qi,j+l,k/ Qi*l,j,k/ and Qi+l’j/k. The indices of the two cubes Qi,j,k*l
and Q; ;11 are all even. Thus, these two cubes are in class Ko. Considering
the two cubes Q; ;14 and Q; j 14, it can be seen that their first index is even
and the last two are odd, respectively. Then, following Table 4.1, these two
cubes must be in class K3. For the last two cubes, Q; 1 x and Q; 1, only
the second index is even, the other two are odd, respectively. Therefore,
these two cubes are in class /C,.

In the same way it can be shown for the other three cases for the indices
of Q shown in Table 4.2, that no two different cubes in class K4 share a
common face. N

Next, assertion (iv) is proved. Therefore, let Q and Q be two cubes in
class IC4 sharing the common edge e. Following statement (iii), Q and Q
can not share a common face. Thus, e must be an interior edge of ¢. Due to
this reason, there must be two other cubes in ¢ sharing e and touching Q
and Q at common faces, respectively. Again, following assertion (iii), these
two cubes can not be in class 4. Thus, these two cubes have to be in one
of the classes Ky, ..., Ks3.

Finally, statement (v) is verified. The partition ¢ contains a total number
of (n +1)3 vertices. The cardinality of the set of even numbers from 0 to 1

is equal to ”TH Now, since three indices of all cubes in class Ky are even,
3
the partition ¢ contains exactly (”TH) = @ cubes that are in class K.

Due to the fact that each cube has a total of eight vertices and that the cubes
in class Ky are disjoint, following statement (i), each vertex of ¢ must be a
vertex of a cube in class K. O

Remark 4.2:

It is also possible to create a cube partition ¢ and a corresponding classifi-
cation for Q := [0,n] x [0,n] x [0,n] C R3, where n is even. However, then
the property of the classification that all vertices of ¢ are vertices of cubes
in a class Ky can not be obtained, though this property is quite important
for the Lagrange interpolation method considered in this chapter.
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Ko K4 Ko

Figure 4.3: Possible common edges of cubes in the classes KC;, i =1,2,3,
with cubes in the lower classes ICj, j=0,1,2, respectively. Com-
mon edges are marked with thick lines, the classes KC; are shown
left, and the classes IC]- are shown at the bottom.

Figure 4.4: Two cubes Q and Q in class K4 with a common edge e and two
cubes in the classes K; and K}, i,j =0,...,3, and i # j, respec-
tively.

Remark 4.3:

It is also possible to create other classifications of the cubes in ¢, where the
properties in Lemma 4.1 still hold (cf. [42]). However, the classification
used in [42] is just a rotation of the one used here.
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4.2 Type-4 partition

In this section the type-4 partition is described, which is indicated by Ay
throughout this chapter. In order to construct a type-4 partition, each cube
of a cube partition ¢ is divided into exactly five tetrahedra. Therefore,
the set V of vertices of ¢ is split up into the two sets V; and V,. Then it
is possible to divide each cube into five tetrahedra according to the two
sets V1 and V; (cf. [95]). The type-4 partition is the basis for the Lagrange
interpolation method investigated in this chapter.

At first, the vertices of a cube partition ¢ are divided into the two sets
Vi and V,. Therefore, let V := {v; ;; 1= (i,],k) Zj,k:o be the set of (n +1)3
vertices of <.

Lemma 4.4:

The set V of vertices of a cube partition ¢ can be divided into two sets V;
and )V, such that for each vertex v € V, all other vertices in V sharing an
edge with v are contained in the set V,,, with v,y =1,2 and v # p.

Proof:
The sets V] and V, can be chosen as follows:

V= {Uz',j,k €V:i+j+kiseven}
Voi={vjjx €V:i+j+kisodd}

Now, let v :=v; j; be a vertex contained in the set V;. According to the
construction of ¢, the vertex v shares exactly six edges with the vertices
{Ui,j,k—ll Ui,j,k+ll vi,j—l,kl vi,j+1,kr vi—l,]',kr Ui+1,j,k} cV, respectively. In case
v is located at the boundary of ¢, there are less common edges with other
vertices in V. Now, considering the sums of the indices of the six vertices
sharing an edge with v, it can be seen that these are equal toi +j+ k+ 1 or
i+ j+k —1, respectively. Since v € V;, the sum i + j + k is even. Thus, the
sums i+ j+k+1and i+ j+k—1are odd, which implies, that the vertices
sharing a common edge with v are contained in the set V. The proof is
analog for the vertices in V. ]

The division of V into the two sets V; and V), considered in Lemma 4.4 is
not unique, since it depends on the choice of the first vertex. Without loss
of generality, it can be assumed that vg oo € V;. Thus, the two sets V; and
V), are uniquely defined and they can be written as

Vi:={v;jx €V:i+j+kiseven}, and
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as in the proof on Lemma 4.4. In the following, the vertices in the set V;
are called type-1 vertices and those in V; are type-2 vertices.

Now, it is possible to define the type-4 partition of a cube partition <.

Definition 4.5:

Let ¢ be a cube partition in R®. The tetrahedral partition A4 obtained by
splitting each cube in ¢ into five tetrahedra by connecting the four type-2
vertices in each cube is called type-4 partition.

The five tetrahedra in each cube are named following Notation 4.6.

Notation 4.6:
The individual tetrahedra in a cube Q; ;; contained in one of the classes
Ko, K1, Ky, or K3 are denoted by

1 .
Tz‘,j x = (v; s krvi,j,k+1rUi,j+1,krvi+l,j,k>/

T7: = (Vi k1,00 11 i 4L k1 Vi L+ Lk 1)
Ti3,j, = (v; ]+1,krvi+1,j,krUi+1,j+l,krUi+1,j+1,k+1>,
Tk = (Vi k11,000, i1k 1, D414 1k 1)
T?,j,k (i j k10,4 Lk Vit 1j ks Vi 1j4+ Lot 1)

see Figure 4.5.
The individual tetrahedra in a cube Q; ;x € K4 are denoted by

,], Vi ik Vi j et 1 Vi 4 Lot 1 Vi i k1)

,], Vi ks Vi 1k Vi jr k1, Vi 1,j+1k)

,], = (v; ,]+1,k+1/Ui+1,j,k+1rvi+1,j+l,k/Ui+1,j+1,k+l>/
= (i ks Vit 1jkr Vit Ljk+ 1 Vg 1j+1k)

T2 = (Vi ks Vi k1, i1k 11, D14 1K)

see Figure 4.6.

In Figure 4.7 the cube partition from Figure 4.1 has been refined to a type-
4 partition. The inserted edges connecting the type-2 vertices are marked

in gray.
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Figure 4.5: Division of a cube in class Ky, K1, ICa, or K3, with marked type-1
and type-2 vertices, into five tetrahedra.

1
/N ijk
/
/.7 @
/ /A
4 /. @
/7 N
1,7 O]
/_—"75
© ijk

Ti,j,k

Figure 4.6: Division of a cube in class K4, with marked type-1 and type-2
vertices, into five tetrahedra.

Remark 4.7:

Analogue to bivariate crosscut partitions, where a domain is cut by straight
lines, the type-4 partition can also be obtained by cutting a cube partition
¢ with planes. A cube Q has to be cut with exactly four planes, in order to
get the type-4 partition of Q.
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TN
AN
TN
SNE—T N

Figure 4.7: Type-4 partition of a cube partition ¢.

4.3 Selection of interpolation points and
refinement of Ay

In this section the selection of the Lagrange interpolation points as well as
the refinement of A4 to A} for the local Lagrange interpolation with S3 (A})
is considered. In order to refine the partition A; some of the tetrahedra
of the type-4 partition are divided with a partial Worsey-Farin split (see
Definition 2.8).

Let ¢ be a cube partition in R® and A4 the corresponding type-4 par-
tition. Moreover, let the cubes in ¢ be classified into the classes C;, i =
0,...,4, as in section 4.1 and the tetrahedra be identified as in Notation 4.6.
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Algorithm 4.8:
Step 1: For each cube Q; ; € Ko,

a) choose the 20 points DT;Vk 3
i,j,k”
T2,
b) choose the 10 points DTizjk/?’ \Ey (0341, 0ijr1k)),s

3
¢) choose the 4 points DlT Bk (Vig1,jk+1)s
OF € (Vit1,jksVit1,jk+1,Vit1,j+1k+1), and
Vg € <Uz‘,j,k+1/71i+1,j,k/ Vig1,j+1k+1 ), and split ng,k with a first order
partial Worsey-Farin split at (v; 4 14, 0i11,jk Vit 1,j+1k41)/

T
d) choose the 4 points D, 1”’k(vi+1,j+1,k) and split Tfj,k with a first
order partial Worsey-Farin split at (0; 11k, Vi 41,k Vit1,j+1k+1)-

Step 2: Define all edges of Ay \ Ky as “unmarked” and all edges of the
cubes in class Ky as “marked”.
Step 3: For each cube Qi jkin K, 1=1,...,4,

for each tetrahedron T". , h =1,...,4,in Qijks

ik’
a) if T:= Tih]. k has m > 0 faces with two or three marked edges, then
split these faces with a Clough-Tocher split, T with a m-th order

partial Worsey-Farin split and replace T in A4 by the resulting
subtetrahedra.

b) if a face (v1,v5,v3) of T has none or two marked edges, choose
the point vr.

c) mark all edges of T.

Step 4: Split each tetrahedron TiSj i in Ay with a 4-th order partial Worsey-
Farin split.

In Figure 4.8 the selection of the Lagrange interpolation points in the inte-
rior of the faces of the tetrahedra in A4 and the corresponding refinements
are shown. Therefore, “marked” edges are pointed out as thicker lines.
Interpolation points are indicated with e.

The set of interpolation points chosen in Algorithm 4.8 is denoted by
Ly. The refined tetrahedral partition, obtained by dividing some of the
tetrahedra of A4 with partial Worsey-Farin splits, is called Aj.
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NV A

Figure 4.8: Selection of interpolation points in the interior of the faces of
tetrahedra in A4 and refinements with Clough-Tocher splits.

In order to facilitate the understanding of Algorithm 4.8, the order of the
splits that may be applied to the different tetrahedra, in the various classes
of cubes, are shown in Table 4.3, where m-WF stands for the m-th order
partial Worsey-Farin split.

The symbol ”-” indicates, that the corresponding split does not occur for
a specified tetrahedron. With “0” the cases are identified, where the cor-
responding split is used because the cube containing a considered tetra-
hedron is on the boundary of ¢. The refinements for the cases where the
cubes containing the regarded tetrahedron are in the interior of ¢ are indi-
cated by the symbol "x”.

4.4 Lagrange interpolation with S1(A})

In this section the main theorem of this chapter is stated. It is shown that
the set L4, constructed in section 4.3, is a Lagrange interpolation set for the
spline space S}(A}). In the course of the proof some of the tetrahedra in A}
have to be refined even further, since A} is not a proper tetrahedral parti-
tion, as defined in section 2.1. There are some tetrahedra sharing common
face, where the corresponding face is split in one and non-split in the other
tetrahedron. Though a spline can be uniquely determined on the tetra-
hedra which are not split enough, according to their neighbors, and the
corresponding tetrahedra are subdivided later on to determine the spline
on the other tetrahedra. This leads to smaller systems of linear equations,
since there are less subtetrahedra at the time the spline is determined.
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| nosplit | 1-WF | 2-WF | 3-WF | 4-WF |

X

S X

KoT?, -

X

o]

Q| O | X | X

X

X

XXX XX

Table 4.3: Possible refinements of the various tetrahedra in Ay.

143



144 4 Local Lagrange interpolation with S} (A})

Theorem 4.9:

Let £4 and A} be the set of interpolation points and the refined tetrahe-
dral partition of a type-4 partition based on ¢ obtained by Algorithm 4.8,
respectively. Then L4 is a local and stable Lagrange interpolation set for
SH(a)).

Proof:

In order to show that £, is a Lagrange interpolation set for S1(A}), the val-
ues {zy } e, are fixed arbitrarily for a spline s € S3(A}). Then it is shown
that s is locally, stably, and uniquely determined. Therefore, three steps
have to be performed. In the first step s is determined on the cubes in class
Ko. Subsequently, s is computed restricted to the cubes in 1, X, and K.
In the final step, the spline s is determined on the cubes in class KC4. Thus,
we can distinguish the following cases:

Step 1: 5|,
Following statement (i) in Lemma 4.1, the cubes in class Ky are disjoint.
Thus, it suffices to consider only one cube in this class, on the other cubes
in class Ky the spline s can be determined analogously. Therefore, let Q; ; x
be a cube in class Ky and T! := Til, ik I=1,...,5 the five tetrahedra in Q; ;x
(cf. Notation 4.6).

First, s| 11 is considered. Following Algorithm 4.8, the set £4 contains the
domain points Drx 5, all in the tetrahedron T!. Thus, s|;1 can be uniquely
and stably determined from the values {2 } ¢ (£, 71y, With L4 N T = Dy 5.

Since the spline restricted to T depends only on the values of the interpo-
lation points contained in T1, the computation of s|1 is also local.

Since all B-coefficients of s corresponding to the domain points in T"
are uniquely determined, all B-coefficients associated with domain points
within a distance of one from the vertices and edges of T! can be uniquely
and stably computed from the C! smoothness conditions at these edges
and vertices. These B-coefficients of s are also determined locally, since
they only depend on the values {z¢} ¢ (z,11)-

Next, the spline s restricted to the tetrahedron T2 is examined. The tetra-
hedron T? shares the common edge (Vi k+1,0ij+1k) with the tetrahedron
T'. Thus, the B-coefficients of s corresponding to the domain points in the

tube ElT ?({vijk+1,0ij4+1k)) are already uniquely determined. Since the do-
main points associated with the remaining undetermined B-coefficients of
s|r2 are contained in the set L4, these B-coefficients of s|2 can be uniquely
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and stably computed from the values {zx},c(z,nr2). The computation of

all B-coefficients of s restricted to the tetrahedron T? is local, since they
only depend on the values {z¢}c(z,n(m1ur2))-

Now, using the C! smoothness conditions at the vertices and edges of
T2, all B-coefficients of s corresponding to domain points within a distance
of one from the vertices and edges of T? can be uniquely and stably de-
termined. Their computation is local, since the only depend on the values

{zctee(cn(mur))-

Subsequently, s|s is investigated. Following Algorithm 4.8, the tetrahe-
dron T° has been divided with a first order partial Worsey-Farin split at
the face (0; 11k, Vit1,j4+ 1k Vit1,j+1k+1) (See also Table 4.3). Moreover, since
T3 shares the two edges (03 i1,k Vig1,jk) and (V7 i1k, Vig1 j1k41) With the
tetrahedra T! and T?, respectively, the B-coefficients of s associated with
the domain points in the two tubes ElT *((vij+100ip1,jk)) and
ElT ({0 j 11k, Vit1,j+1k+1)) are already uniquely and stably determined. The
B-coefficients associated with the domain points in D1 (v;;1,414) N T® can

be uniquely and stably determined from the values {ZK}KE DT (0411 L

Therefore, the remaining undetermined B-coefficients corresponding to
domain points on the edges of T° are uniquely and stably determined
from these values and the already determined B-coefficients on these edges
by solving three univariate interpolation problems, since s restricted to
each of three edges at v; 11 is just a univariate spline. Then, using
the C! smoothness conditions at Viy1,j+1k the remaining undetermined
B-coefficients corresponding to domain points in D1 (v;;1,j41,4) N T3 can be
uniquely and stably determined (T° has been subjected to a partial Worsey-
Farin split, thus there are three subtetrahedra sharing v; 1 ;1) Then, the
spline s restricted to the two faces Fy := (v;11jx, Vit 1,j4+1k Vit 1,j+1k+1) and
F = <vi,]- 11k, 0 H,]-,k,viﬂ,jH,kH) of T? is considered. Following Lemma
2.42 for n = 3 and Lemma 2.45, the remaining undetermined B-coefficients
of s|f, and s|f, can be uniquely and stably determined from the values at
the two interpolation points vf, and vf,, respectively. Then, all B-coeffi-
cients of s corresponding to the domain points in the minimal determining
set ./\/l% from Theorem 3.3 are determined. Thus, all other B-coefficients of
s| s can be uniquely and stably computed from those already determined.
Moreover, the computation of the B-coefficients of s|7s is local, since they
only depend on the values {z} ez, (m1uT2073)-
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Since the B-coefficients of s|7s are uniquely computed, all undetermined
B-coefficients of s corresponding to domain points within a distance of one
from the edges and vertices of T° can be uniquely and stably determined
using the C! smoothness conditions at the edges and vertices of T°. The
computation of these B-coefficients is also local, since they only depend on
the values corresponding to the interpolation points in £4 N (T* U T2 U T3).

Now, the spline s restricted to the tetrahedron T* is considered. Follow-
ing Algorithm 4.8, T* has been subjected to a first order partial Worsey-
Farin split, where the face (v;;x 11,91,k 0it1j+1k+1) has been refined
with a Clough-Tocher split. Since T* shares the edges (Vi k11, Vit1,j k)
(Vi k11, Vi1, j+1k41), and (Vig1jk Vis1j41k+1) With the tetrahedra T, T?,
and T3, respectively, the B-coefficients of s| 4 corresponding to the domain
points in (E1((@ijk1,0ig1,ik)) U E1({0ijks1, 0ig1,ja141) )U
E1((0i41,j s Vit1,+1,k+1))) N T* are already uniquely and stably determined.
From the values corresponding to the four interpolation points in the disk
DT 4(vi+1,j,k+1), the B-coefficients corresponding to the domain points in
D1 (vi41,j414) N T* can be uniquely and stably determined. Therefore, three
univariate interpolation problems have to be solved first, and afterwards
the C! smoothness conditions at Viy1,jk+1 have to be used. These univari-

ate interpolation problems correspond to the three edges of T* containing
Viy1,k+1 and can be uniquely and stably solved. Since T* has been sub-
jected to a partial Worsey-Farin split, the C! smoothness conditions have
to be used in order to computed the last undetermined B-coefficients of
D1(0i41,j41) N T* associated with the domain point on the interior edge in
T* with a distance of one from the vertex Viy1,jk+1- This B-coefficient is also
uniquely and stably determined. Now, all B-coefficients of s corresponding
to the minimal determining set M} from Theorem 3.3 for the tetrahedron
T* are determined. Thus, all remaining undetermined B-coefficients of s| 4
can be uniquely and stably computed. It is easy to see, that the compu-
tation of the B-coefficients of s|4 is local, since they only depend on the
values associated with the interpolation pointsin £, N (T UT> U T3 U T#).

Now, since s|74 is uniquely determined, the remaining unknown B-coef-
ficients of s corresponding to domain points within a distance of one from
the edges and vertices of T# can be uniquely and stably determined using
the C! smoothness conditions. The computation of these B-coefficients is
local, since they only depend on the values associated with the interpola-
tion points £4 N (TP UT>U T3 U T?).
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Now, s restricted to T°, the last tetrahedron in Qi j k is examined. Follow-
ing Algorithm 4.8 T° has been subjected to a fourth order partial Worsey-
Farin split, also just called Worsey-Farin split. From the construction of the
type-4 partition it can be seen that T° shares exactly one common face with
each of the tetrahedra T!,T?,T3, and T* (see also Notation 4.6 and Figure
4.5). Since T° is subjected to a fourth order partial Worsey-Farin split, each
face of T° is divided with a Clough-Tocher split. Though at this time only
the corresponding faces in the tetrahedra T3 and T* are split. The two faces
of T° which are in common with T' and T? are not split in these tetrahedra.
Thus, since the spline s restricted to these two tetrahedra is already known,
the de Casteljau algorithm can be used to subdivide the spline on these
tetrahedra with a first order partial Worsey-Farin split. Then, using the C!
smoothness conditions at the faces of T°, all B-coefficients of s|;s within a
distance of one from the faces of T° can be uniquely and stably determined.
Therefore, all B-coefficients corresponding to the minimal determining set
M} from Theorem 3.3 for the tetrahedron T° are uniquely and stably de-
termined. Then, all other B-coefficients of s|s can be uniquely and stably
computed from smoothness conditions. The computation of the B-coef-
ficients of s restricted to T° is local, since the B-coefficients of s|;s only
depend on the values {zy },c r,n (1120 r3UT4) (in Algorithm 4.8 no interpo-

lation points are chosen in T°).

Now;, the spline s is uniquely and stably determined on all cubes in class
Ko. Since the B-coefficients of s corresponding to the domain points in the
disks with radius one around the vertices of each cube in class Iy are also
already determined, and since each vertex of ¢ is a vertex of a cube in class
Ko (cf. statement (v) in Lemma 4.1), s is already uniquely and stably deter-
mined on all edges of Aj. Thus, to compute the remaining undetermined
B-coefficients of s, it suffices to consider the faces of the tetrahedra in A4.

Step 2: s{ic,uK,uk,

Now, s restricted to the tetrahedra in the cubes in class K1, Ky, and K3
is considered. The computation of the B-coefficients of s on these cubes
is quite similar to the way the B-coefficients of s restricted to the cubes in
class Ky are determined. The spline is first considered on the cubes in class
KC1, then on those in class K, and at last on those in class K3. Following
statement (i) in Lemma 4.1, two cubes in class K;, i = 1,2,3, are disjoint.
Thus, it is possible to determine s in the same way on each of the cubes in
class Kj, i =1,2,3, respectively. Moreover, since s is already uniquely and
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stably determined on the edges of A}, it suffices to examine the faces of the
tetrahedra in the cubes in class K, Ky, and K3, which can be performed
in the same way for each of these classes. Therefore, let Q; ; x be a cube in

one of the classes K, K, or K3 and let T! := Ti’j v [ =1,...,5, be the five
tetrahedra in @i,]-/k (cf. Notation 4.6).

N First, s is determined on the tetrahedron T!. Therefore, for each face F of
T four distinct cases have to be considered:

Case 1: The face F has no marked edges at the time it is considered in Al-
gorithm 4.8. Then the point v; is contained in the set L4, and thus,
following Lemma 2.42 for n = 3, the remaining undetermined B-co-
efficients of s|z can be uniquely and stably determined.

Case 2: The face F has exactly one marked edge at the time it is consid-
ered in Algorithm 4.8. Then the B-coefficients of s|z corresponding

to the domain points within a distance of one from the vertices of F
and within a distance of one from the marked edge of F are already
uniquely and stably determined by C! smoothness conditions, and
thus s|z is determined.

Case 3: The face F has exactly two marked edges at the time it is consid-
ered in Algorithm 4.8. Then F has been subjected to a Clough-Tocher
split, and the B-coefficients of s|z corresponding to the domain points
within a distance of one from the vertices of F and within a distance
of one from the two marked edges of F are already uniquely and sta-
bly determined by C' smoothness conditions. Moreover, the set £4
contains the split point vz of F. Thus, following Lemma 2.45, the
remaining undetermined B-coefficients of s|z can be uniquely and
stably determined.

Case 4: The face F has exactly three marked edges at the time it is con-
sidered in Algorithm 4.8. In this situation, the triangle F has been
subjected to a Clough-Tocher split, and the B-coefficients of s|z cor-
responding to the domain points within a distance of one from the
vertices of F and within a distance of one from the edges of F are al-
ready uniquely and stably determined by C! smoothness conditions.
Then, the remaining B-coefficients of sz can be uniquely and stably
determined from the C! smoothness conditions across the interior
edges of Fcr (cf. Theorem 6.6 and [6, 59]).

If none of the faces of T! are refined with a Clough-Tocher split, the tetrahe-
dron T! is not divided with partial Worsey-Farin split. Thus s| 71 is already
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uniquely and stably determined. In case a total number of 71 > 0 faces of T'
are refined with a Clough-Tocher split, the tetrahedron T! is subjected to
an m-th order partial Worsey-Farin split. Then, following Theorem 3.3, the
remaining undetermined B-coefficients of s|7, can be uniquely and stably
computed from those already determined by using smoothness conditions,
since all B-coefficients of s|3 corresponding to the minimal determining
set M}, from Theorem 3.3 are known already.

The computation of the B-coefficients of s| 7118 local, since s| 7118 uniquely
determined by the values {z}, L0 and the B-coefficients of s restricted

to the at most three cubes in class Ky sharing common vertices with T"
and the at most three cubes in the classes K, ..., ; sharing a common
edge with T', with T' C Qijk € K (cf. Lemma 4.1 and Figures 4.3, 4.1,

and 4.2). Thus, if Q; ; ik is a cube in class Ky, the B-coefficients of s|71 only
depend on the values associated with the interpolation points of the set
L4 in the tetrahedron T! and in the three cubes QZ 1,j—1ks Qz+1 j—Lks and
Qz—l,]+1,kr within a distance of one from Ql,],k. For the case T' C Qz,],k e,
is in the interior of ¢, the spline s restricted to the tetrahedron T* depends
on the values at the interpolation points of the set £, contained in the tetra-
hedron T! and in six cubes in lower classes within a distance of two from
Q; i ke I T c Qi ik € K lies on the boundary of A} the spline s|z only
depends on the values corresponding to the mterpolatlon points of the
set £, contained in the tetrahedron T' and in the three cubes Q, Lik—1
Ql,l,],kﬂ, and Qt+1,],k71/ within a distance of one from lek. For the case
that T* @i,]-,k € K3 is in the interior of ¢, the B-coefficients of s|5 de-
pend on the values corresponding to the interpolation points of the set £4
contained in the tetrahedron T' and in 18 cubes in lower classes within a
distance of three from Qi,j,k- IfT! C Qi,j,k € K3 is on the boundary of A}
our near the boundary, the spline s| is influenced by less interpolation
points, depending on the distance to the boundary of A}.

Restricted to the tetrahedra T', [ = 2,3,4, the spline s can be determined
in the same way as on the tetrahedron T!. Thens \ 1, [=2,3,4, also depends
on the values of the interpolation points in £4 contained in the tetrahedra
T,..., T and the B-coefficients of s restricted to the other cubes in lower
classes touching Q; j x. Thus, if Q; ; x is a cube in class K1, the B-coefficients
of |71, 74 depend on the values associated with the interpolatign points
of L4 in the four cubes in class Ky with a distance of one from Q; ;. For

the case that @i,j,k € K, is the interior of ¢, the spline s| 71, 74+ depends on
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the values corresponding to the interpolation points of £, in the 16 cubes
in class Ky and Ky within a distance of two from @i,j,k. If Q,»,j,k is a cube
in class K3 in the interior of ¢, the B-coefficients of S‘Tlu...uﬂ depend on
the values of the interpolation points of £4 in 40 cubes in the classes Ky, K1,
and /C, within a distance of three from Qvi,j,k. If Qi,j,k is a cube on or near the
boundary of ¢, then the spline s|z, 74 is influenced by values associated
with interpolation points in less cubes.

As the last tetrahedron in Qi,j,kr the spline s is determined on T5. Fol-

lowing Algorithm 4.8, the tetrahedron T° has been subjected to a fourth
order partial Worsey-Farin split. Moreover, T> shares exactly one trian-
gular face with each of the tetrahedra T, T2, T3, and T%. The tetrahe-
dra T° and T* have already been refined with a partial Worsey-Farin split,
such that the common face with T° is also subjected to a Clough-Tocher
split. In the tetrahedra T! and T2, these faces have not been subjected to a
Clough-Tocher split yet. Thus, the spline s restricted to the two tetrahedra
T! and T? has to be subdivided with a partial Worsey-Farin split using the
de Casteljau algorithm, such that these faces are refined with a Clough-
Tocher split. Then, all B-coefficients of 5|75 corresponding to the domain
points within a distance of one from the faces of T° can be uniquely and
stably determined using the C! smoothness conditions. Thus, also all B-
coefficients of the minimal determining set M} from Theorem 3.3 for this
tetrahedron are determined and the remaining B-coefficients of 5|55 can be
uniquely and stably determined as shown in the proof of Theorem 3.3. The
computation of these B-coefficients of s is local, since s|7 depends on the
same values of interpolation points as the other four tetrahedra in the cube

Qi jk-

Step 3: 5|,
Finally, s is determined on the cubes in class K4. Here, it also suffices to
consider the triangular faces of the tetrahedra contained in the cubes in
class K4 (cf. statement (v) in Lemma 4.1). Therefore, the spline s can be
determined on the cubes in class /4 in a similar way as on the cubes in
the classes considered previously. Let QAi’j’k be a cube in class K4 and let
7= Ai/]-,k, I=1,...,5, be the five tetrahedra in Qi/j,k (cf. Notation 4.6).
First, the faces of T1 are examined in order to determine s 1. In contrast
to the way S|T1 is determined in the cubes in class K1, 5, and K3 in the
previous step, only three cases have to be distinguished here for each face
Fof Tt




4.4 Lagrange interpolation with S3 (A}) 151

Case 1: The face F has exactly one marked edge at the time it is consid-
ered in Algorithm 4.8. Then, by the C! smoothness conditions, the
B-coefficients of s|p corresponding to the domain points within a dis-
tance of one from the vertices of F and within a distance of one from
the marked edge of F are already uniquely and stably determined.
Therefore, s pis determined.

Case 2: The face F has exactly two marked edges at the time it is consid-
ered in Algorithm 4.8. In this case £ has been subjected to a Clough-
Tocher split, and the B-coefficients of s|; corresponding to the do-
main points within a distance of one from the vertices of F and within
a distance of one from the two marked edges of F are already uniquely
and stably determined by C! smoothness conditions. Furthermore,
the split point vz of F is contained in the set £, of interpolation
points. Therefore, by Lemma 2.45, the remaining undetermined B-
coefficients of s|; can be uniquely and stably determined.

Case 3: The face £ has exactly three marked edges at the time it is con-
sidered in Algorithm 4.8. Then, F has been subjected to a Clough-
Tocher split. If T! has a neighboring tetrahedron sharing the face F,
on which the spline s is already uniquely determined, the de Castel-
jau algorithm can be used to subdivide the spline on this tetrahedron
with a partial Worsey-Farin split, such that F is also refined with a
Clough-Tocher split in this tetrahedron. In this case all B-coefficients
of s|p are already uniquely and stably determined. If there is no such
neighboring tetrahedron sharing the face F with T, the B-coefficients
of s|z corresponding to the domain points within a distance of one
from the vertices of F and within a distance of one from the edges of
F are already uniquely and stably determined by C! smoothness con-
ditions. Thus, the remaining undetermined B-coefficients of s|; can
be uniquely and stably computed by the C! smoothness conditions
across the interior edges of Ecr (cf. Theorem 6.6 and [6, 59]).

Note that for the case that Qi,j,k lies in the interior of < the tetrahedron T*
shares common faces with exactly three tetrahedra on which the spline s is
already uniquely determined. Thus, the spline s can be determined in the
way described in case three on all four faces of T".

Since at least one face of T" is refined with a Clough-Tocher split, let m be
the number faces of T! that are refined with a Clough-Tocher split. It can
easily be seen that m > 1, see Table 4.3. Then, the tetrahedron T has been
subjected to an m-th order partial Worsey-Farin split and the remaining
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undetermined B-coefficients of s can be uniquely and stably determined
by smoothness conditions in the way described in the proof of Theorem 3.3,
since already all B-coefficients corresponding to the minimal determining
set M}, from Theorem 3.3 are uniquely determined.

The computation of the B-coefficients of s|+: is local, since the spline s
is uniquely determined by the values corresponding to the interpolation
points of £4 contained in T' and the B-coefficients of s restricted to the
two cubes in class Ky, sharing a common vertex and a common face with
71, respectively, and the at most two cubes in class K;, [ =1,2,3, sharing
a common edge or face with T! (cf. Lemma 4.1 and Figures 4.1, 4.2, and
4.3). Note that the spline s|;1 does not depend on the B-coefficients of s
restricted to other cubes in class [’y sharing an edge with Tl, since there
are always two other cubes in the classes Ky, ..., K3 sharing the same edge
with T (cf. statement (iv) in Lemma 4.1 and Figure 4.4).

The spline s on the tetrahedra T!, 1=2,...,5, can be determined in the
same way as on the tetrahedron T1. Then, S|T1, I=2,...,5, also depends
on the values of the interpolation points in £4 contained in the tetrahedra
T1,...,T! and the B-coefficients of s restricted to the cubes in the classes
Ko, ..., K3 touching QAi,]'/k. Note that no interpolation points have to be cho-

sen in Qi,j,k in case the cube is situated in the interior of ¢. Now, for the
case that the indices 7 and j of Qz’,j,k are even and k is odd, the spline s re-

stricted to QAZ-,]-,k depends on the values of the interpolation points of £4 in
at most 52 cubes in lower classes contained in the collection of 5 X 9 x 3
cubes, where Q;  is in the center of this collection. In case that the indices

i and k of Q,- jk are even and j is odd, s Oiix is influenced by the values of
o i

the interpolation points of £, in at most 62 cubes in lower classes contained

in the set of 5 x 7 x 5 cubes, where Q; x is the cube in the middle of this

set. For the case that the two indices j and k of the cube Qi,j,k are even and

the index i is odd, the spline s 0, Can be determined from the values of
i,

the interpolation points of £4 in at most 24 cubes in lower classes, which
are contained in the cuboid formed by 3 x 5 x 5 cubes, where Qi,j,k is in
the center of the cuboid. In the last case, where all three indices of the cube
Qi,/-,k are odd, the spline s restricted to QAl-,j/k depends on the values of the
interpolation points of £4 in at most 56 cubes in lower classes contained in
the collection of 7 x 7 x 3 cubes, where Qi,j/k is in the center of this collec-

tion of cubes. Note that, if QAZ-,]-,k is a cube on or near the boundary of ¢ the
spline s|5 . is influenced by less cubes in lower classes. ]
i,
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Theorem 4.10:

Let £4 and A} be the set of points and the refined tetrahedral partition of a
type-4 partition based on ¢ obtained by Algorithm 4.8, respectively. Then
the set Ny := {€x }xer, is alocal and stable nodal minimal determining set
for SH(A}).

Proof:

The proof of Theorem 4.9 shows that each spline s € S3(A}) is uniquely
and stably determined by the values s(x), k € L4. Since €, denotes the
point-evaluation at x, these values are given by Ny. Moreover, following
the proof of Theorem 4.9, it can be seen that Ny is a local nodal minimal
determining set. o

Remark 4.11:

Since the set £,4 of interpolation points, defined in section 4.3, only contains
domain points, it is easy to see from the proof of Theorem 4.9 that £, is also
a minimal determining set (cf. subsection 2.3.5).

Remark 4.12:

Note that for cubes in the interior of a cube partition ¢ there are only eight
different ways a spline s € S1(A}) on this cube is determined, according
to the class this cube is in. Moreover, since only smaller linear systems
are needed to determine s on each individual tetrahedron in a cube, the
computation of a spline s € S1(A}) can be done quite fast.

4.5 Bounds on the error of the interpolant

In his section, the error ||f — Zf]| of a smooth function f and the corre-
sponding interpolant Z f, constructed in this chapter, is considered, where
the error is measured in the maximum norm on (). Therefore, let £4 be
the Lagrange interpolation set for the spline space Si(A}) constructed in
section 4.3. Then, for each function f € C(Q)) there is a unique spline
If € Si(A}), with

Zf(x)=f(x), YK€ Ly (4.1)

Therefore, a linear projector Z mapping C(Q)) onto S} (A}) is defined. Now,
for a compact set B C () and an integer m > 1, let WZ(B) be the Sobolev
space defined on the set B and let
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|f|m,B = Z ”DafHBr
la|=m

where || - ||p denotes the maximum norm on B and D* is defined as D* :=
DY' Dy DZ® for a = (a1,a2,43). Moreover, let |A}| be the mesh size of A},
i.e. the maximum diameter of the tetrahedra in Aj}.

Theorem 4.13:
Foreach f € w1 (Q), 0 < m < 3, there exists an absolute constant K, such
that

ID(f = Zf)la < KIAG" | fluin,0 (42)

holds for all tuples a with 0 < |a| < m.

Proof:

Fix m, and let f € WO’QH for some 0 < m < 3. Moreover, let T be a tetra-
hedron in A} in a cube Q and let QO be the set of tetrahedra contained in
the collection of 7 x 9 x 5 cubes, where Q is in the center of (7. Following
Lemma 4.3.8 of [19], a cubic polynomial p exists such that

IDE(f = p)llay < KalQr|" Pl fl00,, (4.3)

for all 0 < |B| < m, where |Qr| denotes the diameter of Qr and Kj is an
absolute constant. Since Zp = p, it follows that

ID*(f =ZAH)llr <ID*(f = p)llr + ID*Z(f = p)lI-

Following equation (4.3) for B = «, it suffices to estimate the second term
ID*Z(f — p)|lr- In the proof of Theorem 4.9 it is shown, that the con-
structed Lagrange interpolation method is stable in the sense that

cs| <K z
|cel < z){g'g;l |

holds for each B-coefficients c¢ of a spline s € Si(A}), with an absolute
constant K5. Thus, also

IZfllr < K3l fllor (4.4)
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holds, with an absolute constant K3. Then, by the Markov inequality, see
[102], and (4.4)

ID*Z(f = p)lIr < Ka|TI"*NZ(f = )l < Ks|TI7*V £ = pllasy.

where |T| is the diameter of T.

Now, due to the geometry of the partition considered here, two absolute
constants exist, with |Qr| < Kg|T|and |T| < Ky7|Aj|. With these estimations
and by using (4.3) with B = 0 to estimate ||(f — p)|la,.

ID*(f = Z)Ir < Ks|Qr ™1 00,

follows. Then, taking the maximum over all tetrahedra in A} leads to the
estimation (4.2). O

Remark 4.14:

Following Theorem 4.13, it can be seen that the Lagrange interpolation
method constructed in this chapter yields optimal approximation order of
four (cf. subsection 2.4.3).

4.6 Numerical tests and visualizations

In this section, the local Lagrange interpolation method constructed in this
chapter is illustrated. Therefore, the Marschner-Lobb test function

—sin(73) + (/X2 + 12
p(r,y,2) = (ﬂz)+2(§1++af)? (V2 +9%))

with p;, := cos(27 farcos(7t%)), where fjy = 6 and & = 0.25, is used (cf. [65]).
The function is interpolated on Q = [[-0.1, 0.9],[—0.1, 0.9],[—0.6, 0.4]].

4.6.1 Numerical tests

In this subsection, numerical tests for the Lagrange interpolation method
constructed in this chapter are considered. Table 4.4 shows the results of
the error for the interpolation on the increasingly refined domain (). The
error of the interpolation with a spline s € S1(A}) is computed at 8 points
per edge, 36 points per subface and 56 points per subtetrahedron. Thereby,
n denotes the number of cubes, the dimension of the spline space is shown
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in the column headed by “dim”, the error of interpolation on the edges
is shown in the column headed by ”“Errorg”, the error on the faces is de-
noted by “Errorr”, the error in the interior of the tetrahedra with “Errorr”
and the decay exponent is shown in the column headed by “decay”. The
tests confirm the results shown in the previous section, that the Lagrange

interpolation method yields optimal approximation order.

’ n dim Errorg Errorr Errorr \ decay ‘
128% || 1.70-107 | 4.84-107> | 2.08-107% | 2.31-107*% -
2565 || 1.35-10% | 3.07-107° | 1.11-10™> | 1.27-10> | 4.19
5123 || 1.08-10° | 1.88-10"7 | 6.02-10"7 | 6.95-107 | 4.19
10243 || 8.61-10° | 1.18-107% | 324-107% | 359.10°8 | 4.27
2048° || 6.88-10' | 7.36-10"19 | 2.01-1077 | 225-10~° | 3.99
4096° || 550-10' | 4.43-10"1 | 1.23-10719 | 1.41-10710 | 4.00

Table 4.4: Numerical tests for interpolation with S}(A}).

Next, the errors of the interpolation obtained by the Lagrange interpo-
lation method constructed in this chapter with exact values is compared
to the errors of interpolation with a spline constructed from data of linear
splines. Therefore, three different splines have to be considered: A spline
s € S3(A}) constructed from exact data of the Marschner-Lobb function at
all interpolation points; A linear spline 5y, € SY(A4) using only data at the
vertices of the cubes in ¢; A spline 5 € S1(A}) interpolating the Marschner-
Lobb test function only at the vertices of the cubes in ¢, the remaining
interpolation points are obtained from the linear spline sj;,. Thereby, the
linear spline is constructed on a cube partition that has been refined into
much more cubes, in order to achieve a quite similar error for the two cu-
bic splines in the end. The data from the linear spline are then used to
construct a spline 5 € S}(A}) on the same partition as the spline s. In Ta-
ble 4.5 the number of cubes for the cubic splines is denoted by n and the
number of cubes for the linear spline with N.

It can be seen that much more cubes are needed in order to achieve a
similar accuracy with linear splines as with the cubic splines used here.
Though it can also be seen that the cubic spline constructed with the linear
data has an accuracy similar to the one of the cubic spline with exact data
values. The results show that by using the cubic C! splines constructed
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’ n ‘ Error s H N Error 55, H n ‘ Errors

256° | 1,27-107° || 5632° | 2,72-107° || 256° | 3,57-10"°
360° | 3,86-107¢ || 10080° | 8,39-10~7 || 360° | 4,15-107°
5123 | 6,95-1077 || 225283 | 1,67-107 || 5123 | 7,98 -10~7

Table 4.5: Comparison with linear splines and splines from linear data.

in this chapter compared to spaces of linear splines which yield approx-
imately the same errors, a data reduction up to the factor of 10° can be
gained. Therefore, see Table 4.6, where again # is the number of cubes for
the cubic splines and N the number of cubes for the linear splines, respec-
tively. In this table, also the quotient of the dimension of the linear spline
and the cubic spline is listed.

n dimension cubic N dimension linear || quotient
spline spline
2563 135 399 430 16003 4 096 000 000 30,25
360° 375 583 686 4600° 97 336 000 000 259,16
5123 1078 464 518 10800° | 1259 712 000 000 || 1 168,06

Table 4.6: Data reduction for linear splines.

4.6.2 Visualizations

In the following, the applications of the Lagrange interpolation method
to the Marschner-Lobb test function are illustrated. Therefore, isosurfaces
of the Marschner-Lobb function with a value of 0.5 are visualized with
a cubic spline on a partition ¢ consisting of 150 x 150 x 150 and 200 x
200 x 200 cubes (see Figures 4.9 (left) and 4.10 (left)). In order to show the
smoothness of the interpolant in detail, enlargements of smaller sections
of the isosurfaces are illustrated (see Figures 4.9 (right) and 4.10 (right)).
In Figures 4.11 and 4.12 the error of the interpolation is shown. Thereby,
a correct value is shown in green and the error is marked red, where the
intensity of the red color shows the corresponding inaccuracy at this point.
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Figure 4.9: Isosurface with value 0.5 of the Marschner-Lobb test function
and enlarged section with 150 x 150 x 150 cubes.

Figure 4.10: Isosurface with value 0.5 of the Marschner-Lobb test function
and enlarged section with 200 x 200 x 200 cubes.
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e

Figure 4.11: Visualization of the error of the interpolant for the isosurface
with value 0.5 of the Marschner-Lobb test function and en-
larged section with 150 x 150 x 150 cubes.

e

Figure 4.12: Visualization of the error of the interpolant for the isosurface
with value 0.5 of the Marschner-Lobb test function and en-
larged section with 200 x 200 x 200 cubes.
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5 Local Lagrange Interpolation with C>
splines of degree nine on arbitrary
tetrahedral partitions

In this chapter, we construct a local Lagrange interpolation method for
trivariate C? splines of degree nine on arbitrary tetrahedral partitions. In
section 5.1, we consider a decomposition of a tetrahedral partition, which
forms a basis for the construction of the Lagrange interpolation method in
this chapter. In the next section, we construct a refined tetrahedral partition
according to the decomposition obtained in the previous section. More-
over, the spline space used for the Lagrange interpolation in this chapter,
which is endowed with several additional smoothness conditions, is de-
fined. In section 5.3, the Lagrange interpolation with the spline space and
the refined partition constructed in section 5.2 is investigated. Thereby, we
show that the interpolation is 11-local and stable. We also give a nodal
minimal determining set for the spline space. Finally, in section 5.4, we
prove that the Lagrange interpolation method constructed in this chapter
yields optimal approximation order.

5.1 Decomposition of tetrahedral partitions

In this section we describe an algorithm which can be used to decompose
an arbitrary tetrahedral partition A into classes of tetrahedra. The algo-
rithm is based on considering the vertices, edges, and faces of A in order to
classify the different tetrahedra. It also imposes an order for the tetrahedra
in A, which will be used in the following sections, together with the classi-
fication, in order to define the Lagrange interpolation method considered
in this chapter.

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 5,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012



162 5 Local Lagrange interpolation with S3(A*)

Algorithm 5.1:

1. Fori=0,...4, repeat until no longer possible:
Choose a tetrahedron T which has exactly i common vertices with
the tetrahedra chosen earlier, but no edges or faces. Put T in class A;.

2. Fori=1,...6,forj=2,...,4, repeat until no longer possible:
Choose a tetrahedron T which has exactly i common edges and a
total number of exactly j common vertices with the tetrahedra chosen
earlier, but no faces. Put T in class B, ;.

3. Fori=1,...4,for j=3,...,6, for k = 3,4, repeat until no longer pos-
sible:
Choose a tetrahedron T which has exactly i common faces, a total
number of exactly j common edges and exactly k common vertices
with the tetrahedra chosen earlier. Put T in class C; j k.

This algorithm decomposes the partition A into 24 classes. Moreover, it
produces an order Tj,..., T, of the tetrahedra in A. Note that for a given
tetrahedral partition, the algorithm does not produce a unique decomposi-
tion, since at each step there are various choices of the first tetrahedron to
consider.

Next, we consider the relations between the tetrahedra in the 24 different
classes. Therefore, we need the following notation. If a tetrahedron T; €
{Ty,..., Ty} shares I common edges with the tetrahedra Tj,...,T;_1, then
we call the edge e; the first common edge if T; shares ¢ with a tetrahedron
T;, such that T; does not share a common edge with a tetrahedron Ty, with
k < j. In the same way we denote the second common edge of T; and so
on. The notation is analogue for common faces.

Lemma 5.2:
(i) Any two tetrahedra in class A are disjoint.

(ii) Any two tetrahedra sharing a common face must be in different classes.

(iii) The tetrahedra in class Ci,j,k/ i=1,..,4 j=3,...,6, k=3,4, must
share the first common face F with a tetrahedron in Ay U... U A4 U
BipU...U Bj,k-

(iv) The tetrahedra in class Cl-,]-,4, i=2,...,4, j = 5,6, must share the sec-
ond common face F with a tetrahedronin 4y U...U Ay UB1,U... U
B6,4 U 61,3,3 Uu...u Ci—l,j,4-
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(v) If two tetrahedra in the same class share a common edge e, then ¢
must also be an edge of a tetrahedron in a class considered earlier.

(vi) The tetrahedra in class Bl-,j, i=1,...,6, j=2,3,4, must share the first
common edge e with a tetrahedron in Ag U ... U A;.

(vii) The tetrahedra in class Bi,j, i=2,...,6, j = 3,4, must share the second
common edge e with a tetrahedronin AgU...U Ay U B, U...UBy ;.

(viii) The tetrahedra in class Bi,j, i=3,...,6, j = 3,4, must share the third
common edge e with a tetrahedronin AgU...U Ay U B, U...UB, ;.

(ix) If two tetrahedra in the same class share a common vertex v, then v
must also be a vertex of a tetrahedron in a class considered earlier.

Proof:
The first assertion is obvious, since the tetrahedra in class Ay have no com-
mon vertices, edges or faces at the time they are chosen.

Next, we establish (ii). The claim is obvious for the classes A;, i =0,...,4
and B,',j, i=1,...6,j =2,...,4, since the tetrahedra in these classes only
have common vertices or edges with those chosen earlier. Thus, the tetra-
hedra cannot have common faces with a tetrahedron chosen earlier. To
check (ii) for the remaining classes, suppose T and T are two tetrahedra
in the same class C; jx sharing a common face, and that T was chosen be-

fore T. Then, before T was chosen, T would have had exactly i — 1 common
faces with the tetrahedra chosen earlier. Thus, for i = 1, T would have been
assigned to one of the classes A;, i =0,...,4, or B,-,]-, i=1,...6j=2,..,4,
according to the number of common edges and vertices of T with tetrahe-
dra chosen earlier. For i > 1, T would have been assigned to one of the
classes Ci—l,j,k/ j=3,...,6, k =3,4, according to the number of common
edges and vertices of T with tetrahedra chosen earlier.

Subsequently, we prove statement (iii). Let T € Cl-,]-,k, i=1,...,4 j=
3,...,6, k= 3,4, and let T be the first tetrahedron, according to the order
imposed by Algorithm 5.1, sharing the first common face F with T. Then
let T be in one of the Clas~seS g, .. .,CN, where B is the class considered im-
mediately after B;x and C is the class considered immediately before C; ; x
in Algorithm 5.1. Then, before T was chosen, the tetrahedron T would
have had at most j common edges and k common vertices with the tetra-

hedra chosen earlier. Thus, T would have been put in one of the classes
./40, .. .,.,44,61,2,. . 'rBj,k'



164 5 Local Lagrange interpolation with S3(A*)

Next, we establish statement (iv). Let T € Ci,]',4, i=2,...,4 j=5,6and
let T be the first tetrahedron, according to the order imposed by Algorithm
5.1, sharing the second common face F with T. Now, let T be in one of the
classes Cy,...,Cp, where C; is the class considered immediately after C; 14
and C, is the class considered immediately before Cija in Algorithm 5.1.

Then, before T was chosen, the tetrahedron T would have had exactly one
common face, at most j common edges and four common vertices with
the tetrahedra chosen earlier. Thus, T would have been put in one of the
classes C1,3,3 ce ,CZ‘_L]'A.

Now, we establish (v). Therefore, we only have to consider the classes
Bi,...,Capa, since the tetrahedra in the classes Ay, ..., A4 do not share any
edges with the tetrahedra chosen earlier. Suppose two or more tetrahedra
in the same class share a common edge ¢, and let T and T be the first and
second of those tetrahedra that were put in this class. First, let T and T be
in one of the classes Bi,]», i=1,...,6,and j =2,3,4. Now, if e is not also an
edge of a tetrahedron in one of the classes Ay, ..., A4, B12,...,B;1j, then

before T was chosen, T would have touched other tetrahedra chosen ear-
lier at exactly i — 1 edges. Thus, for i = 1, T would have been put in one
of the classes A]-,z,Aj,l, or .A]-, and for i > 1, T would have been put in
one of the classes B; 1 »,B; 1 1, or B;_1, according to the number of

common vertices with the other tetrahedra chosen earlier, since T can also
touch other tetrahedra at the two vertices of the edge e. Now, let T and T
be in one of the classes Ci,j/k, i=1,...,4 j=4,...,6,and k=3,4. Forj=3,
the assertion (v) is obvious, since two tetrahedra sharing a common face
must be in different classes (cf. (ii)). Then, if e is not also an edge of a tetra-
hedron in one of the classes Ay, ..., A4, Bip,...,Bg4,...,C133,-- .,Ci,j,llk, T
would have touched other tetrahedra chosen earlier at exactly i — 1 edges,
before T was chosen. Thus, T would have been put in one of the classes
Cij-1k-1,0r Cj 1 according to the number of common vertices with the
other tetrahedra chosen earlier.

Subsequently, we prove statement (vi). Let T € Bi/]-, i=1,...,6,]=234,
and let T be the first tetrahedron, according to the order imposed by Algo-
rithm 5.1, sharing the first common edge e with T. For j =2 let T be in
one of the classes Ajz or Ay. Then before T was chosen, T would have had
at most two common vertices with the tetrahedra chosen earlier. Thus, T
would have been put in one of the classes Ay, Aj, or Ay. For j =3 let T

be in one of the classes Ay, .. .,g, where B is the class considered imme-
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diately before B;3 in Algorithm 5.1. Then before T was chosen, T would
have had at most three common vertices with the tetrahedra chosen ear-
lier. Therefore, T would have been put in one of the classes Ay, A1, A;, or
As. For j =4 let T be in one of the classes Bio,.. .,g, where B is the class
considered immediately before B, 4 in Algorithm 5.1. Then before T was
chosen, T would have had at most four common vertices with the tetra-
hedra chosen earlier. Thus, T would have been put in one of the classes
A]', j=0,...,4

Next, we establish statement (vii). Let T € Bi,j, i=2,...,6,j=3,4,and let
T be the first tetrahedron, according to the order imposed by Algorithm 5.1,
sharing the second common edge e with T. For j =3 let Tbe in By 4U... U
B, where B is the class considered immediately before B;3 in Algorithm
5.1. Then before T was chosen, T would have had at most one common
edge and three common vertices with the tetrahedra chosen earlier. Thus,
T would have been put in one of the classes B » or By 3. For j =4 let Tbein
class BpzU...U B, where B is the class considered immediately before B; 4
in Algorithm 5.1. Then before T was put in one of the classes By 3, .. .,g,
the tetrahedron T would have had at most one common edge and four
common vertices with the tetrahedra chosen earlier. Thus, T would have
been put in one of the classes By 5, By 3, or By 4.

Now, we prove statement (viii). Let T € Bi,]-, i=3,...,6,j=23,4,and let T
be the first tetrahedron, according to the order imposed by Algorithm 5.1,
sharing the third common edge e with T. For j =3let T bein By4U...U B,
where B is the class considered immediately before B; 3 in Algorithm 5.1.
Then before T was put in one of the classes B; 4, .. .,g, the tetrahedron T
would have had at most two common edges and three common vertices
with the tetrahedra chosen earlier. Thus, T would have been put in class
By . For j=4let Tbein class B33 U... U BB, where B is the class considered
immediately before B; 4 in Algorithm 5.1. Then before T was chosen, the
tetrahedron T would have had at most two common edges and four com-
mon vertices with the tetrahedra chosen earlier. Thus, T would have been
put in one of the classes B, 3 or B; 4.

Finally, we prove (ix). Suppose two or more tetrahedra in the same class
touch at a vertex v, and let T and T be the first and second of those tetra-
hedra according to the order imposed by Algorithm 5.1. First, let T and T
be in one of the classes A;, i = 1,...,4, since the tetrahedra in class A are
disjoint they need not be considered here. Now, if v is not also a vertex of
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a tetrahedron in one of the classes Ay, ..., A;_q1, then before T was chosen,
T would have touched other tetrahedra chosen earlier at exactly i — 1 ver-
tices. Therefore, T would have been putin class A;_1. Next, let T and T be
in one of the classes Bi,j, i=1,...,6,and j = 3,4. For j = 2, (ix) is obvious,
since a tetrahedron B, » must share an edge with a tetrahedron in one of the
classes Ay, ..., Ay (cf. (v)) Now, if v is not also a vertex of a tetrahedron in
one of the classes Ay, ..., A4,B12,...,B;j 1, the tetrahedron T would have
touched other tetrahedra chosen earlier at exactly j — 1 vertices, before T
was chosen. Thus, T would have been putin class B;; 1. O

5.2 Construction of A* and S3(A*)

In this section we describe an algorithm to construct a refined tetrahedral
partition A* from an arbitrary partition A and we define our spline space
892 (A*), which is endowed with several additional smoothness conditions.
In the algorithm an arbitrary tetrahedral partition A is refined by splitting
some of the tetrahedra with partial Worsey-Farin splits (see Definition 2.8)
according to the number of common edges with tetrahedra considered ear-
lier. For the construction of the spline space S3(A*), which is used for the
Lagrange interpolation in section 5.3, we enforce some additional smooth-
ness conditions across some of the vertices, edges and faces of the refined
partition A*, in order to remove some unnecessary degrees of freedom, and
thus lower the dimension of the spline space and facilitate the correspond-
ing Lagrange interpolation set. These additional smoothness conditions
were already considered in section 3.2.

For our construction, the split points vr, used to create the Clough-Tocher
splits of the faces of A, must be chosen in the following way:

e if Fis a boundary face of A, choose vr to be the barycenter of F,

e if F is an interior face of A, choose vr to be the intersection of F with
the line connecting the incenters of the two tetrahedra sharing F.

Now, we are ready to describe the refinement algorithm, which proceeds
in two steps. In the first step we apply a Clough-Tocher split to some faces
of A according to the number of edges in common with tetrahedra consid-
ered earlier. Therefore, the tetrahedra are regarded in the order Ty,...,T;
imposed by Algorithm 5.1. In the second step we apply partial Worsey-
Farin splits to the tetrahedra of A that have one or more split faces.
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Algorithm 5.3:

1. Fori=1,...,n,if F is a face of T; that is not shared with any tetrahe-
dron T; with j <1, apply a Clough-Tocher split to F when either two
or three of the edges of F are in common with tetrahedra considered
earlier.

2. For each tetrahedron T € A, let m be the number of its faces that have
been divided with a Clough-Tocher split. If m > 0, apply an m-th
order partial Worsey-Farin split to T using its incenter.

The resulting tetrahedral partition is called A*.

The types of splits that may be applied to the tetrahedra in the different
classes are listed in table 5.1, where m-WF stands for the m-th order par-
tial Worsey-Farin split. Since the tetrahedra in the classes Ay, ..., A4 can
only have common vertices with the tetrahedra considered earlier, but no
edges or faces, and are therefore not split, they are omitted in this table.
The symbol ”-” indicates that the corresponding split is not applied to the
tetrahedra in the indicated class. The cases where a tetrahedron T; shares
an already split face with a tetrahedron Tj, j < i, are indicated with the
symbol “0”. The cases where a tetrahedron has no split face in common
with a tetrahedron considered earlier are identified with the symbol ”x”

In the following we will define the spline space S3(A*). Therefore, we
need some more notation. Let V be the set of vertices and £ the set of edges
of the initial tetrahedral partition A. Moreover, let V. be the set of incenters
of the tetrahedra in A that have been subjected to a partial Worsey-Farin
split in algorithm 5.3 and &; the set of edges connecting the incenter in
these tetrahedra with the split points on the subdivided faces.

Then let 55'3'4’7(A*) be the space of supersplines defined on A*, with

ST () = {s € S3(A) s € C3(e) foralle € &,
se€C’(e) foralle € &,
s € CHv) forallv eV,
seC’(v) forallv € Ve }.
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no split | 1-WF | 2-WF | 3-WF | 4-WF

Ci33
Ci34
Craa - - X

Ci54 - -
Cie4 - - -
Cosu - -
Cap4 - -
Capu - -
Capu - -

Q|0 |Q|[O|X|X|O
O|0|O0|O|O|O

O |0 X |X

Table 5.1: Possible splits for tetrahedra in the different classes.

We also need a special set of additional smoothness conditions:

Definition 5.4:
Let © be the set of additional smoothness conditions, such that for each
tetrahedron T € A in class

® B3 the corresponding additional smoothness conditions from the
spline space &3 (T}, ;) in Theorem 3.9 and those in Lemma 3.11

® B4, where T is refined with a first order partial Worsey-Farin split,
the corresponding additional smoothness conditions from the spline
space 83(T},r) in Theorem 3.9 and those in Lemma 3.10

® B33 the corresponding additional smoothness conditions from the
spline space SZ(T},z) in Theorem 3.4 and those in Lemma 3.8
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® B34, where T is refined with a

— first order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space S2 (T}, ;) in
Theorem 3.4 and those in Lemma 3.7

- second order partial Worsey-Farin split, the corresponding ad-
ditional smoothness conditions from the spline space S2(T% )
in Theorem 3.12 and those in Lemma 3.13

— third order partial Worsey-Farin split, the corresponding addi-

tional smoothness conditions from the spline space ggz(TSVF) in
Theorem 3.24 and those in Lemma 3.25

® By4, where T is refined with a

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space 83 (T3 5) in
Theorem 3.24 and those in Lemma 3.26

— fourth order partial Worsey-Farin split, the corresponding addi-

tional smoothness conditions from the spline space ggz(Tf}VF) in
Theorem 3.37 and those in Lemma 3.38

® Bs4 the corresponding additional smoothness conditions from the
spline space SZ (T} ;) in Theorem 3.37 and those in Lemma 3.39

® B4 the corresponding additional smoothness conditions from the
spline space SZ(Tj5) in Theorem 3.37 and those in Lemma 3.40

® (133, where T is refined with a first order partial Worsey-Farin split,
the corresponding additional smoothness conditions from the spline
space S3(T}, ) in Theorem 3.4 and those in Lemma 3.6

® (134, where T is refined with a first order partial Worsey-Farin split,
the corresponding additional smoothness conditions from the spline
space S3(T}z) in Theorem 3.4 and those in Lemma 3.5
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C1,44, where T is refined with a

- second order partial Worsey-Farin split, the corresponding ad-
ditional smoothness conditions from the spline space 35( T% )
in Theorem 3.12 and those in Lemma 3.15

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space ng(TS\,F) in
Theorem 3.29 and those in Lemma 3.30

C15,4, where T is refined with a

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space gg(TSVF) in
Theorem 3.24 and those in Lemma 3.27

— fourth order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space ng(Tf}\,F) in
Theorem 3.41 and those in Lemma 3.42

® (164, where T is refined with a

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space gg(TSVP) in
Theorem 3.24 and those in Lemma 3.28

— fourth order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space ng(Tf}\,F) in
Theorem 3.41 and those in Lemma 3.43

Ca 5,4, where T is refined with a

- second order partial Worsey-Farin split, the corresponding ad-
ditional smoothness conditions from the spline space S2( T% )
in Theorem 3.16 and those in Lemma 3.17

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space ng(TS\,F) in
Theorem 3.29 and those in Lemma 3.31

- fourth order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space S2(Tj ;) in
Theorem 3.44 and those in Lemma 3.45

® Cy 64, where T is refined with a

- second order partial Worsey-Farin split, the corresponding ad-
ditional smoothness conditions from the spline space S3(T4r)
in Theorem 3.18 and those in Lemma 3.19
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— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space 83 (Tjz) in
Theorem 3.29 and those in Lemma 3.32

— fourth order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space 83 (T, 5) in
Theorem 3.44 and those in Lemma 3.46

* (364, where T is refined with a

- second order partial Worsey-Farin split, the corresponding ad-
ditional smoothness conditions from the spline space 83 (T% )
in Theorem 3.20 and those in Lemma 3.21

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space S‘g(Tng) in
Theorem 3.33 and those in Lemma 3.34

— fourth order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions from the spline space 83 (T, z) in
Theorem 3.47 and those in Lemma 3.48

® C464, where T is refined with a
- second order partial Worsey-Farin split, the corresponding ad-
ditional smoothness conditions in Lemma 3.23

— third order partial Worsey-Farin split, the corresponding addi-
tional smoothness conditions in Lemma 3.36

- fourth order partial Worsey-Farin split, the corresponding addi-
tional smoothness in Lemma 3.50

are contained.
Now, we can define the spline space S3(A*).
Definition 5.5:

Let © be as in Definition 5.4. Then let S2(A*) be the subspace of splines in
53'3'4’7(A*) that satisfy the additional smoothness conditions in ©.
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5.3 Lagrange interpolation with SZ(A*)

In this section we construct an 11-local and stable Lagrange interpolation
set for the spline space S3(A*) constructed in the previous section. We go
through an arbitrary tetrahedral partition A in the order of the tetrahedra
imposed by Algorithm 5.1 and chose interpolation points according to the
number of common vertices, edges, and faces with the tetrahedra consid-
ered earlier. This order and especially the classification of the tetrahedra
in A is essential in order to get a local Lagrange interpolation set for the
spline space S2(A*) defined on the refined partition A*.

Algorithm 5.6:
Let T4,..., T, be the order of the tetrahedra in A obtained from Algorithm
51.Fori=1,...,n,

e if T; is not refined with a partial Worsey-Farin split, choose the points

2
Dro\ | U Diu U Eie)u U UF(F) |,

veVp ecEp FeFpj=0

where Vp,Ep, and Fp are the sets of common vertices, edges, and
faces of T; with the tetrahedra T3, ..., T;_1, respectively;

e if T; is refined with a partial Worsey-Farin split, choose the incenter
oT; of Ti'

¢ Choose all remaining vertices of A.

The set of points chosen in Algorithm 5.6 is denoted by L.
Now, we show that this set of points is a local and stable Lagrange inter-
polation set for the space S3(A*), as given in Definition 5.5.

Theorem 5.7:

Let A be an arbitrary tetrahedral partition and A* the refined partition ob-
tained from Algorithm 5.3. Moreover, let £ be the set of points chosen in
Algorithm 5.6. Then L is a 11-local and stable Lagrange interpolation set
for the spline space S2(A*), given in Definition 5.5.
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Proof:

In order to prove that £ is a 11-local and stable Lagrange interpolation
set for the spline space S3(A*), we set the values {zi}xc. to arbitrary
real numbers and show that all B-coefficients of a spline s € S3(A*) are
uniquely and stably determined. Moreover, we show that each B-coeffi-
cient cg, T € A, only depends on values {z }xer,, with I'e C (£ Nstar™(T)),
m < 11. Therefore, we go through the tetrahedra T3,..., T, of A in the or-
der imposed by Algorithm 5.1 and show how the corresponding B-coef-
ficients of s are determined according to the classes A;, B;;, and Chjir 1=
0,...,4,j=1,...,6, k=1,...,4. Thereby we assume for the tetrahedra in
some classes that they share specific vertices, edges, or faces with tetra-
hedra considered earlier. Though, it is insignificant which special vertex,
edge, or face of a tetrahedron is shared with the ones considered previ-
ously, as long as the choice results in the same partial Worsey-Farin split.
So the proof works analogue for any of these choices of common vertices,
edges, or faces.

First we consider the tetrahedron T := T;. Following Algorithm 5.1, this
tetrahedron is in class A, and thus the set £ contains the points Dt 9. In or-
der to compute the B-coefficients of s|r from the values {zy }xep,,, we have
to solve the linear system of equations corresponding to the interpolation

at the points Dt 9. The corresponding matrix is M 4, := (Bz’T(K)> ,
’ f,KEDTlg

which has a positive determinant and is therefore nonsingular. Moreover,
the B-coefficients ¢, for all domain points § € T only depend on the values
{zx brer,, withTe C (LN star’(T)), and (2.12) holds with C 4, := HM;l; [|. In
the same way s can be uniquely and stably determined on the other tetra-
hedra in class A, since by Lemma 5.2, any two tetrahedra in class Ag are
disjoint. Now, using the C? smoothness conditions at the faces F, the C3
supersmoothness conditions at the edges ¢, and the C* supersmoothness
conditions at the vertices v of the tetrahedra in class .4y, we can uniquely
and stably compute the remaining B-coefficients of s corresponding to the
domain points in the balls D4(v), the tubes Ez(e), and the domain points
in F;(F), i =0,1,2, respectively. Any of these B-coefficients corresponding
to a domain point ¢ in a tetrahedron T, sharing a vertex, an edge, or a face
with T, only depends on values {zx }rer,, with T¢ C (£ N star!(T)), and
(2.12) holds with a constant C A, depending on C 4, and the smallest solid
and faces angles in A.

Suppose we have uniquely and stably determined all B-coefficients of s
restricted to the tetrahedra T7,...,T;_1, and let T := T; € A;. By the defi-
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nition of class 4; in Algorithm 5.1 and following statement (ix) of Lemma
5.2, the tetrahedron T must share exactly one vertex v with a tetrahedron
in {Ty,...,T;_1} contained in class Ag. Thus, the B-coefficients of s|t as-
sociated with the domain points in D] (v) are already uniquely and sta-
bly determined. The B-coefficients corresponding to the remaining do-
main points in T are uniquely determined by interpolation at the points
(D19 \ DI (v)) C £. The matrix of the corresponding linear system of
: ; - 9,T

equations is My, := (B5 (K))é,KGDT,g\DZ(U)
minant. Then, for all £ € Dry, (2.12) holds with Iy C (£ Nstar!(T)) and
Cy, = ||M;G||(1 + CVAOHM;‘;H) In the same way we can uniquely and
stably compute the B-coefficients of s restricted to the other tetrahedra in
class Aj. Then, for each vertex v, edge ¢, and face F of these tetrahedra,
we can uniquely and stably determine the B-coefficients of s restricted to
the domain points in the ball Dy (v), the tube E3(¢), and the domain points
in F;(F), i =0,1,2, using the C? smoothness conditions at the faces, the
C3 supersmoothness conditions at the edges, and the C* supersmoothness
conditions at the vertices. For any of these B-coefficients corresponding to
a domain point ¢ in a tetrahedron T, sharing a vertex, an edge, or a face
with T, (2.12) holds with T¢ C (£ N star?(T)) and a constant C A, depend-
ing on C 4, and the smallest solid and faces angles in A.

, which has a positive deter-

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Ty,...,T;_1, and let T := T; € A,. By the
definition of A, the tetrahedron T shares exactly two vertices, u and v,
with tetrahedra in {Ty,...,T;_1}. Following statement (ix) of Lemma 5.2,
the first two tetrahedra in the order Tj,...,T;_1 containing the vertices u
and v, respectively, have to be in Ay U A;. Thus, the B-coefficients of s|r
associated with the domain points in the balls D} (1) and D] (v) are al-
ready uniquely and stably determined. Following Algorithm 5.6, the set
L contains the points Drg \ (D] (1) UDJ (v)). Thus, by solving the lin-
ear system of equations corresponding to the interpolation at these points,

which has the matrix M 4, := (Bg (K))g,xeDT,g\(DZ(u)UDZ(v))'

tive determinant, we can uniquely compute the remaining B-coefficients
of s|7. For the B-coefficients of s associated with the domain points § €
Dro \ (D] (1) UD{ (v)), (2.12) holds with T¢ C (£ Nstar?(T)) and a con-
stant C4,, which depends on HM;é | and C 4,- In the same way the B-
coefficients of s restricted to the remaining tetrahedra in class A, can be

with posi-
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uniquely and stably computed. Subsequently, using the C?> smoothness
conditions at the faces F, the C® supersmoothness conditions at the edges e,
and the C* supersmoothness conditions at the vertices v of the tetrahedra
in Aj, the B-coefficients corresponding to the domain points in the balls
Dy4(v), the tubes Esz(e), and the domain points in F;(F), i = 0,1,2, can be
uniquely and stably determined. The B-coefficients corresponding to these
domain points ¢ in a tetrahedron T only depend on the values {zx brere,

with T¢ C (£ Nstar® (T)), and (2.12) holds with a constant C A, depending
on Cy, and the smallest solid and faces angles of A.

Next, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Ty, ..., T;_1, and let T := T; € Aj3. By the def-
inition of class A3 the tetrahedron T shares exactly three vertices u,v, and
w with tetrahedra in {Tj,...,T;_1 }. Following statement (ix) of Lemma 5.2,
the first tetrahedra containing these three vertices must be in Ay U A; U A,.
Thus, the B-coefficients of s corresponding to the domain points in the balls
D (u),D](v), and D] (w) are already uniquely and stably determined.
Following Algorithm 5.6, the points Drg \ (D} (u) U D] (v) U D] (w)) are
contained in the set £ of interpolation points. Thus, by solving a linear sys-

. . .  (ROT
tem of equations with matrix M 4, := (Bg (K)) £ x€ D5\ (DI (1)UD] (0)UD] ()
which has a positive determinant, we can uniquely determine the remain-
ing B-coefficients of the polynomial s|7. Thereby, the B-coefficients corre-
sponding to the domain points ¢ € Drg \ (D] (1) UD] (v) U D] (w)) only
depend on the values {z }xer,, with I'e C (£ star®(T)), and (2.12) holds
with a constant C 4, that depends on || M;é | and C A,- In the same way we
can uniquely and stably determine the B-coefficients of s restricted to the
remaining tetrahedra in class .A;. Now, using the C?> smoothness condi-
tions at the faces F, the C3 supersmoothness conditions at the edges ¢, and
the C* supersmoothness conditions at the vertices v of the tetrahedra in
class A3, the B-coefficients corresponding to the domain points in the balls
Dy4(v), the tubes Es(e), and the domain points in F;(F), i =0,1,2, can be
uniquely and stably computed. Each of these B-coefficients corresponding
to a domain point ¢ in a tetrahedron T, sharing a vertex, an edge, or a face
with T, depends on values {zx }xer,, with T'¢ C (£ star*(T)), and (2.12)

holds with a constant C A, that depends on C 4, and the smallest solid and
face angles of A.

Suppose we have uniquely and stably determined all B-coefficients of s
restricted to the tetrahedra T7,...,T;_1, and let T := T; € A4. Following the
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definition of Ay, the tetrahedron T shares all four vertices v;, i = 1,...,4,
with tetrahedra in {T,...,T;_1}. By statement (ix) of Lemma 5.2 it is ob-
vious that the first tetrahedra in {Ty,...,T;_1} that contain the four ver-
tices of T are in Ay U ... U Az. Thus, the B-coefficients of s associated
with the domain points in D] (v;), i = 1,...,4, are already uniquely and
stably determined. The remaining B-coefficients of s|7 can be uniquely
determined by interpolation at the points Drg \ U%, D] (v;), which are
contained in £. Therefore, we have to solve a linear system with ma-
.  (R9T
trix My, = (Bg (K)) £xeDrs\UL, DI (01
Moreover, for the computation of the B-coefficients of s corresponding to
the domain points ¢ in T, (2.12) holds with T C (£ Nstar*(T)) and a con-
stant C 4, that depends on ||M;d | and C A5~ Now, in the same way we can
uniquely and stably determine the B-coefficients of s restricted to all other
tetrahedra in class .44. Then, we can uniquely and stably determine the
B-coefficients of s restricted to the domain points in the tubes E3(e) and
the domain points in F;(F), i = 0,1,2, using the C? smoothness conditions
at the faces F and the C® supersmoothness conditions at the edges e of
the tetrahedra in A4. For any of these domain points £ in a tetrahedron
T the corresponding B-coefficient of s only depends on values {zx brere,

, which has a positive determinant.

with T¢ C (£ Nstar’(T)). Moreover, (2.12) holds with a constant C 4, that
depends on C 4, and the smallest solid and face angles of A.

So far, we have uniquely and stably determined s restricted to the tetra-
hedra in the classes Ay, A1, Ay, Az, and Aj.

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Tj,...,T;_1, and let T := T; € By . Follow-
ing Algorithm 5.1, the tetrahedron T shares exactly one edge, e := (1,v),
with the tetrahedra T7,...,T;_1. By statement (vi) of Lemma 5.2, the first
tetrahedron of Ty, ..., T;_1 sharing an edge with T must be in Ay U A1 U A,.
Thus, the B-coefficients of s|7 associated with the domain points in Eg; (e) U
D] (u) U D} (v) are already uniquely and stably determined. Since £LNT
contains the points Dry \ (EI (e) U DI (1) U D (v)), the remaining B-coef-
ficients of s|7 can be uniquely determined by interpolation at these points.
This involves solving a linear system of equations, where the correspond-
; ; - 9,T
ing matrix Mg, , := (Bi (K))5,KeDT,9\(EST(e)uDg(u)uDg(v))
terminant. Then, for all £ € Dr,g, (2.12) holds with I'e C (£ Nstar’(T)) and
a constant Cp,, which depends on ||Mg112 | and C A,- In the same way s

has a positive de-
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restricted to the other tetrahedra in class B, can be uniquely and stably
determined. Now, for each vertex v, edge e, and face F of the tetrahe-
dra in Bj,, we can uniquely and stably determine the B-coefficients of s
restricted to the domain points in the ball D4(v), the tube E3(e), and the
domain points in F;(F), i =0,1,2, using the C? smoothness conditions at
the faces, the C3 supersmoothness conditions at the edges, and the C* su-
persmoothness conditions at the vertices. For any of these B-coefficients
corresponding to a domain point £ in a tetrahedron T, sharing a vertex, an
edge, or a face with T, (2.12) holds with T¢ C (£ N star*(T)) and a constant

C B,, depending on Cp, , and the smallest solid and faces angles in A.

Next, suppose we have uniquely and stably determined all B-coeffi-
cients of s restricted to the tetrahedra Tj,...,T;_q1, and let T :=T; € By 3.
By the definition of class B 3 the tetrahedron T shares exactly one edge
e := (u,v) and one other vertex w with tetrahedra in {Tj,...,T;_1}. Fol-
lowing statement (vi) of Lemma 5.2, the first tetrahedron of Ty,...,T;_1
containing the edge ¢ must be in 4y U ... U A3. The first tetrahedron of
Ti,...,Ti—1 containing the vertex w must be in Ay U ... U A3 U Byp. It
can not be in class Ay, since all vertices of the tetrahedra in class A4 are
common vertices with tetrahedra in Ay U ... U Ajz. Then, the B-coefficients
of s corresponding to the domain points EI (e) U D} (1) U DI (v) U DI (w)
are already uniquely and stably determined. By Algorithm 5.6, the points
D1\ (EX(e) UDI (1) UDJ} (v) UDI(w)) are contained in the set £ of in-
terpolation points. Then, by solving a linear system of equations with ma-

: . (RoT
trix Mp, ; = <B€ (K))g,xepm\(zsg (e)uD] (u)UD (v)uUD] (w))’
itive determinant, we can uniquely determine the remaining B-coefficients
of the polynomial s|r. The B-coefficients corresponding to the domain
points ¢ € Drg \ (EX(e) UD] (u) UD] (v) UD](w)) only depend on the
values {zc }xer,, withTe C (£ star*(T)), and (2.12) holds with a constant
Cp, , that depends on ||Ml§113 Il, 631’2 and C A+ In the same way we can

which has a pos-

uniquely and stably determine the B-coefficients of s restricted to the re-
maining tetrahedra in class B; 3. Then, using the C2 smoothness conditions
at the faces F, the C3 supersmoothness conditions at the edges ¢, and the
c* supersmoothness conditions at the vertices v of the tetrahedra in Bj 3,
the B-coefficients corresponding to the domain points in the balls Dy(v),
the tubes E3(e), and the domain points in F;(F), i = 0,1,2, can be uniquely
and stably determined. For any of these B-coefficients corresponding to a
domain point ¢ in a tetrahedron T, sharing a vertex, an edge, or a face with
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T, (2.12) holds with T'¢ C (£ N star’ (T)) and a constant 531/3 that depends
on Cp, , and the smallest solid and face angles of A.

Suppose we have uniquely and stably determined all B-coefficients of s
restricted to the tetrahedra Ty,...,T;_1, and let T := T; € B 4. Following
Algorithm 5.1, the tetrahedron T := (v1,v5,v3,v4) shares exactly one edge,
e := (v1,v7), and all four vertices with the tetrahedra Ty, ..., T;_1. By state-
ment (vi) of Lemma 5.2, the first tetrahedron of Tj,...,T;_1 containing the
edge e mustbein A4y U...U A4. Following statement (ix) of Lemma 5.2, the
first tetrahedra of Tj,..., T;_1 containing the vertices v3 and v; must be in
AgU...UA3U B U By 3. Thus, the B-coefficients of s corresponding to the
domain points EJ (e) U U}, D] (v;) are already uniquely and stably deter-
mined. Since the set £ contains the points Drg \ (E3T (e) UUL, DZ(UZ-)),
the remaining B-coefficients of s|7 can be uniquely determined by inter-
polation at these points. To this end, a linear system of equations with

matrix Mp, , = (Bz’T(K)> , which has a positive

€x€Dro\(Ef (¢)UUL, D] (v:))
determinant, has to be solved. For the B-coefficients of s corresponding

to the domain points £ € Drg \ (EBT(e) UUL, DZ(UJ), (2.12) holds with
I'e C (LNstar’(T)) and a constant Cp, ,, that depends on ||Ml;114 Il (Nfgm,

and Cy ,- In the same way we can uniquely and stably compute the B-co-
efficients of s restricted to the remaining tetrahedra in B; 4. Then, for each
edge e and face F of the tetrahedra in class Bj 4, we can uniquely and stably
determine the B-coefficients of s restricted to the domain points in the tube
E3(e) and the domain points in F;(F), i = 0,1,2, using the C? smoothness
conditions at the faces and the C® supersmoothness conditions at the edges
of the tetrahedra in By 4. For any of these B-coefficients corresponding to a
domain point ¢ in a tetrahedron T, sharing an edge or a face with T, (2.12)
holds with e C (LN star®(T)) and a constant C, 5, that depends on Cp, ,
and the smallest solid and face angles of A.

Next, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Tj,...,T;_1, and let T := T; € B, 3. Follow-
ing Algorithm 5.1, the tetrahedron T shares exactly two edges, e1 := (u,v)
and e, := (v,w), with the tetrahedra Ty,...,T;_;. Following Algorithm
5.3, the tetrahedron T is refined with a first order partial Worsey-Farin
split. Moreover, by statement (vi) of Lemma 5.2, the first common edge
of T is shared with a tetrahedron in Ay U A; U A;3. Following (vii) of the
same lemma, the second common edge is shared with a tetrahedron in
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Ao U...U Ay U By, U Bj 3. Now, since the set £ contains the incenter and
the fourth vertex of T, it follows from Lemma 3.11, that s|7 is uniquely and
stably determined by interpolation at these two points and the additional
smoothness conditions of s. For the B-coefficients associated with a domain
point ¢ in T}y, (2.12) holds with I'¢ C (£ Nstar’(T)) and a constant Cs,,

depending on C Biss Ca ,» and the smallest solid and face angles of A. In the
same way we can uniquely and stably determine the B-coefficients of s re-
stricted to all other tetrahedra in class By 3. Then, using the C? smoothness
conditions at the faces F, the C3 supersmoothness conditions at the edges
e, and the C* supersmoothness conditions at the vertices v of the tetrahe-
dra in B;3, the B-coefficients corresponding to the domain points in the
balls D4(v), the tubes E3(e), and the domain points in F;(F), i =0,1,2, can
be uniquely and stably determined. For any of these B-coefficients corre-
sponding to a domain point £ in a tetrahedron T, sharing a vertex, an edge,
or a face with T, (2.12) holds with I'e C (£ N star®(T)) and a constant C, Bys
that depends on Cp, ; and the smallest solid and face angles of A.

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Tj,...,T;_1, and let T :=T; € By 4. By Al-
gorithm 5.1, the tetrahedron T := (vq,v,v3,v4) shares all four vertices and
exactly two edges with the tetrahedra Tj,...,T;_1. We have to distinguish
between two cases (see Table 5.1):

e T is not refined with a partial Worsey-Farin split. Then, following
statement (vi) of Lemma 5.2, the first common edge e; := (v1,02)
of T is shared with a tetrahedron in Ay U ... U A4. By statement
(vii) of this lemma, the second common edge e, := (v3,v4) of T is
shared with a tetrahedron in Ay U ... U Ay U By U B3 U By 4. Thus,
the B-coefficients of s corresponding to the domain points Plz,j:‘l =
EX(e1) UET (e2) UUL, D] (v;) are already uniquely and stably deter-
mined. Since the set £ contains the points Drg \ P%*, the remain-
ing B-coefficients of s|r can be uniquely determined by interpola-
tion at these points. The matrix of the corresponding linear system

i = (BT ) ,
8 MBZA ( 5 (K) SIKEDT,‘)\PK%A
Then, for the B-coefficients of s associated with the domain points

§€Dry\ PZZSA, (2.12) holds with T¢ C (£ Nstar®(T)) and a constant
Cp,,, that depends on ||Ml§214 || and 631/4. In the same way we can

which has a positive determinant.

uniquely and stably computé the B-coefficients of s restricted to all
other non-split tetrahedra in 3 4.
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e T is refined with a first order partial Worsey-Farin split. Then, by
statement (vi) of Lemma 5.2, the first common edge e; := (v1,v;) of
T is shared with a tetrahedron in Ay U ... U A4. Following statement
(vii) of the same lemma, the second common edge e, := (vy,v3) of
T is shared with a tetrahedron in Ay U ... U Ay U Bjp U B3 U Bya.
Moreover, following statement (ix) of Lemma 5.2, T shares the vertex
vy with a tetrahedronin A4y U... U A3 U By, U By 3U By . Then, since
L contains the incenter of T, it follows from Lemma 3.10, that s|7 is
uniquely and stably determined by interpolation at this point and the
additional smoothness conditions of s. Then for the B-coefficients of s
associated with a domain point £ in TI}\,F, (2.12) holds with T'e C (L N
star®(T)) and a constant C B,, depending on C B, and the smallest
solid and face angles of A. In the same way s can be uniquely and
stably determined restricted to all other tetrahedra in B, 4 that are
refined with a first order partial Worsey-Farin split.

Then, for each edge e and face F of the tetrahedra in class B4, we can
uniquely and stably determine the B-coefficients of s restricted to the do-
main points in the tube E3(e) and the domain points in F;(F), i =0,1,2,
using the C? smoothness conditions at the faces and the C* supersmooth-
ness conditions at the edges of the tetrahedra in B4. For any of these
B-coefficients corresponding to a domain point ¢ in a tetrahedron T, shar-
ing an edge or a face with T, (2.12) holds with T'¢ C (£ N star’(T)) and a

constant 532/4 that depends on CByy» CBM and the smallest solid and face
angles of A.

Next, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Tj,...,T;_1, and let T := T; € B33. Fol-
lowing Algorithm 5.1, the tetrahedron T := (v1,v;,v3,04) shares exactly
three edges, e1 := (v1,0v2), €2 := (v2,v3), and e3 := (v3,v1) with the tetra-
hedra Tj,...,T;_1. Following Algorithm 5.3, the tetrahedron T is refined
with a first order partial Worsey-Farin split. Moreover, by statement (vi)
of Lemma 5.2, the first common edge of T is shared with a tetrahedron
in 4pU... U A3. Following statement (vii) of the same lemma, the sec-
ond common edge of T is shared with a tetrahedron in Ay U... U Ay U
B1, U By 3. By statement (viii) of Lemma 5.2, the third common edge of T
is shared with a tetrahedron in AgU... U A4 UBj,U... U By3. Accord-
ing to Algorithm 5.6, the set £ contains the incenter and the vertex v, of
T. Thus, following Lemma 3.8, we can uniquely and stably determined all
B-coefficients of s|1 by interpolation at these two points and the additional
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smoothness conditions of s. For the B-coefficients of s corresponding to a
domain point ¢ in T}y, (2.12) holds with I'e C (£ Nstar®(T)) and a con-

stant Cp, , depending on C Bas C B, .- and the smallest solid and face angles
of A. In the same way we can uniquely and stably determine s restricted
to the remaining tetrahedra in class B3 3. Then, using the C?> smoothness
conditions at the faces F, the C3 supersmoothness conditions at the edges
e, and the C* supersmoothness conditions at the vertices v of the tetrahe-
dra in Bj3, the B-coefficients corresponding to the domain points in the
balls D4(v), the tubes E3(e), and the domain points in F;(F), i =0,1,2, can
be uniquely and stably determined. For each of these B-coefficients corre-
sponding to a domain point ¢ in a tetrahedron T, sharing a vertex or an
edge with T, (2.12) holds with T¢ C (£ Nstar 7(T)) and a constant CB3 , that
depends on Cp, , and the smallest solid and face angles of A. For the B-co-

efficients corresponding to a domain point ¢ in a tetrahedron T, sharing a
common face with T, (2.12) holds with I'c C (£ N star®(T)) and a constant
C Bs 5,k that depends on Cp, , and the smallest solid and face angles of A.

Subsequently, suppose we have uniquely and stably determined all B-
coefficients of s restricted to the tetrahedra Ty,...,T;_1, and let T :=T; €
B3 4. By Algorithm 5.1, the tetrahedron T := (v1,v2,v3,v4) shares all four
vertices and exactly three edges with the tetrahedra Tj, ..., T;_;. Following
statement (vi) of Lemma 5.2, the first common edge of T is shared with a
tetrahedron in Ap U ... U A4. By statement (vii) of this lemma, the second
common edge of T is shared with a tetrahedron in AgU...U A4 U B, U
Bi3 U Bja. Following statement (viii) of Lemma 5.2, the third common
edge of T is shared with a tetrahedron in Ay U...U Ay U By U... U Bya.
Then, we have to distinguish between three cases (see Table 5.1):

e T is refined with a first order partial Worsey-Farin split. Then the
first common edge is e1 := (v1,v7), the second is e, := (v3,v3), and the
third one is e3 := (v3,v1). Moreover, by statement (ix) of Lemma 5.2,
T shares the vertex v4 with a tetrahedronin AgU...UA3U B, U...U
B3 3. Then, since £ contains the incenter of T, it follows from Lemma
3.7, that s|t is uniquely and stably determined by interpolation at this
point and the additional smoothness conditions of s. Then, for any B-
coefficient of s associated with a domain point £ in TWF, (2.12) holds
with T¢ C (£ Nstar’(T)) and a constant Cg,, depending on C53,3'
CBL ,» and the smallest solid and face angles of A. Then, for any B-

coefficient of s associated with a domain point £ in TI}VF, (2.12) holds
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with T¢ C (£ Nstar’(T)) and a constant Cp,, depending on 633,3,

C By and the smallest solid and face angles of A. In the same way we
can uniquely and stably determine the B-coefficients of s restricted to
all other tetrahedra in B34 that are refined with a first order partial
Worsey-Farin split.

¢ T is refined with a second order partial Worsey-Farin split. Then the
first common edge is e := (v1,v2), the second one is e, := (v,v3),
and the third common edge of T is e3 := (v3,v4). Now, since £ con-
tains the incenter of T, following Lemma 3.13, we can uniquely and
stably determine s|t by interpolation at this point and the additional
smoothness conditions of s. Then for each B-coefficient of s asso-
ciated with a domain point ¢ in T%VF, (2.12) holds with T¢ C (LN

star’(T)) and a constant C B,, depending on C B,, and the smallest
solid and face angles of A. In the same way s restricted to all other
tetrahedra in Bj 4 that are refined with a second order partial Worsey-
Farin split can be uniquely and stably determined.

¢ T is refined with a third order partial Worsey-Farin split. In this case
the first common edge is e := (v1,v3), the second one is e := (v,v3),
and the third common edge of T is e3 := (v4,v3). Following Lemma
3.25, we can uniquely and stably determine s|7 by interpolation at the
incenter of T, which is contained in £, and the additional smoothness
conditions of s. For the B-coefficients of s associated with a domain
point ¢ in T9,5, (2.12) holds with TeC (LN star’(T)) and a constant
C B;, depending on (NZBM and the smallest solid and face angles of
A. In the same way we can uniquely and stably compute the B-co-
efficients of s restricted to the remaining tetrahedra in B; 4 that are
refined with a third order partial Worsey-Farin split.

Then, using the C? smoothness conditions at the faces F and the C3 su-
persmoothness conditions at the edges e of the tetrahedra in Bj4, the B-
coefficients corresponding to the domain points in the tubes Ejz(e) and
the domain points in F;(F), i =0,1,2, can be uniquely and stably deter-
mined. For any of these B-coefficients corresponding to a domain point
€ in a tetrahedron T, sharing an edge or a face with T, (2.12) holds with
e C (LN star’(T)) and a constant 533,4 that depends on Cp,, and the
smallest solid and face angles of A.

Suppose we have uniquely and stably determined all B-coefficients of s
restricted to the tetrahedra Ty,...,T;_1, and let T := T; € By 4. Then, fol-
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lowing Algorithm 5.1, the tetrahedron T := (vq,v,v3,v4) shares all four
vertices and exactly four edges with the tetrahedra Ty,...,T;_1. By state-
ment (v) of Lemma 5.2, T shares the four common edges with tetrahedra
in AgU...UA;UB1pU...U B34 Then, we have to distinguish between
two cases (see Table 5.1):

¢ T isrefined with a third order partial Worsey-Farin split. In this case,
the common edges of T with the tetrahedra considered earlier are
e1 := (v1,03), €2 := (v,03), 3 := (v4,v3), and es := (v1,v). Since by
Algorithm 5.6 the set £ contains the incenter of T, we can uniquely
and stably compute the B-coefficients of s|t by interpolation at this
point and the additional smoothness conditions of s, see Lemma 3.26.
For each of the B-coefficients of s corresponding to a domain point £
in Tz, we have ¢ C (£ Nstar®(T)), and (2.12) holds with a constant
Cg,, that depends on C Bss and the smallest solid and face angles of
A. In the same way we can uniquely and stably compute the B-co-
efficients of s restricted to the remaining tetrahedra in B, 4 that are
refined with a third order partial Worsey-Farin split.

* T is refined with a fourth order partial Worsey-Farin split. Then,
the common edges of T with the tetrahedra considered earlier are
e1 1= (v1,03), ep 1= (v1,04), €3 := (vp,v3), and e4 := (vp,v4). Then,
following Lemma 3.38, we can uniquely and stably determine the B-
coefficients of s restricted to T by interpolation at the incenter of T,
which is contained in £, and the additional smoothness conditions
of s. For each of these B-coefficients, which are associated with a
domain point ¢ in T}y, (2.12) holds with I'¢ C (£ Nstar®(T)) and a
constant CB4 , that depends on CB3 , and the smallest solid and face
angles of A. In the same way the B-coefficients of s restricted to all
other tetrahedra in By 4 that are refined with a fourth order partial
Worsey-Farin split can be uniquely and stably determined.

Then, for each edge e and face F of the tetrahedra in class By, we can
uniquely and stably determine the B-coefficients of s restricted to the do-
main points in the tube E3(e) and the domain points in F;(F), i =0,1,2,
using the C? smoothness conditions at the faces and the C* supersmooth-
ness conditions at the edges of the tetrahedra in B, 4. For each of these
B-coefficients corresponding to a domain point ¢ in a tetrahedron T, shar-
ing an edge or a face with T, (2.12) holds with Ty C (£ Nstar’(T)) and a
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constant 534/4 that depends on CByyr 634/4 and the smallest solid and face
angles of A.

Next, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Ty,...,T;_1, and let T :=T; € Bs 4. Following
Algorithm 5.1, the tetrahedron T := (vq,v;,v3,v4) shares all four vertices
and exactly five edges with the tetrahedra Tj,...,T;_; and by statement
(v) of Lemma 5.2, T shares these five common edges with tetrahedra in
AgU...UA3UBpU...UBygg. Then, the common edges of T with the
tetrahedra considered earlier are e1 := (vq,0v3), €3 1= (v1,04), €3 := (v2,03),
eq := (v2,v4), and es := (v1,v7). Since the incenter of T is contained in £,
following Lemma 3.39, we can uniquely and stably determine all B-coeffi-
cients of s restricted to T by interpolation at this point and the additional
smoothness conditions of s. Then for each of the B-coefficients of s associ-
ated with a domain point ¢ in T}z, (2.12) holds with Iy C (£ Nstar?(T))
and a constant C 55, that depends on C B,, and the smallest solid and face
angles of A. In the same way we can uniquely and stably determine the B-
coefficients of s restricted to the remaining tetrahedra in B5 4. Then, using
the C? smoothness conditions at the faces F and the C® supersmoothness
conditions at the edges e of the tetrahedra in Bs 4, the B-coefficients corre-
sponding to the domain points in the tubes E3(e) and the domain points in
Fi(F), i=0,1,2, can be uniquely and stably determined. For each of these
B-coefficients corresponding to a domain point ¢ in a tetrahedron T, shar-
ing an edge or a face with T, (2.12) holds with T¢ C (£ Nstar'?(T)) and a
constant C 55,4 that depends on Cp, , and the smallest solid and face angles
of A.

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra T7,...,T;_1, and let T := T; € B¢ 4. Then by
Algorithm 5.1, the tetrahedron T shares all four vertices and six edges with
the tetrahedra T,..., T;_1. Following statement (v) of Lemma 5.2, T shares
all edges with tetrahedra in Ag U... U Ay U By U... U Bsy4. By Algorithm
5.6, the set £ contains the incenter of T. Then, following Lemma 3.40, by
interpolation at the incenter and the additional smoothness conditions of
s, we can uniquely and stably compute the B-coefficients of s restricted to
T. For each of these B-coefficients, associated with a domain point ¢ in
Tyvp, we have Te C (£ Nstar'?(T)) and (2.12) holds with a constant CBs,

that depends on CB5 , and the smallest solid and face angles of A. In the
same way the B-coefficients of s restricted to all other tetrahedra in Bg4
can be uniquely and stably determined. Now, using the C? smoothness
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conditions at the faces F of the tetrahedra in B¢ 4, the B-coefficients cor-
responding to the domain points in F;(F), i = 0,1,2, can be uniquely and
stably determined. For each of these B-coefficients corresponding to a do-
main point £ in a tetrahedron T, sharing a face with T, (2.12) holds with
e C (LN star'0(T)) and a constant CB64 that depends on Cp,, and the
smallest solid and face angles of A.

At this point, we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra in the classes Ay, ..., A4,B12,...,Bga.

Suppose we have uniquely and stably determined all B-coefficients of
s restricted to the tetrahedra Ty,...,T;_1, and let T := T; € C;33. Follow-
ing Algorithm 5.1, the tetrahedron T shares exactly one face F := (u,v,w)
with the tetrahedra Ty,...,T;_;. By statement (iii) of Lemma 5.2, T shares
the common face F with a tetrahedron in AgU... U A4 UBjpU...UBjs3.
Then, we have to distinguish between two cases (see Table 5.1):

¢ T isnotrefined with a partial Worsey-Farin split. Due to the common
face with the tetrahedra considered earlier, the B-coefficients of s cor-
responding to the domain points Pcl’g”3 = UL FF(F) UET ((u,0)) U
EI((v,w)) U E}({(w,u)) U Df(u) U UD}(v) U D] (w) are already
uniquely and stably determined. Then, since the set £ contains the
points D1 g \ P(lj’3’3, the remaining B-coefficients of s|r can be uniquely
determined by interpolation. The matrix of the corresponding linear

system is Mc, ,, = (Bz'T K which has a positive de-

( >)£,K€DT,9\I%,3,3,
terminant. Moreover, for the B-coefficients of s associated with the
domain points £ € Drg \ P1 33 (2.12) holds with IeC (E Nstar®(T))
and a constant Cc, ,,, that depends on HMc || and C333 r. In the

same way we can uniquely and stably compute the B-coefficients of
s restricted to the remaining non-split tetrahedra in C 3 3.

e T is refined with a first order partial Worsey-Farin split. Following
Algorithm 5.6, the set £ contains the incenter and the fourth vertex
of T, the one not shared with a tetrahedronin {Tj,...,T;_1 }. Now, by
Lemma 3.6, we can uniquely and stably determine all B-coefficients
of s|1 by interpolation at these two points and the additional smooth-
ness conditions of s. For each B-coefficient of s associated with a
domain point ¢ in Ty, (2.12) holds with T¢ C (£ N star®(T)) and
a constant C61 ,, depending on C Bs5,F and the smallest solid and face
angles of A. In the same way s restricted to the remaining split tetra-
hedra in class C; 33 can be uniquely and stably determined.
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Then, using the C? smoothness conditions at the faces F, the C® super-
smoothness conditions at the edges e, and the C* supersmoothness con-
ditions at the vertices v of the tetrahedra in Cy33, the B-coefficients cor-
responding to the domain points in the balls D4 (v), the tubes Ez(e), and
the domain points in F;(F), i = 0,1,2, can be uniquely and stably deter-
mined. For each of these B-coefficients corresponding to a domain point
¢ in a tetrahedron T, sharing a vertex or an edge with T, (2.12) holds with
I'e C (LNstar’(T T)) and a constant Cc1 ,; thatdependson C, , ,, CC1 55, and
the smallest solid and face angles of A. For the B-coefficients correspond-
ing to a domain point ¢ in a tetrahedron T, sharing a common face with T,
(2.12) holds with ' C (LN star®(T)) and a constant 651/3’3/[? that depends

on Ce, 55, CC1,3,3' and the smallest solid and face angles of A.

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Ty,...,T;_q, and let T :=T; € C134. By
the definition of C34, the tetrahedron T := (v1,v,v3,74) shares exactly
one face F := (v1,v2,v3) and the opposite vertex vs with the tetrahedra
Ty,...,Ti—1. Following statement (iii) of Lemma 5.2, T shares the common
face F with a tetrahedron in Ag U ... U A4 U B1,U...U B3 4. By statement
(ix) of the same lemma, we obtain that T shares the vertex vy with a tetra-
hedron in AgU...U A3 U 81/2 U 31,3 U 82,3 U 83,3 U Cy33. Again, we have
to distinguish between two cases (see Table 5.1):

¢ Tisnotrefined with a partial Worsey-Farin split. The B-coefficients of
s corresponding to the domain points in the set P1 3 .= =U2,F I(F)u
EX((v1,02)) UEY ((v2,03)) UEX ((v3,01)) U U} D] (v;) are uniquely
and stably determined. Then, since the set £ contains the points
Dro \ Pé’3’4, the remaining B-coefficients of s|1 can be uniquely de-
termined by interpolation at these points. The matrix of the corre-

sponding linear system is M, , , : (Bg T which has

(x ))E,KEDT’Q\Pé’SAI
a positive determinant. For the B-coefficients of s associated with the

domain points € € Pé’3’4, (2.12) holds with T¢ C (£ Nstar’(T)) and a
constant Cc, , ,, that depends on ||M(/T1 134 || and 6(;1,3/3. In the same way

the B-coefficients of s restricted to the remaining non-split tetrahedra
in C1 34 can be uniquely and stably determined.

¢ T is refined with a first order partial Worsey-Farin split. In this case
the set £ contains the incenter of T. Now, following Lemma 3.5, we
can uniquely and stably compute the B-coefficients of s|r by inter-
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polation at the incenter and the additional smoothness conditions of
s. Then, for all B-coefficient of s associated with a domain point £ in
Tjyp, (2.12) holds with T C (£ Nstar’(T)) and a constant Cey,, de-

pending on 651,3'3 and the smallest solid and face angles of A. In the
same way we can uniquely and stably determine the B-coefficients of
s restricted to the remaining split tetrahedra in class C; 3 4.

Then, for each edge e and face F of the tetrahedra in class C; 34, we can
uniquely and stably determine the B-coefficients of s restricted to the do-
main points in the tube E3(e) and the domain points in F;(F), i =0,1,2,
using the C? smoothness conditions at the faces and the C* supersmooth-
ness conditions at the edges of the tetrahedra in C;34. For each of these
B-coefficients corresponding to a domain point ¢ in a tetrahedron T, shar-
ing an edge or a face with T, (2.12) holds with I'¢ C (£ N star’(T)) and a
constant 601’3, , that depends on Ceyaur éCl,S, , and the smallest solid and face
angles of A.

Next, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Ty,...,T;_1, and let T :=T; € C144. By
Algorithm 5.1, the tetrahedron T := (v1,v;,0v3,04) shares exactly one face
F := (v1,v3,04) and the edge e := (vp,v3) with the tetrahedra Ty,...,T; 1.
Following statement (iii) of Lemma 5.2, T shares the common face F with a
tetrahedron in AgU... U Ay U By U... U Byy. Moreover, by statement (v)
of this lemma, we conclude that T shares the edge e with a tetrahedron in
AgU...UALUBpU...UB54UCy33UCq34. Now, we have to distinguish
between two cases (see Table 5.1):

e T is refined with a second order partial Worsey-Farin split. Then,
by Algorithm 5.6, the incenter of T is contained in the set £. Thus,
following Lemma 3.15, we can uniquely and stably determine the B-
coefficients of s|t by interpolation at the incenter and the additional
smoothness conditions of s. For all B-coefficient of s corresponding
to a domain point ¢ in T3z, (2.12) holds with T¢ C (£ N star!®(T))
and a constant C¢, ,, depending on 661,3, , and the smallest solid and
face angles of A. Then, we can uniquely and stably determine the
B-coefficients of s restricted to all other tetrahedra in class Cj 4 4 that
are refined with a second order partial Worsey-Farin split in the same
way.
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e T is refined with a third order partial Worsey-Farin split. In this case
L also contains the incenter of T. Therefore, following Lemma 3.30,
the B-coefficients of s| can be uniquely and stably determined by in-
terpolation at the incenter and the additional smoothness conditions
of s. Then, for the B-coefficient of s corresponding to a domain point
¢in Tiyp, (2.12) holds with T C (£ Nstar'?(T)) and a constant CC1,4,4

that depends on 6(;1,3, , and the smallest solid and face angles of A.
In the same way we can uniquely and stably compute the B-coeffi-
cients of s restricted to the remaining tetrahedra in class C; 4 4 that are
refined with a third order partial Worsey-Farin split.

Then, using the C? smoothness conditions at the faces F and the C3 su-
persmoothness conditions at the edges e of the tetrahedra in Cj44, the
B-coefficients corresponding to the domain points in the tubes E3(e) and
the domain points in F;(F), i = 0,1,2, can be uniquely and stably deter-
mined. For each of these B-coefficients corresponding to a domain point
¢ in a tetrahedron T, sharing an edge or a face with T, (2.12) holds with
e C (LN star'®(T)) and a constant Ccl44 that depends on C¢,, ,, Ccl44,
and the smallest solid and face angles of A.

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra T,...,Ti_1, and let T := T; € C; 5 4. Follow-
ing Algorithm 5.1, the tetrahedron T := (v1,v;,0v3,v4) shares exactly one
face F := (v1,v7,v4) and the two edges e1 := (v1,v3) and e; := (v;,v3) with
the tetrahedra Tj,...,T;_1. By statement (iii) of Lemma 5.2, T shares the
common face F with a tetrahedron in Ay U... U A4 U B, U...U Bs 4. Fol-
lowing statement (v) of the same lemma, we see that T shares the edges ¢;
and e, with tetrahedra in Ag U ... U A4 U BipU...UB54UC133UC134U
C144. Now, since T is refined with a partial Worsey-Farin split, the set £
contains the incenter of T. Then, we have to distinguish between two cases
(see Table 5.1):

e T is refined with a third order partial Worsey-Farin split. Follow-
ing Lemma 3.27, we can uniquely and stably compute the B-coeffi-
cients of s|7 by interpolation at the incenter of T and the additional
smoothness conditions of s. For these B-coefficients, associated with
a domain point ¢ in Tjp, (2.12) holds with T C (£ Nstar!%(T)) and a
constant Ce, , , that depends on CVCL 44 and the smallest solid and face
angles of A. In the same way we can uniquely and stably compute
the B-coefficients of s restricted to all other tetrahedra in class Cj 54
that are refined with a third order partial Worsey-Farin split.
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¢ T is refined with a fourth order partial Worsey-Farin split. Then, fol-
lowing Lemma 3.42, the B-coefficients of s| can be uniquely and sta-
bly computed by interpolation at the incenter of T and the additional
smoothness conditions of s. For these B-coefficients of s correspond-
ing to a domain point ¢ in TWF, we have I'¢ C (E Nstar'(T)) and
(2.12) holds with a constant CC1 54 depending on CC1 44 and the small-
est solid and face angles of A. Then, the B-coefficients of s restricted to
the remaining tetrahedra in class C; 54 that are refined with a fourth
order partial Worsey-Farin split can be uniquely and stably deter-
mined in the same way.

Subsequently, using the C? smoothness conditions at the faces F and the
c3 supersmoothness conditions at the edges e of the tetrahedra in C; 54,
we can uniquely and stably determine the B-coefficients corresponding to
the domain points in the tubes E3(e) and the domain points in F;(F), i =
0,1,2. For any of these B-coefficients corresponding to a domain point &
in a tetrahedron T, sharing an edge or a face with T, (2.12) holds with
e C(£n star'?(T)) and a constant Ccl5 , that depends on C¢, . ,, CClS "
and the smallest solid and face angles of A.

Suppose we have uniquely and stably determined all B-coefficients of
s restricted to the tetrahedra Tj,...,T;_1, and let T := T; € Cy64. By the
definition of Cj 64, the tetrahedron T := (vq,v;,v3,74) shares exactly one
face and all six edges with the tetrahedra T7,...,T;_;. By statement (iii) of
Lemma 5.2, T shares the common face F with a tetrahedron in Ay U ... U
Ay U By U...UBgs. Moreover, by statement (v) of the this lemma, we
obtain that T shares the other three edges with tetrahedra in Ay U ... U
AgUBipU...UB54UC133U...UCy54. Then, since T is refined with a
partial Worsey-Farin split, the incenter of T is contained in £ and we have
to distinguish between two cases (see Table 5.1):

¢ T is refined with a third order partial Worsey-Farin split. By Lemma
3.28, we can uniquely and stably determine the B-coefficients of s|t
by interpolation at the incenter of T and the additional smoothness
conditions of s. For each of the B-coefficients corresponding to a do-
main point ¢ in T}, we have I's C (£ N star'®(T)) and (2.12) holds
with a constant C, , depending on C(;1 54 and the smallest solid and
face angles of A. In the same way the B-coefficients of s restricted to
all other tetrahedra in C; ¢ 4 that are refined with a third order partial
Worsey-Farin split can be uniquely and stably determined.
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e T is refined with a fourth order partial Worsey-Farin split. In this
case, we can follow Lemma 3.43 to uniquely and stably determine
the B-coefficients of s|r by interpolation at the incenter of T and the
additional smoothness conditions of s. Then, for the B-coefficients,
that correspond to a domain points £ in T§VF, (2.12) holds with T'¢ C

(£ Nstar!®(T)) and a constant CCl s+ Which depends on CC] 5, and
the smallest solid and face angles of A. In the same way we can
uniquely and stably determine the B-coefficients of s restricted to the
other tetrahedra in C; ¢ 4 that are refined with a fourth order partial
Worsey-Farin split.

Now, for each face F of the tetrahedra in class C; 4, we can uniquely and
stably determine the B-coefficients of s restricted to the domain points in
F(F), i =0,1,2, using the C? smoothness conditions at the faces of the
tetrahedra in C; g4. For all of these B-coefficients corresponding to a do-
main point £ in a tetrahedron T, sharing a face with T, (2.12) holds with
IeC (LN star''(T)) and a constant CC164 that depends on C¢,,, CC164
and the smallest solid and face angles of A.

Now, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra Ty,...,T;_1, and let T := T; € Cy54. By the
definition of C;54 in Algorithm 5.1, the tetrahedron T shares exactly two
faces F; and F, with the tetrahedra Tj,...,T;_1. Following statement (iii)
of Lemma 5.2, T shares the first common face F; with a tetrahedron in
AgU...UALUB1pU...UBs4. Moreover, by statement (iii) of the same
lemma, we see that T shares the second common face F, with a tetrahedron
inAyU...UA4UBpU...UBgsUC133U...UCy 54. Due to the fact that T
is refined with a partial Worsey-Farin split, the set £ contains the incenter
of T and we have to distinguish between three cases (see Table 5.1):

¢ Tisrefined with a second order partial Worsey-Farin split. Following
Lemma 3.17, we can uniquely and stably determine the B-coefficients
of s|r by interpolation at the incenter of T and the additional smooth-
ness conditions of s. For each of the B-coefficients corresponding to
a domain point ¢ in T3z, (2.12) holds with T C (£ Nstar'?(T)) and
a constant Cg, ., depending on 6(;1,5, , and the smallest solid and face
angles of A. In the same way we can uniquely and stably determine
the B-coefficients of s restricted to all other tetrahedra in C; 5 4 that are
refined with a second order partial Worsey-Farin split.
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e T is refined with a third order partial Worsey-Farin split. Then, by
Lemma 3.31, the B-coefficients of s| can be uniquely and stably de-
termined by interpolation at the incenter of T and the additional
smoothness conditions of s. For all B-coefficients of s corresponding
to a domain point £ in Tz, we have I'e C (£ Nstar'®(T)) and (2.12)
holds with a constant 602/5,4 that depends on Cvcl/s/ , and the smallest
solid and face angles of A. In the same way the B-coefficients of s
restricted to the remaining tetrahedra in C;5 4 that are refined with
a third order partial Worsey-Farin split can be uniquely and stably
determined.

¢ T isrefined with a fourth order partial Worsey-Farin split. Following
Lemma 3.45, we can uniquely and stably compute the B-coefficients
of s| by interpolation at the incenter of T and the additional smooth-
ness conditions of s. Then, for each B-coefficient of s associated with
a domain point £ in T}, (2.12) holds with I'¢ C (£ Nstar'?(T)) and a
constant CCz,5, , that depends on 6@1/5, , and the smallest solid and face
angles of A. In the same way we can uniquely and stably compute
the B-coefficients of s restricted to all other tetrahedra in C; 5 4 that are
refined with a fourth order partial Worsey-Farin split.

Then, using the C? smoothness conditions at the faces F and the C3 su-
persmoothness conditions at the edges e of the tetrahedra in C;54, the
B-coefficients corresponding to the domain points in the tubes E3(e) and
the domain points in F;(F), i = 0,1,2, can be uniquely and stably deter-
mined. For each of these B-coefficients corresponding to a domain point
¢ in a tetrahedron T, sharing an edge or a face with T, (2.12) holds with
1"5 C (£ Nstar'%(T)) and a constant CCZ 5, that depends on C¢,.,, CCz5 "

Cc2,5, ,» and the smallest solid and face angles of A.

Next, suppose we have uniquely and stably determined all B-coefficients
of s restricted to the tetrahedra T7,...,Ti_1, and let T := T; € Cy g 4. Follow-
ing Algorithm 5.1, the tetrahedron T shares exactly two faces F; and F,, and
also the last edge ¢, which is not contained in F; or F,, with the tetrahedra
Ty,...,Ti—1. By statements (iii) and (iv) of Lemma 5.2, T shares the first
common face F; with a tetrahedronin AgU...U A3y U B, U...UBgs and
the second common face F, with a tetrahedron in Ay U ... U Ay U B U

L UBgaUCi33U...UCy6a. Moreover, following statement (v) of the
same lemma, we can see that T shares the edge e with a tetrahedron in
AoU...U A4 U Bl,Z U...u 85,4 U C1/3,3 U...u Cl,5,4 @] C2,5,4. Now, since T is
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refined with a partial Worsey-Farin split, the set £ contains the incenter of
T. Then, we have to distinguish between three cases (see Table 5.1):

¢ Tisrefined with a second order partial Worsey-Farin split. Following
Lemma 3.19, we can uniquely and stably determine the B-coefficients
of s|r by interpolation at the incenter of T and the additional smooth-
ness conditions of 5. Then, for each B-coefficient of s corresponding
to a domain point ¢ in T3z, (2.12) holds with T¢ C (£ Nstar!}(T))
and a constant C¢, ., that depends 602,5,4 and the smallest solid and
face angles of A. In the same way the B-coefficients of s restricted
to all other tetrahedra in C, 4 that are refined with a second order
partial Worsey-Farin split can be uniquely and stably determined.

e T is refined with a third order partial Worsey-Farin split. Then, by
Lemma 3.32, we can uniquely and stably determine the B-coefficients
of s|t by interpolation at the incenter of T and the additional smooth-
ness conditions of s. For all B-coefficients of s Corresponding to a do-
main point & in TWF' we have I'c C (LN star''(T)) and (2.12) holds
with a constant CCZ ¢4 that depends on CCz5 , and the smallest solid
and face angles of A. In the same way the B-coefficients of s restricted
to the remaining tetrahedra in C; 5 4 that are refined with a third order
partial Worsey-Farin split can be uniquely and stably determined.

e T is refined with a fourth order partial Worsey-Farin split. In this
case, it follows from Lemma 3.46, that we can uniquely and stably
compute the B-coefficients of s|r by interpolation at the incenter of
T and the additional smoothness conditions of s. Then, for the B-co-
efficients of s associated with a domain point ¢ in Tf}\,F, (2.12) holds
with T C (£ Nstar'!(T)) and a constant CCM/ , that depends on 6C2,5, .
and the smallest solid and face angles of A. In the same way we can
uniquely and stably compute the B-coefficients of s restricted to all
other tetrahedra in class Cp44 that are refined with a fourth order
partial Worsey-Farin split.

Subsequently, for each face F of the tetrahedra in class Cy64, We can
uniquely and stably determine the B-coefficients of s restricted to the do-
main points in F;(F), i =0,1,2, using the C2 smoothness conditions at the
faces of the tetrahedra in C; ¢ 4. For each of these B-coefficients correspond-
ing to a domain point ¢ in a tetrahedron T, sharing a face with T, (2.12)
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holds with T¢ C (£ Nstar!! (T)) and a constant 6(32/6,4 depending on Cc, ,,

CCZ,(,, " (fcm , and the smallest solid and face angles of A.

Suppose we have uniquely and stably determined all B-coefficients of
s restricted to the tetrahedra Tj,...,T;_1, and let T :=T; € C344. By the
definition of Cs 4, the tetrahedron T shares exactly three faces F;, F,, and
F3 with the tetrahedra Ty, ..., T;_1. Following statement (iii) of Lemma 5.2,
T shares the first common face F; with a tetrahedron in AqgU...U A4 U
BiyU...U Bga. By statements (ii) and (iv) of the same lemma, we obtain
that T shares the faces F, and F3 with tetrahedrain AgU... U A4 U B, U
. UBgaUC33U...UCy64. Then, since T is refined with a partial Worsey-
Farin split, the set £ contains the incenter of T, and we have to distinguish
between three cases (see Table 5.1):

e T is refined with a second order partial Worsey-Farin split. Follow-
ing Lemma 3.21, the B-coefficients of s|r are uniquely and stably
determined by interpolation at the incenter of T and the additional
smoothness conditions of s. Then, for each B-coefficient of s asso-
ciated with a domain point ¢ in TI%\,F, (2.12) holds with T¢ C (LN

star'!(T)) and a constant Ce,, depending on CVCZ,(,, , and the smallest
solid and face angles of A. We can uniquely and stably determine the
B-coefficients of s restricted to the remaining tetrahedra in C3 ¢ 4 that
are refined with a second order partial Worsey-Farin split in the same
way.

e T is refined with a third order partial Worsey-Farin split. It follows
from Lemma 3.34 that the B-coefficients of s|r are uniquely and stably
determined by interpolation at the incenter of T and the additional
smoothness conditions of s. For each of the B-coefficients of s corre-
sponding to a domain point ¢ in T}z, we have I'e C (£ Nstar!!(T))
and (2.12) holds with a constant CAC% , that depends on ECz,s, , and the
smallest solid and face angles of A. In the same way we can uniquely
and stably compute the B-coefficients of s restricted to all other tetra-
hedra in C3 ¢ 4 that are refined with a third order partial Worsey-Farin.

e T is refined with a fourth order partial Worsey-Farin split. In this
case, it follows from Lemma 3.48, that we can uniquely and stably
determine the B-coefficients of s|r by interpolation at the incenter of
T and the additional smoothness conditions of s. Then, for each B-co-
efficient of s corresponding to a domain point ¢ in Tjyr, (2.12) holds

with T¢ C (£ Nstar'!(T)) and a constant éCs,e, , depending on C¢,  ,
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and the smallest solid and face angles of A. In the same way the B-
coefficients of s corresponding to the domain points in the remaining
tetrahedra in C3 ¢ 4 that are refined with a fourth order partial Worsey-
Farin split can be uniquely and stably determined.

Then, using the C?> smoothness conditions at the only face F of T, that is
not shared with a tetrahedron considered earlier, the B-coefficients corre-
sponding to the domain points in F;(F), i =0,1,2, can be uniquely and sta-
bly determined. For each of these B-coefficients associated with a domain
point & in a tetrahedron T, sharing the face F with T, (2.12) holds with
e C (LN star'!(T)) and a constant 6C3,6,4 that depends on C¢, ,, CCS,&A’
CVC% ,» and the smallest solid and face angles of A.

Finally, we consider the last class C464. To this end, suppose we have
uniquely and stably determined all B-coefficients of s restricted to the tetra-
hedra Ty,...,Ti—1, and let T := T; € Cy44 4. Then following the definition of
Cy 6,4 in Algorithm 5.1, the tetrahedron T shares all four faces with the tetra-
hedra Ty,...,T;_1. By statement (ii) of Lemma 5.2, we can see that T shares
its faces with the tetrahedra in Ay U...U Ay UB1pU...UBga UCy33U
...UC364. Then, following Algorithm 5.6, the set £ contains the incenter
of T, since T is refined with a partial Worsey-Farin split, and we have to
distinguish between three cases (see Table 5.1):

e T is refined with a second order partial Worsey-Farin split. It fol-
lows from Lemma 3.23, that the B-coefficients of s|r are uniquely
and stably determined by interpolation at the incenter of T and the
additional smoothness conditions of s. For each B-coefficient of s
corresponding to a domain point ¢ in T3, (2.12) holds with I'e C
(£ Nstar'’(T)) and a constant Ce, 44 depending on 653’6,4 and the
smallest solid and face angles of A. In the same way we can uniquely
and stably determine the B-coefficients of s restricted to the remain-
ing tetrahedra in Cy44 that are refined with a second order partial
Worsey-Farin split.

e T is refined with a third order partial Worsey-Farin split. Follow-
ing Lemma 3.36, we can uniquely and stably determined the B-co-
efficients of s|r by interpolation at the incenter of T and the addi-
tional smoothness conditions of s. Then, for each B-coefficient of
s associated with a domain point ¢ in Tg’vp, (2.12) holds with I'c C

(£ Nstar'!(T)) and a constant CC4,6,4 that depends on 603,6,4 and the
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smallest solid and face angles of A. In the same way the B-coeffi-
cients of s restricted to all other tetrahedra in Cyg4 4 that are refined
with a third order partial Worsey-Farin can be uniquely and stably
computed.

e T is refined with a fourth order partial Worsey-Farin split. Then,
by Lemma 3.50, we can uniquely and stably determine the B-coef-
ficients of s|7 by interpolation at the incenter of T and the additional
smoothness conditions of s. For all B-coefficients of s corresponding
to a domain point ¢ in Ty, we have I C (£ Nstar!!(T)) and (2.12)
holds with a constant CC4/6,4 that depends on 663,6/ , and the smallest
solid and face angles of A. In the same way the B-coefficients of s
restricted to the remaining tetrahedra in C4 4 that are refined with
a fourth order partial Worsey-Farin split can be uniquely and stably
determined. ]

Theorem 5.8:

Let A be an arbitrary tetrahedral partition and A* the refined partition ob-
tained from Algorithm 5.3. Moreover, let £ be the set of points chosen in
Algorithm 5.6. Then the set N := {€ }xc is an 11-local and stable nodal
minimal determining set for S3(A*).

Proof:

Following the proof of Theorem 5.7, each spline s € S3(A*) is uniquely and
stably determined by the values of s(x), x € £. Thus, a spline s € S2(A*) is
uniquely and stably determined by the nodal data in N. Moreover, by the
proof of Theorem 5.7, the nodal minimal determining set is 11-local. ]

Remark 5.9:

Since the local and stable Lagrange interpolation set £ only contains do-
main points in A*, it can easily be seen that this set is also a local and stable
minimal determining set for S3(A*).

5.4 Bounds on the error of the interpolant

In this section, we consider the error || f — Z f|| of a smooth function f and
the corresponding interpolant 7 f, define on an initial tetrahedral partition
A of a domain Q) C IR?, which is constructed by the method described in
this chapter. The error is measured in the maximum norm on Q. To this
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end, let A* be the refined partition obtained from A by Algorithm 5.3, and
let £ be the corresponding Lagrange interpolation set for the spline space
82(A*) constructed in Algorithm 5.6. Then, for each function f € C(Q)
there is a unique spline Zf € S2(A*), with

Zf(x)=f(x), VreL. (5.1)

Thus, a linear projector Z mapping C(Q)) onto S3(A*) is defined. More-
over, for a compact set B C () and an integer m > 1, let W(B) be the
Sobolev space defined on the set B and let

flms= 2 ID*fls
la|=m
where || - ||p denotes the maximum norm on B and D" is defined as D* :=

D' Dy' DZ® for a = (aq,a3,43). Moreover, let |A| be the mesh size of A.

Theorem 5.10:
Foreach f € Wil (Q), 0 < m <9, there exists an absolute constant K, such
that

ID*(f = Zf)lla < KIA"™ 1 fli10 (5-2)
holds for all tuples a with 0 < |a| < m.

Proof:
Fix0<m <9,andlet f € wgg“. Let T be a tetrahedron in A* and let Q7 :=

starll( T), where T € A with TC T. In case T is a non-split tetrahedron
T =T holds. Now, following Lemma 4.3.8 of [19], there exists a polynomial
p of degree nine such that

IDE(f = p)llay < KilQr " 1Bl £l .0y, (5.3)

for all 0 < |B| < m, where |Qr| denotes the diameter of O and Kj is an
absolute constant. Then, from

|Qr| <234,
we get

IDP(f = p)llooy < Kol A" fl 0, (5.4)
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with K := 23"*+1K;. Since Zp = p, it follows that

ID*(f =ZH)llr < ID*(f = p)llr + ID*Z(f = p)lIT-

Following equation (5.4) for B = a, it suffices to estimate the second term
ID*Z(f — p)| 1. In the proof of Theorem 5.7 it is shown, that the Lagrange
interpolation set L is stable in the sense that

<K
el < Ko max |£(x)|

holds for each B-coefficients ¢, of a spline s € S3(A*), with an absolute
constant K3. Thus, also

IZfllr < Kall fllar (5.5)

holds, with an absolute constant K4. Now, by the Markov inequality, see
[102], and (5.5)

ID*Z(f = )l < Ks|A|7*NZ(f = p)lir < KelAI 7| f = plloy-

Then, by using (5.3) with g = 0 to estimate || (f — p)|la,,

ID(f = ZF)llr < KA flya,0

holds. Then, taking the maximum over all tetrahedra in A* leads to the
estimation (5.2). O

Remark 5.11:
Following Theorem 4.13, we can see that the Lagrange interpolation at the

points in £ with splines in S3(A*) yields optimal approximation order of
ten (cf. subsection 2.4.3).



6 Macro-elements of arbitrary
smoothness over the Clough-Tocher
split of a triangle

In this chapter, the bivariate C" macro-elements over the Clough-Tocher
split of a triangle from Matt [66] are considered. They are more general
than the bivariate C" macro-elements based on the Clough-Tocher split
constructed in [59], since they can be extended to splines of higher degree.
Thus, the bivariate macro-elements considered here form a basis for the
construction of the trivariate macro-elements of arbitrary smoothness over
the Worsey-Farin split of a tetrahedron (see chapter 8).

In section 6.1, the minimal conditions of the degree of polynomials and
the supersmoothness at the vertices of a triangle for bivariate macro-ele-
ments are investigated. These results are also used in chapter 7 and 8
in order to examine the minimal conditions for trivariate macro-elements.
Thus, more general results are studied here, not only those for macro-ele-
ments based on the Clough-Tocher split. In the following section 6.2, min-
imal determining sets for the macro-elements examined in this chapter are
considered. In the last section of this chapter, some examples for the bi-
variate macro-elements shown here are given.

6.1 Minimal degrees of supersmoothness and
polynomials for bivariate C" macro-elements

In this section the minimal conditions for the degree of polynomials and
the supersmoothness at the vertices of a triangle, which are needed to con-
struct C" macro-elements based on non-split triangles, Clough-Tocher split
triangles, and Powell-Sabin split triangles, are considered. For non-split
triangles, a polynomial degree of 47 + 1 and C? supersmoothness at the
vertices is needed in order to construct C" macro-elements (cf. [106]). This
result is also proved here. However, since also triangles refined by the
Clough-Tocher split and the Powell-Sabin split are considered here, a lower

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 6,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012
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degree of polynomials and supersmoothness at the vertices of the triangles
can be used. These lower degrees are investigated here.

For bivariate splines the following general result is known for the degree
of supersmoothness at the vertices of a triangle.

Lemma 6.1 ([61]):

Suppose that F := (v1,v,,03) is a triangle, and that Af is a refinement of
F such that there are n > 0 interior edges connected to the vertex v;. Let
s be a spline of degree d and smoothness r defined on Ar. Then the cross
derivatives of s up to order r on the edges e := (v1,v2) and e := (v1,0v3)
can be specified independently only if we require s € CP(v; ), with

o> {(n—i—Z)r—nw .
n+1
Thus, the following result concerning the degree of polynomials and

supersmoothness for bivariate C" macro-elements over non-split triangles
can be deduced (see also [105], cf. [68] for C1).

Corollary 6.2:

For r > 0, a bivariate C" macro-element over a non-split triangle F can be
constructed if and only if the degree of polynomials d and the degree of
supersmoothness p at the vertices of F are at least as in Table 6.1.

0 2r
d| 4r+1

Table 6.1: Minimal degree of polynomials d and minimal supersmoothness
p for C" macro-elements over non-split triangles.

Proof:
Let s be a spline with smoothness 7 defined on a triangulation A consisting
of non-split triangles. Each non-split triangle has zero interior edges. Thus,
following Lemma 6.1, the supersmoothness p at the vertices of F must be
at least equal to 2r such that s is r-times continuously differentiable.

For each edge e := (u,v} € A, the B-coefficients of s associated with the
domain points in D,(u) and D,(v) are uniquely determined by the partial
derivatives up to order p at the vertices u and v. From each of the sets
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Dp(u) and D, (v) a total number of p + 1 domain points lie on e, respec-
tively. In order that the sets do not overlap and the derivatives at the ver-
tices can be chosen independently, s|. has to be at least of degree d = 4r + 1.
Thus, the polynomial degree of s must be at least d = 4r + 1. ]

For C" macro-elements based on the Clough-Tocher split of a triangle the
following result for the polynomial degree and the degree of supersmooth-
ness can be stated (cf. [59]).

Corollary 6.3:

For r > 0, a bivariate C" macro-element over a Clough-Tocher split triangle
Fcr can be constructed if and only if the degree of polynomials d and the
degree of supersmoothness p at the vertices of F are at least as in Table 6.2,
for m > 0.

r 2m 2m+1
0 3m 3m+1
d|6em+1| 6m+3

Table 6.2: Minimal degree of polynomials 4 and minimal supersmoothness
p for C" macro-elements over Clough-Tocher split triangles.

Proof:

Let A be a triangulation and Acr the triangulation obtained by splitting
each triangle in A with a Clough-Tocher split. Moreover, let s be a spline
of smoothness r defined on Act. Since each triangle in A is refined with a
Clough-Tocher split it has exactly one interior edge at each vertex. Thus,
following Lemma 6.1, the supersmoothness p of s at the vertices of A must

satisfy
3r—1

such that s is r-times continuously differentiable at the edges of A. There-
fore, forr =2mand m >0

0> {67}1—1} _ 3m

and forr =2m +1
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Now, let e := (u,v) be an edge in A. Then the B-coefficients of s associated
with the domain points in D,(u) and D,(v) are uniquely determined by
the partial derivatives of s up to order p at the vertices # and v. Then for
each of the sets D, (1) and D,(v) p + 1 domain points lie on e, respectively.
In order that these sets do not overlap and the partial derivatives of s at the
vertices u and v can be set independently, the polynomial degree of s|, has
to be at least d = 2p + 1. Thus, the degree of polynomials of s must be at
leastd = 6m + 1 forr =2mand d = 6m + 3 for r = 2m + 1. o

Since it is desirable that the supersmoothness 7 at the split point vr of
a triangle F, which has been refined with a Clough-Tocher split, is as high
as possible such that the dimension of the corresponding spline space is as
low as possible, the degree of supersmoothness 7 is considered separately
in the following Lemma (cf. [59]).

Lemma 6.4:

For r > 0, a bivariate C" macro-element over a Clough-Tocher split triangle
Fer with CP supersmoothness at the vertices of F and polynomial degree
d can be constructed if and only if the degree of supersmoothness 7 at the
split point vr, at which F is refined, is at most d + p — 2r.

Proof:

Let s be a triangle defined on the Clough-Tocher split triangle Fcr. The
number of domain points in R, 1(v1) which are also contained in the set
Dy (vF) is equal to 2(p +1 —d + 1) + 1. From the cross derivatives of s
up to order r at the edges (v1,v2) and (v1,v3), the B-coefficients of s corre-
sponding to r — d 4 1 + 1 of these domain points are uniquely determined.
Thus, only 2(p — r) 4 1 B-coefficients of s associated with domain points in
Rpy1(v1) N Dy(vE) are still undetermined. These B-coefficients must sat-
isfy the p + 1 — d + 1 smoothness conditions at the edge (v1,vr). Unless
2(p—r)+1>p+1—d+nholds, this is impossible. Therefore, the super-
smoothness # of s at vr is bounded by d + p — 2r. ]

Considering C" macro-elements based on the Powell-Sabin split of a tri-
angle the following result for the polynomial degree and the degree of su-
persmoothness can be obtained (cf. [61]).

Corollary 6.5:

For r > 0, a bivariate C" macro-element over a Powell-Sabin split triangle
Fps can be constructed if and only if the degree of polynomials d and the
degree of supersmoothness p at the vertices of F are at least as in Table 6.3,
for m > 0.
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r 4m dm+1 | 4dm+2 | 4m+3
Iy 6m bm+1 | 6m—+3 | 6m—+4
d|9m+1|9Im+2 | 9m+5 | 9m+7

Table 6.3: Minimal degree of polynomials 4 and minimal supersmoothness
p for C" macro-elements over Powell-Sabin split triangles.

Proof:

Let A be a triangulation and Apg the triangulation obtained by splitting
each triangle in A with a Powell-Sabin split at the incenter. Then, let s be
a spline of smoothness r defined on Aps. Since each triangle in A is sub-
jected to a Powell-Sabin split it has exactly on interior edge at each vertex.
Therefore, following Lemma 6.1,

>F)r—1"_ 3k, for r = 2k,
=172 3k+1, forr=2k+1,

has to hold for the degree of supersmoothness p at the vertices of A, such
that s is r-times continuously differentiable at the edges of A.

Now, in order to examine the degree of polynomials, first the super-
smoothness at the split point has to be considered. To this end, let F be
a single triangle and Fpg the Powell-Sabin split of F at the split point vr.
Then, following Lemma 3.2 of [45], the dimension of the space S;’U (Fps) :=
{s|r. € 73‘3 forall F; € Fpg: s € C'(vg)} is equal to

(s (() - ()¢ T i

j=n—r+1

where 3 < e < 6 is the number of interior edges of Fpg with different slopes.
Thus, to obtain a stable dimension for all configurations of Fpg, # has to be
chosen such that the sum

d—r

Y (r+j+1—je)s
j=n—-r+1

is equal to zero for all 3 <e < 6. Thisleadstoy +2—-3(y —r+1) <0,
which is equivalent to
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>{3r—1_‘_ 3k, for r = 2k,
=172 3k+1, forr=2k+1.

Now, it is possible to investigate the minimal degree of polynomials
needed to construct C" macro-elements based on the Powell-Sabin split.
Therefore, let e be an interior edge of Fpg, which belongs to the two sub-
triangles F, 1 and F,» in Fps. Then, the B-coefficients of a spline s defined
on Fpg with CP supersmoothness at the vertices of F and C” supersmooth-
ness at the split point of Fpg associated with the domain points in the rings
Rg“'l (vr) and RI,;‘”Z (vF) are considered. The set Rf]"'l (vp) U Rf;’g’Z (vr) contains
a total number of 27 + 1 distinct domain points. Setting the B-coefficients
of s corresponding to the domain points in the disks D,(u) and D, ()
for the two vertices  and v of F contained in F,; and F,, leaves exactly
21 +1—2(p+n —d+ 1) B-coefficients associated with the domain points

in Rge'l (vp) U Rge'z(vp) undetermined. Since these B-coefficients have to
satisfy # smoothness conditions across the edge e, such that s has C” su-
persmoothness at the split point of Fpg, there have to be at least 7 undeter-
mined B-coefficients left. Thus,

i Fy+2p+1]

2

has to hold in order to construct a C" macro-element based on the Powell-
Sabin split. Then, inserting the minimal values for p and 7 leads to

%TH , forr=2k,
d>

B 9"%4 , forr=2k-+1.
Thus, considering the two cases for an even and an odd k, it follows that

9m+1, forr=4m,

I9m+2, forr=4m+1,
I9m+5, forr=4m+2,
I9m+7, forr=4m+ 3.
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For these four cases, it follows that

6m, forr =4m,

6m+1, forr=4m+1,

6m+3, forr=4m+ 2,

6m+4, forr=4m+3. o

6.2 Minimal determining sets for C’
macro-elements over the Clough-Tocher split
of a triangle

In this section minimal determining sets for macro-elements over the
Clough-Tocher split of a triangle that can be extended to higher polyno-
mial degrees are constructed. Therefore, let F be a triangle and Fcr the
corresponding Clough-Tocher split. For r > 0 and m = | 5] it follows from
Corollary 6.3 and Corollary 6.4, that it is possible to construct C" macro-
elements based on the Clough-Tocher split of a triangle, if

Bm+q+1,5m+3q+p+26m+2g+p+3), r=2m+1,

(0,1,d) =
(Bm +q,5m+3q+p+1,6m+29+p+1), r=2m,

(6.1)

with 0 < p and 0 < g < [%], holds for the supersmoothness p at the ver-
tices of F, the supersmoothness 7 at the split point of F and the degree of
polynomials 4.

The macro-elements considered are in the superspline space

S;’p’U(FCT) ={se Sj(Fcr):s€Cl(v;),i=1,2,3,s € Cl(vp)}.

Theorem 6.6:

Let r € Ny, and let p,7, and d be as in (6.1) and F := (v1,v5,03) a trian-
gle. Moreover, let Fct be the refinement of F by a Clough-Tocher split with
subtriangles F; := (v;,v;41,vF), i = 1,2,3, where v4 := v1 and v is the split
point strictly inside F. Let MF., be the union of the following sets of do-
main points:
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(Mlf.,) Dy (0:),i=1,2,3

(M2¢c,) (&1} 1=1,23withij<p+p+1 k<randi+j+k=d
(M3FCT) D;lf:-lt,-p—Z(UF)

with0<pand0<g< f%}

Then M, is a minimal determining set for S;’p "I (Fer) and

43m?+(16p+189+65)m+p>+13p+34>+15+24
2 7

forr=2m+1

. r,0,1 . 4
dim S, (Fer) = {43m2+(16p+18q+31)m+p2+5p+3q2+9q+6
2 7

forr =2m.
(6.2)

Proof:

First, it is proved that MF., is a minimal determining set. Therefore, the
B-coefficients c¢ for a bivariate spline s € S, (Fcr) are set to prescribed
values for all domain points £ contained in the set Mp_... Then it is shown,
that all remaining B-coefficients of s corresponding to domain points in Fcr
are uniquely and stably determined.

The undetermined B-coefficients of s associated with domain points in
the disks Dp(vi), i =1,2,3, can be uniquely and stably determined from
the B-coefficients corresponding to the domain points in the set (M1g...) by
using the CP supersmoothness at the three vertices of F.

At this time, together with the B-coefficients associated with the domain
points in the set (M2f.,), all B-coefficients corresponding to the domain
points within a distance of » from the three edges of F are uniquely and
stably determined.

Now, the last undetermined B-coefficients of s can be determined. These
are all associated with domain points in the disk D, (vF). Since the spline
s has C" supersmoothness at the split point vf, the B-coefficients of s cor-
responding to the domain points in D, (vr) can be considered as those of
a bivariate polynomial g of degree ;7 defined over the triangle F, which is
bounded by the domain points in the ring R, (vr). For the spline s some B-
coefficients associated with domain points in the disk D, (vF) are already
uniquely determined. Thus, considering the polynomial g, the B-coeffi-
cients corresponding to the domain points within a distance of 2(m + q)
from the vertices and a distance of 7 + g from the edges of F are already
known. Now, the B-coefficients associated with the domain points in the
set (M3f.,) uniquely and stably determine the partial derivatives at the
point vr up to order r + p — 2. Therefore, following Lemma 2.42 for the case
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n = 3, the remaining undetermined B-coefficients of the polynomial g are
uniquely and stably determined. Thus, all B-coefficients of s are uniquely
and stably computed.

Since the set M., is a minimal determining set for the superspline space
S;’p "I (Fer), it suffices to compute the cardinality of M Fop to determine the
dimension of S;’p & (Fcr)- It can easily be seen that the set (M1f,.,) contains

3

domain points. The set (M2p.,) consists of

(1) mers)
7

domain points are contained in the last set (M3f_,). Thus

w5 ((5)- (5)ere) (),

which reduces to the number in (6.2). O

domain points, and

6.3 Examples for macro-elements over the
Clough-Tocher split of a triangle

In this section examples for the minimal determining sets for macro-ele-
ments based on the Clough-Tocher split, constructed in section 6.2, are
given. As in [66], different cases of C" macro-elements, r =0,...,9, are
considered on one triangle F := (v1,v;,0v3). These examples are also used
in section 8.3.

6.3.1 C” macro-elements over the Clough-Tocher split

One example for minimal determining sets for C’ macro-elements based
on the Clough-Tocher split of a triangle is shown in this subsection.
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Example 6.7:

Letr =0, p=1,and g =0. Therefore, m =0,and p =0, y =2, and d = 2.
Then the macro-elements are in the superspline space SS’O’Z(FCT), which
reduces to a space of polynomials of degree two defined on Fcr. By The-
orem 6.6, the dimension of SS’O'Z(FCT) is equal to 6 and a corresponding
minimal determining set MF_... is given by the union of the following sets
of domain points:

(€Y yMlf.,) Dy (v;), i=1,2,3

(CyM2¢) {61} 1=1,2,3, withi,j <2, k=0,and i+ +k=2

This minimal determining set is illustrated in Figure 6.1.

U3

A

01 02

Figure 6.1: Minimal determining set of a C° macro-element in Sy (Fcr).
Domain points contained in (C?O:Ml Fcr) are marked with m,
and those in (C? 0:M2g..) with a.

6.3.2 C! macro-elements over the Clough-Tocher split

Two examples for minimal determining sets for C! macro-elements based
on the Clough-Tocher split of a triangle are presented in this subsection.

Example 6.8:

Letr=1,p=0,and g=0. Inthiscasem =0,and thusp=1, 7 =2,and d =
3. Therefore, the macro-elements are in the superspline space Sé’l’z(FCT).
Following Theorem 6.6, the dimension of Sg'l’z(FCT) is equal to 12 and a
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corresponding minimal determining set MF,_, is given by the union of the
following sets of domain points:

(CooM1r,) Dyi(v;), i=1,2,3
(CooM2re,) {1}, 1=1,2,3, withi,j <2, k<1andi+j+k=3
This minimal determining set is illustrated in Figure 6.2.

(%}

U1 = (%)

Figure 6.2: Minimal determining set of a C! macro-element in Sé’l’z (Fer)-
Domain points contained in (C(l),O:Ml Fcr) are marked with m,
and those in (C(l) 0:M2p.,) with a.

Example 6.9:

Letr =1, p=2, and g = 1. Therefore, m =0, and thus p =2, n =7, and
d =7. Then the macro-elements are in the superspline space S;'2’7(FCT),
which reduces to a space of polynomials of degree seven defined on Fcr.
By Theorem 6.6, the dimension of S;'2’7(FCT) is equal to 36 and a corre-
sponding minimal determining set M., is given by the union of the fol-
lowing sets of domain points:

(C3M1p,) Dy (v;), i=1,2,3

(C3 M2 ) {gf}/k}, 1=1,2,3,withi,j <5 k<1l,andi+j+ k=7
(C};:M3r,,) Dy (vp)
This minimal determining set is illustrated in Figure 6.3.
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U3
Q
] [e]
(e} Q
[e] [e]
A Q A
[e] [e]
o o} o
A [e] o A
o O o
o [e] [e] [e]
A e} [e] A
O o [e]
[¢] O [¢] Q [¢]
[e] O [e] o Q, n
o] O [¢] [¢] [¢] Q
[e] [e] o [e]
A A A [¢]

Figure 6.3: Minimal determining set of a C! macro-element in S;'2’7( Fer).
Domain points contained in (C%J:Ml Fcr) are marked with m,
those in (C%J:MZFCT) with A, and those in (C%,11M3FCT) with .

6.3.3 C? macro-elements over the Clough-Tocher split

In this subsection, two examples for minimal determining sets of C2 macro-
elements over the Clough-Tocher split of a triangle are considered.
Example 6.10:
Letr =2, p=1,and ¢ =0. Then m =1, and therefore p =3, 7 =7, and
d = 8. Thus, the macro-elements are in the superspline space 85'3'7(FCT).
Following Theorem 6.6, the dimension of S§’3’7(FCT) is equal to 51 and a
corresponding minimal determining set MF_, is given by the union of the
following sets of domain points:
(C2yMlf.,) D5 (v;), i=1,2,3
(C2 :M2f,,) {ff},k}' 1=1,2,3,withi,j <5 k<2andi+j+k=8

(C} M3, D (vF)
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This minimal determining set is illustrated in Figure 6.4.

U3
Q
[ ] o
Q
[ ] o
] Q o
o o Q
A (o} A
A o o A
[} o [}
A o o A
A o ¢} o A
J o o o o
A o o A
o o o [ ]
d o o o Q o
o O o o Q ]
o o) o o o Q [ ]
o o o o o
n A A A o

Figure 6.4: Minimal determining set of a C?> macro-element in 85'3’7(FCT).
Domain points contained in (C%O:Ml Fcr) are marked with m,
those in (C%O:MZFCT) with a, and those in (C%,O:MSPCT) with .

Example 6.11:

Letr=2,p=2,andg=1.Thenm =1,and thusp =4, y =11,and d = 11.
In this case, the macro-elements are in the superspline space 81214’11 (Fer),
which is in fact just a space of polynomials defined on Fcr, since the super-
smoothness # at the split point vr is equal to the degree of polynomials d.
Following Theorem 6.6, the dimension of 812i4,11 (Fcr) is equal to 78 and a
corresponding minimal determining set M., consists of the union of the
following sets of domain points:

(C3,: M) Dy (vy),i=1,2,3
(C3M2r,) {61, 1=1,2,3, withij<7, k<2,andi+j+k=11

(C3 :M3r,.,) DE ()
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This minimal determining set is illustrated in Figure 6.5.

03

Figure 6.5: Minimal determining set of a C? macro-element in 81214'11 (Fer)-
Domain points contained in (C%lel Fcr) are marked with m,

those in (C%J:MZFCT) with a, and those in (C%,15M3Pcr) with %

6.3.4 C® macro-elements over the Clough-Tocher split

In this subsection, four examples for minimal determining sets of C> macro-

elements based on the Clough-Tocher split of a triangle are presented.
Example 6.12:

Letr =3, p=0, and g = 0. Therefore, m =1, and thus p =4, 7 =7, and
d = 9. Then the macro-elements are in the superspline space 893’4'7(FCT),
which has also already been studied by Lai and Schumaker [59] since p
and g are equal to zero. By Theorem 6.6, the dimension of 893'4’7(FCT) is
equal to 66 and a corresponding minimal determining set Mp.,. is given

by the union of the following sets of domain points:
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(C3yM1p,) Dy (v), i=1,2,3
(C3eM2r,) {1}, 1=1,2,3, withi,j <5, k<3,and i+ j+k=9

F
(C3o:M3g.;) Dy (vf)
This minimal determining set is illustrated in Figure 6.6.

03

Figure 6.6: Minimal determining set of a C*> macro-element in 83'4’7(FCT).
Domain points contained in (Cj:Ml,,) are marked with m,
those in (C8,05M2Pcr) with a, and those in (CS,O:MSFCT) with %

Example 6.13:
Letr =3, p=1, and g = 1. Therefore, m =1, and thus p =5, # =11, and
d = 12. Then the macro-elements are in the superspline space SféS’ll (Fer)-

Following Theorem 6.6, the dimension of 85’55'11 (Fcr) is equal to 99 and a
corresponding minimal determining set M., is given by the union of the

following sets of domain points:
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(Cio’,fMlFCT) D5Fi(vi), i=1,23
(C3 :M2f.,) {£f}k}, 1=1,2,3,withi,j<7 k<3,andi+j+k=12

(C3:M3g,) D} (vp)
This minimal determining set is illustrated in Figure 6.7.

03

Figure 6.7: Minimal determining set of a C> macro-element in Sff’ll (Fer).
Domain points contained in (Cfl:Ml Fcr) are marked with m,
those in (C{’ 1:M2_.) with 4, and those in (Cf 1:M3g.,) with .

Example 6.14:

Letr =3,p=3,and g =2. Thenm =1, and thus p =6, = 16, and d = 16.
In this case, the macro-elements are in the superspline space 8566’16(FCT),
which is in fact just a space of polynomials defined on Fcr, since the super-
smoothness 7 is equal to the degree of polynomials d. Following Theorem
6.6, the dimension of Sf’é6’16 (Fcr) is equal to 153 and a corresponding min-
imal determining set M., consists of the union of the following sets of
domain points:
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(C3,M1g,) Dy(v;),i=1,2,3
(C5:M2r,) {ﬁf},k}, 1=1,2,3,withi,j <10, k<3,andi+j+ k=16

F;
(C3,:M3g.,) D, (vF)
This minimal determining set is illustrated in Figure 6.8.

Figure 6.8: Minimal determining set of a C> macro-element in Sféé'm (Fer).
Domain points contained in (ng:MlpCT) are marked with m,
those in (Cg,zzMchf) with a, and those in (Cg »:M3p..) with %.

Example 6.15:

Letr =3, p =4, and g = 2. Therefore, m =1, and thus p =6, 7 =17, and
d = 17. Then the macro-elements are in the superspline space S;2""” (Fcr),
which again reduces to a space of polynomials, as in Example 6.14. By The-
orem 6.6, the dimension of Sf§6’17(FCT) is equal to 171 and a corresponding
minimal determining set MF_, is given by the union of the following sets
of domain points:
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(C3,M1p,) Dy (), i=1,2,3
(CM25 ) {€ll,}, 1=1,2,3, withi,j <11, k<3,and i 4]+ k=17
(C3,M3r.;) Ds' (vr)

This minimal determining set is illustrated in Figure 6.9.

Figure 6.9: Minimal determining set of a C> macro-element in 85”76’17(13(;7).
Domain points contained in (C;Z’Z:Ml Fop) are marked with m,
those in (CE,Z:MZFCT) with a, and those in (Ci’IZ:M3pCT) with »*.

6.3.5 C* macro-elements over the Clough-Tocher split

Four examples for minimal determining sets of C* macro-elements over
the Clough-Tocher split of a triangle are shown in this subsection.
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Example 6.16:

Letr=4,p=0,and g =0. Thenm =2, and thus p =6, y =11, and d = 13.
In this case the macro-elements are in the space 81%6’11 (Fcr). These macro-
elements have already been studied by Lai and Schumaker [59] since the
parameters g and p are equal to zero. Following Theorem 6.6, the dimen-
sion of 8%6'11 (Fer) is equal to 120 and a corresponding minimal determin-
ing set M., consists of the following sets of domain points:

(Cg,o:MlFCT) D? (v;),i=1,2,3
(ChoyM2r.,) {€f1, ), 1=1,2,3, withi,j <7, k<4,and i ++k =13

(C4oM3p.,) D3 (vF)
This minimal determining set is illustrated in Figure 6.10.
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macro-element in

set of a C*
contained in (CgronlpCT)

Figure 6.10: Minimal determining
S;}é(”ll(FCT). Domain points
are marked with m, those in (Cé,O:MZFCT) with A, and those in

(Co:M3E;) with %.
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Example 6.17:

Letr=4, p=2,and g =1. In this case m =2, and thus p =7, n = 16,
and d = 17. Therefore, the macro-elements are in the superspline space
8%7’16 (Fcr). Following Theorem 6.6, the dimension of Sf’77'16 (Fcr) is equal
to 183 and a corresponding minimal determining set M., consists of the
following sets of domain points:

(C4Mlf.,) Dy (v)), i=1,2,3

(ChyM2r) {€/1, ) 1=1,2,3, withi,j <10, k< 4,and i+ j+k =17
(C41:M3p.,) Dy (vF)

This minimal determining set is illustrated in Figure 6.11.

Figure 6.11: Minimal determining set of a C* macro-element in
Sf§7’16(FCT). Domain points contained in (C‘2L’1:M1 For)
are marked with m, those in (Cg,l :M2p..) with 4, and those in
(C31:M3g.;) with *.
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Example 6.18:
Letr =4, p =3, and g = 1. Therefore, m =2, and thusp =7, y =17, and

d = 18. Then the macro-elements are in the superspline space Sfé7'l7(FCT).

By Theorem 6.6, the dimension of Sfé7’17(FCT) is equal to 204 and a cor-
responding minimal determining set Mp., is given by the union of the
following sets of domain points:

(C4M1p,) Dy (v;), i=1,2,3

(C4 1 M2,) {gf;.,k}, 1=1,2,3,withi,j <11, k<4,and i +j+ k=18
(C4,:M3f,,) D' (vp)
This minimal determining set is illustrated in Figure 6.12.

Figure 6.12: Minimal determining set of a C* macro-element in
Sfézw(FCT). Domain points contained in (Cél:Ml Fer)
are marked with m, those in (C§,1:M2FCT) with A, and those in
(C31:M3g.,) with *.
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Example 6.19:

Letr =4, p =5, and g = 2. Then m = 2, and therefore p =8, 1 =22, and
d = 22. Thus, the macro-elements are in the superspline space Sgés,zz (Fer),
which is in fact just the space of polynomials of degree 22 defined on Fcr,
since the supersmoothness 7 at the split point vr is equal to the degree of
polynomials d. Following Theorem 6.6, the dimension of SZS'ZZ(FCT) is
equal to 276 and a corresponding minimal determining set MF_, is given
by the union of the following sets of domain points:

(CE,M1p,) Dy (v;), i=1,2,3

(CE,M2p,) {gf;lk}, 1=1,2,3, withi,j <14, k<4,andi+j+k=22

F;
(C5,:M3g,;) D;'(vF)
This minimal determining set is illustrated in Figure 6.13.

OCooom

O0o0o0o

00000

O0o00o0

U1 02

Figure 6.13: Minimal determining set of a C* macro-element in
S;Lé&zz(FCT). Domain points contained in (C‘5L,2:M1 For)
are marked with m, those in (Cé,Z:MZFCT) with a, and those in
(C§,21M3FCT) with .
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6.3.6 C° macro-elements over the Clough-Tocher split

In this subsection, three examples for minimal determining sets of C°
macro-elements based on the Clough-Tocher split of a triangle are shown.

Example 6.20:
Letr =5, p=1, and g = 1. In this case m = 2, and therefore p =8, 1 =
16, and d = 18. Thus, the macro-elements are in the superspline space
815é8'16(FCT). By Theorem 6.6, the dimension of Sfés'l(’(FCT) is equal to 213
and a corresponding minimal determining set M., consists of the follow-
ing sets of domain points:

E; .
(CilelpCT) Dg'(v;), i=1,2,3
(C3y:M2¢) {&/,}, 1=1,2,3, withi,j <10, k <5,and i +j+k =18

F
(CF:M3g;) Dy (vF)
This minimal determining set is illustrated in Figure 6.14.

Figure 6.14: Minimal determining set of a C® macro-element in
Sfés’lé(FCT). Domain points contained in (Cir’,lel Fer)
are marked with m, those in (Cf 1:M2p..) with 4, and those in
(CF ;M3 with *.
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Example 6.21:

Letr =5, p =2, and g = 1. Therefore, m =2, and thus p =8, y =17, and
d = 19. Then the macro-elements are in the superspline space Sfés'w( Fer).
Following Theorem 6.6, the dimension of 815§8’17(FCT) is equal to 237 and a
corresponding minimal determining set M, is given by the union of the
following sets of domain points:

(C3yMlg,) Dg'(v;), i=1,2,3

(C3:M2r) {&/1, ) 1=1,2,3, withi,j <11, k<5,and i+ j+k=19

(C3 :M3.,) DL (o)
This minimal determining set is illustrated in Figure 6.15.

Figure 6.15: Minimal determining set of a C® macro-element in
815§8’17(FCT). Domain points contained in (Cg,fMl Fer)
are marked with m, those in (C3 ;:M2f.,) with 4, and those in
(C3 :M3g,;) with *.
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Example 6.22:
Letr=5,p

23.

=22,and d =
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This minimal determining set is illustrated in Figure 6.16.

in

macro-element

set of a C°
Domain points contained in ( 2 »MlE.,)

Figure 6.16: Minimal determining

85 (Fcr).

are marked with m, those in ( 22:M2FCT) with a, and those in

(C3:M3,) with *.
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6.3.7 C® macro-elements over the Clough-Tocher split

Three examples for minimal determining sets of C® macro-elements over
the Clough-Tocher split are presented in this subsection.

Example 6.23:
Letr =6, p =0, and g = 0. Thus, m = 3, and therefore p =9, y = 16,
and d = 19. In this case the macro-elements are in the superspline space

Sléég'lé (Fcr). Since p and g are equal to zero, these macro-elements have al-
ready been considered by Lai and Schumaker [59]. Following Theorem 6.6,

the dimension of Sl6é9'16(FCT) is equal to 243 and a corresponding minimal
determining set M., consists of the following sets of domain points:

(C§oM1f.,) D' (o), i=1,2,3
(C8oM2r;) {ff}k}, 1=1,2,3,withi,j <10, k <6,and i +j+k =19

F
(C§o:M3g.;) D, (vF)
This minimal determining set is illustrated in Figure 6.17.

Figure 6.17: Minimal determining set of a C°® macro-element in
Sléég’lé(FCT). Domain points contained in (CS,O:Ml For)
are marked with m, those in (C8,03M2FCT) with a, and those in
(C§p:M3g,) with *.
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Example 6.24:

Letr =6, p=1, and g = 0. Therefore, m =3, and thusp =9, y =17, and
d = 20. Then the macro-elements are in the superspline space 826(')9'17(FCT).
By Theorem 6.6, the dimension of 82669’17(FCT) is equal to 270 and a cor-
responding minimal determining set M., is given by the union of the
following sets of domain points:

(C§yMlf,) Dy (v;), i=1,2,3

(C§ s M2p,) {gf;.rk}, 1=1,2,3, withi,j <11, k<6,and i + j + k = 20
(C¢ yM3r,,) D! (vp)
This minimal determining set is illustrated in Figure 6.18.

Figure 6.18: Minimal determining set of a C® macro-element in
82669’17(FCT). Domain points contained in (C?,O:Ml For)
are marked with m, those in (C?,O:MZFCT) with A, and those in
(C$ y:M3g,) with *.
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Example 6.25:
Letr=6,p

22, and

3, and therefore p = 10, 7

3,and g =1. Then m
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the following sets of domain points:
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This minimal determining set is illustrated in Figure 6.19.

Figure 6.19: Minimal determining set of a C® macro-element in

S92 (Fer).

Domain points contained in (Cglelpg)

are marked with m, those in (Cg 1:M2p..) with 4, and those in

(C§1:M3g,) with *.
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6.3.8 C” macro-elements over the Clough-Tocher split

In this subsection, two examples for minimal determining sets of C” macro-
elements over the Clough-Tocher split of a triangle are considered.

Example 6.26:

Letr =7, p =0, and g = 0. Therefore, m = 3, and thus p =10, 7 =17, and
d = 21. Then the macro-elements are in the superspline space Sa; "7 (Fcr).
Since p = q = 0, the macro-elements considered here reduce to those from
Lai and Schumaker [59]. By Theorem 6.6, the dimension of 827110'17(FCT) is
equal to 303 and a corresponding minimal determining set Mp_, is given
by the union of the following sets of domain points:

(CfoM1pc) Dii(v;), i=1,2,3
(CoM25,,) {61}, 1=1,2,3, withi,j <11, k<7,and i+ + k=21

(C} M3r.,) D& (vF)
This minimal determining set is illustrated in Figure 6.20.
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Figure 6.20: Minimal determining set of a C’ macro-element in
827110’17(FCT). Domain points contained in (Cg/O:Ml For)
are marked with m, those in (Cg,05M2Fcr) with a, and those in
(Cg{O:MC%pCT) with .
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This minimal determining set is illustrated in Figure 6.21.

Figure 6.21: Minimal determining set of a C’ macro-element in

Domain points contained in (Czlelpn)

SH (Fer).

are marked with m, those in (CZ 1:M2f_.) with 4, and those in

(C7 1:M3g,) with *.
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6.3.9 C® macro-elements over the Clough-Tocher split

In this subsection, one example for a minimal determining set of a C8
macro-element over the Clough-Tocher split of a triangle is shown.

Example 6.28:

Letr =8, p =1, and g = 0. Therefore, m = 4, and thus p =12, 7 =22, and
d = 26. Then the macro-elements are in the superspline space Sgélz,zz (Fer)-
By Theorem 6.6, the dimension of 83612’22(PCT) is equal to 444 and a cor-
responding minimal determining set M., is given by the union of the
following sets of domain points:

(CPyMlg,) Dl (v;), i=1,2,3
(CyM2p,) {€]1,), 1=1,2,3, withi,j <14, k<8,and i +j+k =26

(C§ yM3r,,) D} (vp)
This minimal determining set is illustrated in Figure 6.22.

6.3.10 C° macro-elements over the Clough-Tocher split

One example for a minimal determining set of a C’ macro-element based
on the Clough-Tocher split of a triangle is presented in this subsection.

Example 6.29:

Letr =9, p =0, and g = 0. Then m =4, and therefore p =13, # =22, and
d =27. Thus, the macro-elements are in the superspline space 82513'22 (Fer).
These macro-elements have already been studied by Lai and Schumaker
[59] since g and p are equal to zero. Following Theorem 6.6, the dimension
of 829513'22(FCT) is equal to 486 and a corresponding minimal determining
set M., is given by the union of the following sets of domain points:
(CgoMlf,) Diy(v), i=1,2,3

(CooM2rp) {8/} 1=1,2,3, withi,j < 14, k < 4,and i +j+ k=27
(C§oM3r.,) DI (vF)

This minimal determining set is illustrated in Figure 6.23.
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Figure 6.22: Minimal determining set of a C® macro-element in

Domain points contained in (C?OZMlpc].)

S22 (Fer).

those in (C?,O:MZFCT) with a, and those in

are marked with m,
( ?,O:M"BFCT) with .
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Figure 6.23: Minimal determining



7 Macro-elements of arbitrary
smoothness over the Alfeld split of a
tetrahedron

In this chapter the trivariate C" macro-elements of Lai and Matt [54] based
on the Alfeld split of a tetrahedron (see Definition 2.6) are considered. In
section 7.1, we investigate the minimal conditions for the polynomial de-
gree and the degree supersmoothness for splines based on the Alfeld split.
In the next section, we consider minimal determining sets for C" macro-ele-
ments over the Alfeld split. In the following section 7.3, in order to ease the
understanding of the constructed minimal determining sets, we give some
examples for these. In section 7.4, we illustrate nodal minimal determining
sets for the macro-elements. Finally, in section 7.5, we construct a Hermite
interpolant based on the Alfeld split, which yields optimal approximation
order.

7.1 Minimal degrees of supersmoothness and
polynomials for macro-elements over the
Alfeld split of a tetrahedron

In this section the constraints on the degree of polynomials and the de-
gree of supersmoothness at the vertices and edges of a tetrahedron, which
are needed to construct C" macro-elements based on the Alfeld split, are
investigated. In general it is desirable to use splines with a low degree
of polynomials. However, there exist some restrictions due to the geom-
etry of the considered partition, as well as desired locality of the applied
splines. Normally a polynomial degree of at least 8r + 1 is needed to con-
struct C" macro-elements over an arbitrary tetrahedral partition (cf. [63]
and [105]). Thus, to be able to construct macro-elements with a lower de-
gree of polynomials, the tetrahedra of a partition have to be subdivided.
In this chapter, the Alfeld split is used to this end. In order to analyze the

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 7,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012
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restrictions on the degree of supersmoothness and the polynomial degree,
some bivariate layers in the split tetrahedra have to be considered more
closely. Since a trivariate spline defined on a tetrahedron is just a bivari-
ate spline, when restricted to a triangle, for the trivariate spline the same
restrictions have to be fulfilled as for the bivariate spline.

With the results from section 6.1 it is possible to determine the mini-
mal degree of polynomials and the minimal and maximal degree of super-
smoothnesses for C" macro-elements over the Alfeld split of a tetrahedron.

Theorem 7.1:

Let T := (v1,v2,03,04) be a tetrahedron and T4 the Alfeld split of T at the
point vt strictly in the interior of T. For ¥ > 0, a trivariate C" macro-element
based on T4 can be constructed if and only if the degree of polynomials d,
the degree of supersmoothness p at the vertices of T, and the degree of
supersmoothness y at the edges of T are at least as in Table 7.1 and the
degree of supersmoothness 7 at vt is at most as in Table 7.1, for m > 0.

r 4 P Ul d
2m 3m 6m 11m—+1 | 12m+1
2m+1 | 3m+1 | 6m+2 | 1lm+4 | 12m+5

Table 7.1: Minimal degree of polynomials d, minimal supersmoothnesses
p and p, and maximal supersmoothness # for C" macro-elements
over Alfeld split tetrahedra.

Proof:
Let F be a plane intersecting T at the three points v1,v,, and vr. The proof
works analog for any other combination of vertices of T. Since T was sub-
divided with the Alfeld split, a Clough-Tocher split triangle on F is in-
duced. This triangle is marked with light gray in Figure 7.1. In Figure 7.1,
right, only this triangle is shown, where (v1,v;) is an edge of the tetrahe-
dron T, v, is the intersection of the edge (v3,v4) with the plane F, the two
edges (v1,v,) and (vy,v,) are the intersection of the plane F with the trian-
gular faces (vq,v3,v4) and (vp,v3,v4) of T, (v1,v7) and (vp,vT) are interior
edges of Ty, and the edge (vr,v,) is the intersection of the plane F with the
interior triangular face (v3,v4,v7) Of Ty.

Since each trivariate spline s defined on T4 restricted to any triangle in
T results in a bivariate spline with the same degree of polynomials and su-
persmoothness, the spline s has to fulfill the same conditions as a bivariate
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02

Figure 7.1: Bivariate layer with a Clough-Tocher split triangle in a tetrahe-
dron T := (v1,v3,v3,v4) subdivided with the Alfeld split at the
point v in the interior of T.

spline in Corollary 6.2 and 6.3. Therefore, the degree of supersmoothness
of s at the three vertices v1,v,, and v, of the Clough-Tocher split triangle
in F has to be at least 3m or 3m + 1, such that s € C?" or s € C2"*1 re-
spectively. Since the point v,, where the spline s has C3" or C3"*! super-
smoothness, as the case may be, is a point in the interior of the edge (v3,v4)
of T, the degree of supersmoothness of s at the edges of T has to be at least
3m or 3m + 1, respectively.

Next, the triangular face (v1,v;,v3) of T is considered. The proof is ana-
logue for any other face of T. This triangle is not subdivided and, follow-
ing the above considerations, the spline s|,, ,, ,.) is a bivariate spline de-
fined on this triangle with C3" or C3"*! supersmoothness at the edges of
(v1,v2,03). Thus, following Corollary 6.2, the degree of supersmoothness
of s at the vertices of (v1,v3,v3) has to be at least Co™ or Co"+2 in order to
constructa C?" or C2" 1 macro-element based on the Alfeld split of T with
C3™ or C3F1 supersmoothness at the edges of T, respectively. In addition,
it follows that the degree of polynomials of s has to be at least 12m + 1 or
12m + 5 for a C?" or C2"*1 macro-element, as the case may be.
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Finally, the supersmoothness at the point v is considered. To this end
the Clough-Tocher split triangle in the plane F from above is analyzed
again. Restricted to this triangle the spline s has C®" or C®"*2 super-
smoothness at v1 and vy, and C3" or C3+1 supersmoothness at v, respec-
tively. Considering the two vertices v1 and v;, following Lemma 6.4, the
degree of supersmoothness of s at v can be at most 14m + 1 or 14m + 5,
respectively. But considering the vertex v, the supersmoothness at v can
be at most of degree 11m + 1 or 11m + 4, as the case may be. ]

7.2 Minimal determining sets for C’
macro-elements over the Alfeld split

In this section minimal determining sets for C" macro-elements based on
the Alfeld split of a tetrahedron and a tetrahedral partition are constructed.
First, some notations are established to define the considered space of su-
persplines. Subsequently, minimal determining sets for the C" macro-ele-
ments over the Alfeld split of a tetrahedron are constructed and proved.
Afterwards, more notations are introduced and the space of supersplines
for C" macro-elements over the Alfeld split of a tetrahedral partition is de-
fined. Then, minimal determining sets for theses macro-elements are con-
structed. We also prove this result.

Notation 7.2:

Let T := (v1,v2,v3,04) be a tetrahedron with the four triangular faces F; :=
(vi,vi41,0i42), i =1,...,4. Then, let T4 be the Alfeld split of T at the point
vt in the interior of T and T; := (v;,v;.1,0;12,07), i =1,...,4, the four subte-
trahedra of T4, where v5 := v1 and vg := v,. Moreover, let V7, E1, and Fr be
the sets of vertices, edges, and faces of T, respectively, and let F 7 be the set
of six interior triangular faces of T of the form (u,v,v7), where (u,v) € 7.
Furthermore, for each face F := (u,v,07) € Fy 1, let Tr := (u,v,01,w) € Ty
be a subtetrahedron in T4 containing F.
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The here considered macro-elements over the Alfeld split of a tetrahe-
dron T are in the superspline space

Sg’p’”’”(TA) ={seC’
seCH
seCP
se

/\

T): s|z € P;forall T € Ty,
e)foralle e &r,
v) forallv € Vr,

or)},

where r,p, 1,1, and d are as in Table 7.1.

Theorem 7.3:
Let M, be the union of the following sets of domain points:

(Mlr,) Dy (v;), i=1,...,4

(M27,) U EPT,‘T (e) \ (Dp(u) UDy(v)), where e € T,
e=(u,p)elr

(M3r,) LrJF,Ti(Fl-) \ ( gFDp(v)u UPEM(e)), i=1,...,4

(M4TA) U {gl” 2i+j,d—p—j,u+2i,0 ° ZZl//L%Jr]:l//V+21}

(M57,) U ( EL(F)\ (U Dp(o )UegPszj(e))),i=1/~-f4

vEF;

(M6TA) D,7 4 m+L J+1)(UT)

where m is as in Table 7.1. Then M7, is a stable minimal determining set
for the space S;’p "1(T4) and the dimension of the superspline space is
given as

3 2
2035m +13176m +3l4m+24, for r =2m,

3 2 (7.1)
20350 +358m7+ 20574390 for ¢ = 2 +1.

dimS,"(Ty) = {

Proof:
First, it is proved that Mr, is a stable minimal determining set for the

superspline space S;""(T,). Therefore, the B-coefficients c; of a spline

s € S;’p "#1(T4) are set to arbitrary values for each domain point £ € Mr,
and it is shown that all the remaining B-coefficients of s are uniquely and
stably determined.
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Initially, the B-coefficients of s associated with the domain points in
Dp(vi), i=1,...,4, are determined. Using the C* supersmoothness condi-
tions of s at each vertex of T, these B-coefficients are uniquely determined
from B-coefficients corresponding to the domain points in the set (M1r,).
The computation of these B-coefficients is stable, since they are directly
determined from smoothness conditions.

Next, the remaining undetermined B-coefficients associated with do-
main points in the tubes Ey(e), e € £T, are considered. Using the C¥ su-
persmoothness conditions at the edges of T, these can be uniquely deter-
mined from the B-coefficients of s associated with the domain points in the
set (M27,). Their computation is also stable, since they are directly com-
puted from other B-coefficients using smoothness conditions.

Subsequently, the B-coefficients of s associated with the domain points
in the shells R;(vt),...,Rs_,(vT) are considered. All B-coefficients of s cor-
responding to the domain points in the balls D,(v), v € Vr, and the tubes
E,(e), e € &7, are already uniquely and stably determined. The remaining
undetermined B-coefficients of s corresponding to domain points in the
shells R;(vT),...,R4_,(vr) are those associated with the domain points in
the set (M37,). Thus, all B-coefficients of s associated with the domain
points in the shells R;(vr),...,R;_,(vr) are already uniquely and stably
determined.

In order to compute the remaining undetermined B-coefficients of s,
those associated with the domain points in the ball D; (vr) are examined
more thoroughly. Since s has C7 supersmoothness at the point vr, the B-
coefficients of s corresponding to the domain points in D (v7) can be re-
garded as those of a polynomial p of degree 77, where p is defined on the
tetrahedron T, which is bounded by the domain points in the shell R, (v7).
The tetrahedron T is also refined with the Alfeld split. Since some of the
B-coefficients of s are already determined, also some of the B-coefficients
of p are determined. In particular, the B-coefficients of p associated with
the domain points within a distance of m from the faces of T, within a dis-
tance of 2m from the edges of T, and within a distance of p — d + 7 from
the vertices of T are already determined.

Now, the remaining undetermined B-coefficients of p are determined. In
case | 5| > 0, the B-coefficients of p corresponding to the domain points in
the shells Ry_,_;(vr), i =1,...,|%], are considered first. They are deter-
mined by repeating the following two steps for each i.

First, following Lemma 2.33 for j = 0, the remaining undetermined B-co-
efficients of p associated with domain points within a distance of
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2(m + i) — 1 from the edges of T are uniquely and stably determined by
the C2(m+i)=1 smoothness conditions at these edges. Next, together with
the B-coefficients associated with the domain points in the set (M4r,) with
a distance of 2(m + i) from the edges of T, the undetermined B-coefficients
of p corresponding to the domain points within a distance of 2(m + i) from
these edges can be uniquely and stably determined by the C2("+1) smooth-
ness conditions at the edges of T, following Lemma 2.33 for the case j = 1.
Thus, with the B-coefficients associated with the domain points in the set
(M57,) with a distance of m + i from the faces of T, all B-coefficients of p
corresponding to the domain points in the shell R;_, ;(vr) are uniquely
and stably determined.

Consequently, all B-coefficients of p corresponding to domain points
within a distance of 7 + [ § | from the faces of T are uniquely and stably de-
termined. Now, the partial derivatives at vt up to order 7 —4(m + [ 5| +1)
can be uniquely and stably determined from the B-coefficients correspond-
ing to the domain points in the set (M67,). Then, following Lemma 2.42 for
the case n = 4, all remaining undetermined B-coefficients of p are uniquely
and stably determined. Thus, by subdivision using the de Casteljau algo-
rithm, all B-coefficients of s are uniquely and stably determined.

Finally, the dimension of the space S;’P *1(T4) can be determined. Since

M, is a minimal determining set for S;’p H(Ty),
dim S (Ty) = #Mr,

holds, where

#Mr, :4<p;r3) n 12<“;r2>

. d—i+2 p—i+2 p—i+1
g (7)) ()
5] (i — i i
—3i(ﬂ—i+1)>+4 <<d 72’+2)—3(p Tzl”)
i=1

; L5
- 1 . . 2 )
_3(y r;rz+ ) —3(r+z)(y—r+l+1)> +6) (1+2i)
i=1
('7—4(r+ 3] +17—d)—1>
+ ,
3
which reduces to the number in (7.1). O
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For a spline defined on a tetrahedron T, which has been subjected to
the Alfeld split, all B-coefficients associated with the domain points within
a distance of r from the faces, y from the edges, and p from the vertices
of T can be uniquely determined from the B-coefficients corresponding to
the domain points in the sets (M1r,) - (M4r,). Thus, all smoothness con-
ditions connecting T4 with a neighboring tetrahedron T,, which has also
been subdivided with the Alfeld split, are fulfilled and the macro-elements
considered in Theorem 7.3 can be extended to a tetrahedral partition.

Notation 7.4:

Let A be an arbitrary tetrahedral partition and A4 the partition obtained
by subdividing each tetrahedron in A with the Alfeld split. Moreover, let
V,E, and F be the sets of vertices, edges, and faces of A, respectively, and
#V,#E,#F, and #N the number of vertices, edges, faces, and tetrahedra of
A. Furthermore, let V; be the set of split points in the interior of A, where
the tetrahedra of A have been subdivided with the Alfeld split, and let F;
be the set of triangular faces in A4 of the form (u,v,w), with u,v € V and
we V.

The macro-elements based on the tetrahedral partition A4 are in the su-
perspline space
S/ (Ap) :={s€C(Q): s|z € Pjforall T € Ay,
s€CH(e) foralle € €,
s€CP(v) forallv eV,
s € C'(vr) for all vy € Vy}.

_ —

Theorem 7.5:
Let M, be the union of the following sets of domain points:

M1,,) U Dy*(v), withv e Ty
vey

M2,,) U Eg(e)\ (Dp(u) UDy(v)), withe € T,

e:=(u,v)e€
(M3a,) U UF*(F) \ (U Dp(0)U U Eyule)), with F € T
FeFj=0 veF ecF

T . . .
(M4AA) FGUJ: {gﬂiziJr]',dfpfj,erZi,O : I = 1/---/L§J/ j=1..,pu+ 21}/
I
with F € T
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L5]
M550 U U U (VU Do) U U Eyesy(e)) )

TEAFET j=r+1 veF

T, .
(M6, ,) UéJVI DU*4(WZ+L%J+1) (v), withv € Ty,

where m is as in Table 7.1. Then M, , is a 1-local and stable minimal deter-
mining set for the space S;’p’y (A 4) and the dimension of the superspline
space is given as

(36m3 + 36m* 4+ 11m + 1)#V + (9m® + 9m? + 2m)#E
+( 134m3+567m2—5m VT + (311m3—969m2—2m VAN,

forr =2m,
dim S (A4) =

(36m> + 72m?* + 47m + 10)#V + (9m® + 18m?

3 2
+11m + 2)#5 + (134111 +2287ré +112m+18)#y:
+(311m3+2946m2+85m+6)#./\f, for r =2m + 1.
(7.2)

Proof:

First, we show that M, is a minimal determining set for S;’p M (AR).
Therefore, we set the B-coefficients c¢ of a spline s € 8;47,# (A 4) to arbi-
trary values for all £ € M. Then, all remaining B-coefficients of s associ-
ated with domain points in A4 are uniquely and stably determined.

Since the balls D,(v), v € V, do not overlap, we can uniquely and stably
compute the undetermined B-coefficients of Dp(v), v €V, from those as-
sociated with the domain points in (M1, ,) using the C¥ supersmoothness
at the vertices in V. These computations are 1-local and only depend on
B-coefficients corresponding to domain points in T'¢ C M Nstar(Ty), for
all§ € Dy(v) and v € Ty,

Considering the tubes E;(e), e € £, we see that the set (M2, ,) does not
overlap the balls Dy(v), v € V. Thus, we can uniquely and stably com-
pute the undetermined B-coefficients of s associated with domain points
in Ey(e), e € £, from those corresponding to the domain points in (M2, ,)
using the C! supersmoothness at the edges in £. For these B-coefficients
(2.11) holds with 'y € M Nstar(T,), forall £ € Ey(e) and e € Te.

Since the set (M3, ,) does not overlap the balls D,(v), v € V, or the tubes
Ey(e), e € & we can use the C" smoothness conditions at the
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triangular faces of A to uniquely and stably determine the B-coefficients

of s associated with domain points in FiTF (F), i=0,...,r, for all Fe F
and F € Tf, from those corresponding to the domain points in (M3, ,).
Moreover, the involved computations are 1-local and (2.11) holds with
e C My Nistar(Te), for all € € F/F(F).

Now, we have determined all B-coefficients of s, such that two splines
s|t, and S\TA, with T,T € A, join with C?,C#, and C” continuity at the ver-

tices, edges, and faces of T and T. Since the sets (M4, ) (M5, ,), and
(M6, ,) contain the sets (M4r,), (M57,), and (Mér,) from Theorem 7.3
for each tetrahedron T € A, the remaining undetermined B-coefficients
of s can be uniquely and stably determined in the way described in the
proof of Theorem 7.3. For these B-coefficients of s, (2.11) holds with Ty C
My nstar(T), forallé € Tand T € A.

To compute the dimension of S;’p "1 (A 4), we have to consider the car-
dinalities of the sets (M1, ,) - (M6, , ).

For each vertex v € V, the set (M1, ,) contains

p+3
3
domain points. For each edge e € &, the set (M2, ,) contains
u+2
2
("37)

domain points. For each triangular face F € F, the set (M3, ,) contains

4 d—i+2 p—i+2 p—i+1 . .
— - - —i+1
§(<2>3<2)3<2 il — i +1)
domain points. For each tetrahedron T € A, the sets (M4, ,), (M5, ,), and
(M6, ,) contain
3] L3

6 (1+2i) +4) ((d_r;iJrz) —3<p_r;i+2>

=1 i=1

3(y—r;—i+1) 3(r+i)(yr+i+1))>

L (1 der ey

domain points. This reduces to the number in (7.2). O

—
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Remark 7.6:

For r =1 and r = 2 the macro-elements constructed in this section are con-
sistent with the macro-elements on the Alfeld split investigated in [62].
Here, the superspline space Sé’2’1’4(A 4) is used in order to construct C!
macro-elements over the Alfeld split of a tetrahedral partition. In [62] the
same space of supersplines is used to construct C! macro-elements based
on the Alfeld split. In order to construct C2 macro-elements over the Alfeld
split of a tetrahedral partition the superspline space 81256’3’12(TA) is used
here. Again, this is the same superspline space as the one considered in
[62] to construct C2 macro-elements on a tetrahedral partition refined with
the Alfeld split. Furthermore, the same space of supersplines is also used
in [10] to construct C2 macro-elements based on a tetrahedral partition that
has been refined with the Alfeld split. However, in [10] no minimal deter-
mining set was constructed.

7.3 Examples for macro-elements over the Alfeld
split of a tetrahedron

In this section some examples for the macro-elements constructed in sec-
tion 7.2 are given. Since the minimal determining sets for the macro-ele-
ments are quite complex, the examples in this section are supposed to ease
the understanding of the macro-elements. Therefore, as in [54], the macro-
elements on one tetrahedron T := (vq,v,,0v3,04) for the casesr =1,...,4 are
considered more closely, as well as the cases r =5 and r = 6. Thereby it is
also shown that the macro-elements reduce to those already known from
Lai and Schumaker [62] forr =1 and r = 2.

7.3.1 C! macro-elements over the Alfeld split

The macro-elements are in the superspline space S;’P *1(Ty). For the case
r =1, m is equal to zero and, following Table 7.1 (third row), the super-
spline space reduces to the space S;’2’1’4(TA). As shown in Theorem 7.3,
the dimension of this space is equal to 65 and the corresponding minimal
determining set M, 1 is the union of the following sets of domain points:
(C'Mlr,) Dyi(v,), i=1,...,4

(CM27,) U El*(e)\ (Da(u) UDy(v)), withe € T,

e:=(u,v)e€r
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(C'M3r,) F[{(F) \ (U Dp(v)U U Eule)), i=1,...,4
vek; ecF;

(C1 :M4TA ) or

Proof:
First, it is shown that M, ; is a stable minimal determining set for the

superspline space 851’2’1’4(TA). Therefore, the B-coefficients c¢ of a spline

s€ S;’2'1'4(TA) are set to arbitrary values for each domain point { € Mr, 1
and it is shown that all the remaining B-coefficients of s are uniquely and
stably determined.

The B-coefficients of s associated with the domain points in the balls
Dy(v;),i=1,...,4, are uniquely determined from those corresponding to
the domain points in (C':M1r,) by the C? supersmoothness at the vertices
of T. Since the B-coefficients are directly determined from smoothness con-
ditions, their computation is stable

The remaining undetermined B-coefficients associated with domain
points in the tubes E; (e), e € £7, can be determined from the B-coefficients
of s corresponding to the domain points in (Ch:M27 ) by the C! smooth-
ness conditions at the edges of T. The corresponding computations are
also stable.

Next, the B-coefficients of s associated with the domain points in the
two shells Rs(vr) and Ry(vr) are considered. Since those corresponding
to the domain points in the balls D, (v), v € Vr, and the tubes E,, (e), e € &T,
are already uniquely determined, all B-coefficients of s associated with do-
main points on the faces of T, in the shell R5(v7), are already determined.
The remaining undetermined B-coefficients of s corresponding to domain
points in the shell Ry(vr) are contained in the set (C':M3r ). Thus, all B-
coefficients of s corresponding to the domain points in the shells Rs(vr)
and R4(vr) are uniquely and stably determined (cf. Figure 7.2).

To determine the remaining B-coefficients of s, those corresponding to
the domain points in the ball D4(v7) are examined more closely. The spline
s has C* supersmoothness at the point vr. Thus, the B-coefficients of s
corresponding to the domain points in D4 (v7) can be regarded as those of
a quartic polynomial p defined on the tetrahedron T, which is bounded by
the domain points in the shell R4(vT) and also refined with the Alfeld split.

The B-coefficients of s associated with domain points in R4(vT) are al-
ready determined. Thus, these B-coefficients are also known for the poly-
nomial p. Since the point vt is contained in the minimal determining set
Mr, 1, in the subset (C1:M4r,), the corresponding B-coefficient has been



7.3 Examples for macro-elements over the Alfeld split of a tetrahedron 245

set to an arbitrary value. Now, since this value is also known for p, fol-
lowing Lemma 2.42 for n = 4, the remaining undetermined B-coefficients
of p are uniquely and stably determined. Thus, all B-coefficients of s are
uniquely and stably determined.

Then, the dimension of the space S;’2'1’4(TA) is equal to the cardinality
of the minimal determining set M, 1. The set (C*:M1p ) contains

243
4 =40
(57)
domain points. The cardinality of the set (C1:M2r,) is equal to
1+2
12 =12.
(5)
The set (C1:M37 ) consists of
4+2 1+2
4 - -3)=12
(3909 -)

domain points. Finally, the set (C':M4r,) contains only one single domain
point, v7. Thus, the dimension of S;’2’1’4(TA) is equal to 65. i

Figure 7.2: The shells R! (vr) (left) and R (vr) (right) for a tetrahedron T
in T4. Domain points whose B-coefficients are determined from
(Ct :M17,) are marked with m, those from (C1:M2TA) with a, and
those from (C1:M3t ) with O.
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Remark 7.7:
The macro-elements considered in this example are exactly the same as the
ones constructed by Lai and Schumaker [62] in section 18.3.

7.3.2 C? macro-elements over the Alfeld split

For the case of C> macro-elements the superspline space S;’p H(Ty) re-

duces to the space 81256’3’12(1",4), by the second row of Table 7.1 and m = 1.
Following (7.1), the dimension of the superspline space is equal to 615 and
the minimal determining set M, » is the union of the following sets of
domain points:
2. T; ;

(C -MlTA) D6 (Ul'), i=1,...,4
(C=M21,) U Ei(e)\ (Ds(u) UDg(v)), withe € T,

e:=(u,v)e€r

2 . .

(C3:M3r,) U E(F) \ (U Ds(0)U U Es(e)), i=1,...,4

j=0 veF; ecF;
(C2:M4r,) D, (vr)

Proof:

In order to show that Mr, > is a minimal determining set for the super-
spline space 81256'3'12(7"14), the B-coefficients of a spline s € 81256’3'12(TA) as-
sociated with the domain points in M, » are set to arbitrary values and it
is shown that the remaining B-coefficients of s can be uniquely and stably
determined from these.

Using the C® supersmoothness at the vertices of T, the B-coefficients of s
corresponding to the domain points in the balls Dg(v;), i =1,...,4, can be
uniquely and stably computed from the B-coefficients associated with the
domain points in the set (C>:Mlr,).

The remaining undetermined B-coefficients of s corresponding to do-
main points in the tubes Ez(e), e € £, can be uniquely and stably deter-
mined by the C3 supersmoothness conditions at the edges of T and the
B-coefficients associated with the domain points in the set (C2:M27 )

Now, the remaining B-coefficients of s corresponding to the domain
points in the shells Ry3(v7),R12(v7), and Ryp(vr) are investigated. The
B-coefficients of s associated with the domain points in the balls D¢ (v), v €
Vr, and the tubes Ej(e), e € £, are already determined. Considering the
shell Ry3(vr) containing the domain points in the faces of T, there are still
twelve undetermined B-coefficients of s corresponding to three domain
points on each face of T. Since these twelve domain points are contained
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in the set (C:M3r,), all B-coefficients of s corresponding to domain points
on the faces of T are uniquely and stably determined (cf. Figure 7.3 (left)).
Since the domain points corresponding to the remaining 4 - 10 44 - 18 un-
determined B-coefficients of s restricted to the shells Ry, (vr) and Ryq(vr)
are also contained in the set (C2:M3r, ), s is uniquely and stably determined
on these shells (cf. Figure 7.3 (right), and Figure 7.4).

Finally, the last undetermined B-coefficients of s associated with domain
points in the ball Di(vr) are determined. The spline s has C!2 super-
smoothness at the split point vt in the interior of T. Therefore, the B-co-
efficients of s corresponding to the domain points in Dy,(vr) can be con-
sidered as those of a polynomial p of degree twelve defined on the tetra-
hedron T, which is formed by the domain points in Dy, (vr). Note that
the tetrahedron T is also subdivided with the Alfeld split at the point v7.
Since some B-coefficients of s corresponding to the domain point in the
considered ball are already determined, the corresponding B-coefficients
of p are also already known. These are the B-coefficients associated with
the domain points within a distance of one from the faces of T, within a
distance of two from the edges of T, and within a distance of five from the
vertices of T. Now, from the B-coefficients corresponding to the domain
points in the set (C2:M4r ), the partial derivatives at vt up to order four
are uniquely and stably determined. Thus, following Lemma 2.42, with
n = 4, the remaining undetermined B-coefficients of p are uniquely and
stably determined form these derivatives. Then, all B-coefficients of s are
uniquely and stably determined.

Now, the dimension of the superspline space 81256’3'12(TA) can be de-
termined. Since the dimension is equal to the cardinality of the minimal
determining set M, », it suffices to count the number of domain points
contained in the set. The set (C?:M1t ) consists of

4<6“3L3> — 336

domain points. The set (C2:M27 ) contains
12 (3 —; 2) =120

domain points.
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In the set (C2:M3t ) a total number of

42((152_i> —3<8;i> —3<4;i> —31‘(4—1')) =124

domain points are contained. The cardinality of the set (C?:M4r, ) is equal

to 413
+
= 35.
(3)

Therefore, the cardinality of Mr, », and thus also the dimension of the
spline space 51256’3/12(TA), is equal to 615. i

Figure 7.3: The shells R1T3(0T) (left) and R1T2(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C=M17 ) are marked with m, those from (C2:M27 ) with
A, and those from (CZ:MBTA) with O.

Remark 7.8:

The C? macro-elements investigated in this example are exactly the same
as the C? macro-elements considered in Lai and Schumaker [62] in section
18.7. The same superspline space is also used in Alfeld and Schumaker [9]
in order to construct C? macro-elements over the Alfeld split of a tetrahe-
dron.
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Figure 7.4: The shell RlT1 (v) for a tetrahedron T in T,. Domain
points whose B-coefficients are determined from (C2:M1t ) are
marked with m, those from (CZ:M27 ) with A, and those from
(C2:M3r,) with O.

7.3.3 C> macro-elements over the Alfeld split

The C? macro-elements are in the superspline space 813§8’4'15(TA), which is
derived from the space S:l’p "1 (T4) with the values from the third row of
Table 7.1 and m = 1. Following Theorem 7.3, the dimension of the super-
spline space is equal to 1344 and the corresponding minimal determining
set M, 3 is the union of the following sets of domain points:

(C3Mlr,) Dgi(v,), i=1,...,4

(CM27,) U EF(e)\ (Ds(u) UDg(v)), withe € T,

e:=(u,v)eér
3 : .
(C>M3r1,) U F]'Tl(Fi) \ (U Ds(v)U U Eyle)),i=1,...,4
j=0 veF; eck;
T, i
(C3;M4TA) FE%,T{gz‘if'%/"é'O cj=1,.. ,6}
(C3:M57,) F(F)\ ( Up Dg(v) U Up Eele)), i=1,...,4
vEr; ecr;
(C*Mér,) D;' (o)
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Proof:

To show that M, 3 is a stable minimal determining set for the superspline
space 813'78'4’15(TA), the B-coefficients c¢ of a spline s € 513'78’4'15(TA) are set
to arbitrary values for each domain point { € M, 3. Then, it is shown that
all the remaining B-coefficients of s are uniquely and stably determined.

The B-coefficients of s corresponding to the domain points in the balls
Dg(v;), i =1,...,4, are uniquely and stably determined from the B-coef-
ficients associated with the domain points in (C*:M1r,) by the C® super-
smoothness at the vertices of T.

The remaining B-coefficients of s corresponding to domain points in the
tubes E4(e), e € Er, are uniquely determined by the C* supersmoothness
conditions at the edges of T from the B-coefficients associated with the
domain points in the set (C*:M27,). These computations are stable, since
they only involve smoothness conditions.

Next, the remaining B-coefficients associated with domain points in the
shells R17(vr), Rig(vT), Ri5(vT), and Ry4(vT) are considered. Since the B-
coefficients of s corresponding to the domain points in the balls Dg(v;), i =
1,...,4, and the tubes E4(e), e € £r, are already determined, the only un-
determined B-coefficients of s associated with domain points in the in-
vestigated shells correspond to the domain points in the set (C>:M37,).
Since the B-coefficients of s corresponding to the domain points in the
balls Dg(v;), i =1,...,4, and the tubes E4(e), e € &7, are already deter-
mined, the only undetermined B-coefficients of s associated with domain
points in the investigated shells correspond to the domain points in the set
(C3:M31 ). Thus, all B-coefficients of s associated with the domain points
in the sets Ry7(vT), Ri6(vT), Ri5(vT), and Ry4(vT) are uniquely and stably
determined (cf. Figure 7.5 and Figure 7.6).

Now, the remaining undetermined B-coefficients of s associated with do-
main points in the ball Dy5(vr) are determined. Since the spline s has C 15
supersmoothness at the vertex vt in the interior of T, the B-coefficients of s
associated with the domain points in the set Di5(v7) can be regarded as B-
coefficients of a polynomial p of degree fifteen defined on the tetrahedron
T, which is bounded by the domain points in Ry5(v7). The tetrahedron
T is also refined with the Alfeld split at the point vr. Since some of the
B-coefficients of s associated with domain points in Dy5(vr) are already
determined, also some of the B-coefficients of p are determined. Thus, the
B-coefficients of p corresponding to the domain points within a distance of
one from the faces, to those within a distance of two from the edges, and
to those within a distance of six from the vertices of T are determined.
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Now, the B-coefficients of p associated with the domain points within a
distance of two from the faces of T are considered more closely. Therefore,
first the remaining B-coefficients corresponding to the domain points with
a distance of three from the edges of T are computed, and subsequently,
the undetermined B-coefficients associated with domain with a distance of
four from the edges. Then, it is shown how the remaining B-coefficients
of p corresponding to the domain points with a distance of two from the
faces of T are determined. See Figure 7.7 for the domain points in this layer
determined in the different steps. The domain points whose B-coefficients
are already determined are marked with m and a. Those, whose B-coeffi-

cients are still undetermined so far, are highlighted with '|', Xand e.

First, the B-coefficients of p associated with the domain points with a
distance of three from the edges of T are considered. Note that these do-
main points have a distance of five from the edges of T. The B-coefficients
corresponding to the domain points in shells Ri4(vr) and Ry5(vr) are al-
ready determined. Thus, the only undetermined B-coefficients associated
with domain points with a distance of three from the edges of T are those
corresponding to domain points with a distance of one from the interior
faces of T4 in Ry3(v7r) and those on the interior faces in Ri»(vr). The cor-
responding domain points in Rq3(vr) are shown in Figure 7.7, they are
marked with ¥. Now, considering the C!, C2, and C® smoothness condi-
tions across the interior faces of Ty, it can be seen that each triple of these
conditions connects three of the undetermined B-coefficients. One of the
B-coefficients is associated with a domain point on an interior face of T4
in Ryp(vr) and the other two are associated with the two corresponding
domain points with a distance of one from this interior face in Ry3(vr). In
Figure 7.7, each of the domain points marked with ¥ corresponds to one
of these triples of smoothness conditions. Therefore, for each triple of un-
determined B-coefficients there are three equations from the C 1 C2 and C°
conditions containing no other undetermined B-coefficients. Then, follow-
ing Lemma 2.33 for the case j = 0, the corresponding system of equations
has a unique solution and these B-coefficients are uniquely and stably de-
termined. Thus, all B-coefficients corresponding to domain points with a
distance of three from the edges of T are determined.

Next, the B-coefficients of p associated with the domain points with a
distance of four from the edges of T can be considered. The only unde-
termined B-coefficients associated with these domain points correspond to
the domain points with a distance of two from the interior faces of T, in
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R13(vr), those with a distance of one from the interior faces in Ry, (vr) and
those on the interior faces in Ry1(vr). The corresponding domain points
in Ry3(vr) are marked with ¥ in Figure 7.7. Since the set (C3:M4r ) con-
tains the domain points on the interior faces in Ry;(v7), the associated B-
coefficients are determined. Now, each quadruple of associated cl, C?,
C3, and C* smoothness conditions across the interior faces of TA connects
a total number of four undetermined B-coefficients corresponding to do-
main points with a distance of four from the edges of T. Of these domain
points, two have a distance of one from an interior face of T, in Rip(v7)
and the other two have a distance of two from the same interior face and
lie in Ry3(vr) (labeled by ¥ in Figure 7.7). So, each domain point in Figure
7.7 marked with ¥ corresponds to one quadruple of smoothness condi-
tions connecting the B-coefficient of the marked domain point with three
other undetermined B-coefficients. Then, following Lemma 2.33 for the
case j = 1, the four equations from the smoothness conditions uniquely
and stably determine the four undetermined B-coefficients. This way, all
B-coefficients corresponding to domain points with a distance of four from
the edges of T are determined.

Now, the last undetermined B-coefficients of p corresponding to domain
points in the shell Ry3(vr) are considered. These B-coefficients are just as-
sociated with the domain points contained in the set (C3:M57 ). In Figure
7.7 these domain points are marked with ®. Thus, all B-coefficients of the
polynomial p corresponding to the domain points in the set Ri3(vr), those
with a distance of two from the faces of T, are uniquely and stably deter-
mined.

Finally, the last undetermined B-coefficients of p can be determined. Up
to now, all B-coefficients of p corresponding to the domain points within a
distance of two from the faces of T are determined. Then, from the B-co-
efficients of p associated with the domain points in the set (C3:Mé6r, ), con-
tained in M, 3, the partial derivatives of p at the point v up to order three
can be directly computed. Now, following Lemma 2.42 for n = 4, the re-
maining undetermined B-coefficients of the polynomial p can be uniquely
and stably determined. Thus, all B-coefficients of p and therefore also all
B-coefficients of s are uniquely and stably determined.

Now, the dimension of the superspline space 8%8'4’15(TA) is considered.
The dimension is equal to the cardinality of the minimal determining set
M, 3. Thus, it suffices to count the number of domain points contained
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in each of the sets (CS:MlTA) - (C3:M6TA). The set (CS:MlTA) contains

8+3
4 = 660
( 3 )

domain points. The set (C3:M27 ) consists of
4
12( ;r 2) =240

domain points. A total number of

42}((192 i) —3(102 i) —3(52i> —31‘(5—1’)) =328

domain points are contained in the set (C3:M37 ). The set (C3:M4r ) con-
tains
6(4+2)=36

domain points. The set (C3:M57 ) holds a total number of

()0~

domain points. The cardinality of the last set (C3:Mé67 ) contained in the
minimal determining set M, 3 is equal to

§-»

Thus, the cardinality of Mr, 3, and therefore also the dimension of the
superspline space8f§8'4'15(TA), is equal to 1344. o
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Figure 7.5: The shells R1T7(Z)T) (left) and RlTé(vT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C3:M17 ) are marked with m, those from (C3:M27 ) with
A, and those from (C3:M3TA) with O.
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Figure 7.6: The shells R1T5(UT) (left) and R1T4(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C3:M17 ) are marked with m, those from (C3:M27 ) with
A, and those from (C3:M3TA) with O.



7.3 Examples for macro-elements over the Alfeld split of a tetrahedron

* X X *

- x L] x -

+* x L] L] x +*

+*

x L] L] e X *

L] x L] L] L) L] x -

L] x L] L] L] L] L] x L]

[ ] L] X X X X x X =n [ ]

= & = + + + %+ + ® = =

A A A A

Figure 7.7: The shell R1T3(UT) for a tetrahedron T in Tjy.
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Domain

points whose B-coefficients are determined from (C3:M1TA)
are marked with m, those from (C3:M2r ) with a, those from

smoothness conditions using Lemma 2.33 (j = 0) with 4, those
from (C3:M4r ) and smoothness conditions using Lemma 2.33

(j =1) with ¥, and those from (C3:M5TA) with @.

7.3.4 C* macro-elements over the Alfeld split

For the C* macro-elements the superspline space S;’P "1 (T 4) reduces to the

space 83512’6’23(7“,4), by the second row of Table 7.1 and m = 2. As shown
in Theorem 7.3, the dimension of the space is equal to 3700 and the corre-
sponding minimal determining set M, 4 is the union of the following sets

of domain points:
(C*Ml1r,) Di(v;),i=1,...,4
(C*:M27,) U Ei(e)\ (Dia(u) UDya(v)), withe € T,

e:=(u,v)e€T

4 ; .
(C*M3r,) U E(F) \ (U Da(0)U U Eele)), i=1,...,4

jZO UEFi CGF,'
(CtM4ar) U {efF. . oii=1,..8

Ta FG}'I,T{ 4+j,13-j8,0 ] }
(C*M5r,) FZ(F)\ (U Dia(v)U U Egle)), i=1,...,4
veF; ecF;

(C*Mér,) D;(vr)
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Proof:

To show that M, 4 is a minimal determining set for the superspline space
83512'6’23(7",4), the B-coefficients of a spline s € S§512’6’23(TA) corresponding
to the domain points in M, 4 are set to arbitrary values and it is shown
that the remaining B-coefficients of s can be uniquely and stably deter-
mined from these.

The B-coefficients of s corresponding to the domain points in D15 (v;), i =
1,...,4, are uniquely and stably determined from those associated with the
domain points in (C*:M17,) by the C'? supersmoothness at the vertices of
T.

The remaining undetermined B-coefficients of s associated with the do-
main points in the tubes E4(e), e € £r, can be uniquely and stably com-
puted from the C® supersmoothness conditions at the edges of T and the
B-coefficients corresponding to the domain points in the set (C:M2r,).

Then, the last undetermined B-coefficients of s corresponding to domain
points in the shells Rps (ZJT), R24(UT), R23(Z)T), RZZ(UT), and Ry (Z)T) are
considered. The B-coefficients of s corresponding to the domain points in
the balls D12(v;), i =1,...,4, and the tubes E4(e), e € £, are already deter-
mined. Thus, the only undetermined B-coefficients corresponding to do-
main points in the considered shells are associated with the domain points
contained in the set (C*:M3r,). Therefore, s is uniquely and stably de-
termined restricted to the shells Ry5(vt), Rog(vr), Raz(vr), Rop(vr), and
Ry1(vr) (cf. Figure 7.8, Figure 7.9, and Figure 7.10 left).

Next, it is shown how the remaining undetermined B-coefficients of s
corresponding to domain points in the ball Dy3(vr) are determined. The
spline s has C?® supersmoothness at the point vr. Thus, the B-coefficients
of s associated with the domain points in D,3(v7) can be regarded as those
of a polynomial p of degree twenty-three on the tetrahedron T, which
is bounded by the domain points in Ry3(vr). Since some of the B-coef-
ficients of s corresponding to the domain points in Dy3(vr) are already
determined, some of the B-coefficients of p are also already determined.
Therefore, the B-coefficients of p associated with the domain points within
a distance of two from the faces of T, those within a distance of four from
the edges of T, and those within a distance of ten from the vertices of T are
already known.

Now, the remaining undetermined B-coefficients of p corresponding to
the domain points with a distance of three from the faces of T, in the shell
Ryo(vT), are determined. This involves the following three steps. First,
the undetermined B-coefficients associated with the domain points with
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a distance of five from the edges of T are computed. Then, the undeter-
mined B-coefficients corresponding to domain with a distance of six from
the edges of T are determined. In the third step, the remaining undeter-
mined B-coefficients of p associated with domain points with a distance of
three from the faces of T are determined. In Figure 7.10 (right) the domain
points in the shell Ryy(vr) of one subtetrahedron of TAare shown. Those,
whose B-coefficients are already determined, are marked with m and a.
The domain points whose B-coefficients are still undetermined are marked
with¥e, ¥ and ®.

First, the B-coefficients of p corresponding to the domain points with
a distance of five from the edges of T are investigated. These domain
points have a distance of seven from the edges of T. Note that the B-co-
efficients associated with the domain points in the shells Ry3(vT), Roz(v7),
and Ry (vr) are already determined. Therefore, the only undetermined B-
coefficients corresponding to domain points with a distance of five from
the edges of T are associated with the domain points in the shell Roo(vr)
with a distance of two from the interior faces of T4, with the domain points
in the shell Ryg9(v7) with a distance of one from the interior faces, and the
domain points in the shell Rig(v7) on the interior faces of T4. In Figure
7.10 (right), the domain points of the undetermined B-coefficients consid-
ered here are marked with . Now, considering each of the C° smoothness
condition across the interior faces of TA and the corresponding ct... ct
conditions, it can be seen that a total number of five undetermined B-coeffi-
cients are involved. Two of the B-coefficients correspond to domain points
in Ryo(vT), two others are associated with domain points in Ry9(vr), and
the last one corresponds to a domain point in Rig(vr). In fact, for each
domain point in the shell Rig(vr) considered here, there are two unde-
termined B-coefficients. But from the C? smoothness at the interior faces
of TA, it can be obtained that these two B-coefficients are equal. Thus,
there are five smoothness conditions for exactly five undetermined B-coef-
ficients. Following Lemma 2.33 for the case j = 0, the matrix of the corre-
sponding linear system to compute these five B-coefficients is nonsingular.
Therefore, all remaining B-coefficients of p corresponding to domain points
with a distance of five from the edges of T are uniquely and stably deter-
mined. So far, in Figure 7.10 (right), the only undetermined B-coefficients
are marked with % and ®.

In the second step, the B-coefficients of p corresponding to the domain
points with a distance of six from the edges of T are considered. These
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domain points have a distance of eight from the edges of T. Since the B-co-
efficients associated with the domain points in the shells Ry3(vT), Roa(v7),
and Ry (vr) are already determined, the only undetermined B-coefficients
of the considered ones correspond to the domain points in the shell Ryy(vr)
with a distance of three from the interior faces of T, to the domain points
in the shell Ri9(vr) with a distance of two from the interior faces, to the
domain points in the shell Rig(vr) with a distance of one from the inte-
rior faces, and to those in the shell Ry (v7) lying on the interior faces of
TA. The domain points in one subtetrahedron of TA in the shell Ryy(vr)
whose B-coefficients are determined in this step are marked with ¥ in Fig-
ure 7.10 (right). Now, each individual C® smoothness condition across an
interior face of T, and the corresponding C,...,C% conditions are consid-
ered. Each of these sets of conditions involves a total number of seven
undetermined B-coefficients. Since the set (C*:M4r ) contains the domain
points in Ryy(vr) corresponding to the undetermined B-coefficients con-
sidered here, there are only six undetermined B-coefficients left for each
set of C® and the corresponding Cl,...,C% smoothness conditions. Then,
following Lemma 2.33 for the case j = 1, the remaining undetermined B-
coefficients of p associated with domain points with a distance of six from
the edges of T can be uniquely and stably determined by the linear sys-
tem of the C1,...,C® smoothness conditions across the interior faces of Ty.
In Figure 7.10 (right), the domain points in Ry(vT) corresponding to the
determined B-coefficients in this step are marked with %. Thus, the do-
main points of the only undetermined B-coefficients associated with do-
main points within a distance of three from the faces of T and marked with
® in Figure 7.10 (right).

Now, the domain points associated with the remaining undetermined B-
coefficients of p restricted to the shell Ryg(v7) are those contained in the set
(C+:M57 ). In Figure 7.10 (right) these domain points are marked with ®.
Therefore, all B-coefficients of p corresponding to the domain points within
a distance of three from the faces of T are uniquely and stably determined.

Finally, the last undetermined B-coefficients of p are considered. All B-
coefficients of p associated with the domain points within a distance of
three from the faces of T are already determined. Now, from the B-coeffi-
cients corresponding to the domain points in the set (C+:Mé67 ), the deriva-
tives of p at vt up to order seven can be uniquely and stably computed.
Thus, following Lemma 2.42, with n = 4, the remaining undetermined B-
coefficients of p can be uniquely and stably determined. Then, all B-coeffi-
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cients of p are uniquely and stably determined and therefore, all B-coeffi-
cients of s.

Now, the dimension of the superspline space 83512’6’23(]}1) can be con-
sidered. The cardinality of the minimal determining set Mr, 4 is equal
to the dimension, thus it suffices to count the domain points contained in
Mr, 4. The set (C4:M1TA) consists of

4 (12; 3> — 1820

domain points. The set (C+:M27 ) contains

12 (6 —:-i;_ 2) =672

domain points. In the set (C*:M3r ) a total number of

42((272 i) 3(142 i) 3(72i> 31‘(71’)) = 860

domain points are contained. The set (C*+:M4r ) consists of
6(6+2)=48

domain points. The set (C+:M57 ) contains
22 9 4
+((3) -3(5) -3(3) ~s0) =180
domain points. At last, the cardinality of the set (C*:Mér, ) is equal to

7+3
= 120.
(5)

Thus, the cardinality of Mr, 4, and therefore also the dimension of the
spline space Sgélz’é’za(TA), is equal to 3700. i
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Figure 7.8: The shells RZTS(UT) (left) and R2T4(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C*:M17 ) are marked with m, those from (CH:M27 ) with
A, and those from (C4:M3TA) with O.
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Figure 7.9: The shells R2T3(UT) (left) and RZTZ(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C4:M1TA) are marked with m, those from (C4:M2TA) with
A, and those from (C4:M3TA) with O.
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Figure 7.10: The shells RZTl (vr) (left) and RzTO(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C*:Mlt ) are marked with m, those from (CH:M27 ) with
A, those from (C*:M3t ) with O, those from smoothness condi-
tions using Lemma 2.33 (j = 0) with #k, those from (C*:M4r )

and smoothness conditions using Lemma 2.33 (j = 1) with %,
and those from (C4:M5TA) with @.

7.3.5 C° macro-elements over the Alfeld split

The C> macro-elements over the Alfeld split of a tetrahedron T are in the
superspline space 825é14’7’26(TA), which is derived from the space
S;’p #1(T4) with the values from the third row of Table 7.1 and m = 2.
Following Theorem 7.3, the dimension of the superspline space is equal to
5852 and the corresponding minimal determining set Mr, 5 is the union
of the following sets of domain points:

(C>Mlr,) D{j(v;),i=1,...,4

(CM27,) U EX(e)\ (Dia(u) UD14(v)), wheree € T,

e:=(u,v)e€T

5
(C>M3r,) U E(F) \ (U Du(0)U U Er(e)), i=1,...,4
]:0 veF; ecF;

(C5M4r,) U {efF. . o ii=1,..9
A Fef”{ 5+4j,15-,9,0 - / }
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(COM5r,) F(F)\ (U Dua(v)U U Ese)), i=1,...,4
veF; eck;

(C>Mér,) D3 (o),

Proof:
In order to show that Mr, 5 is a stable minimal determining set for the

superspline space 825é14'7’26(TA), we set the B-coefficients c¢ of a spline s €

S§é14’7’26(TA) to arbitrary values for each domain point £ € M, 5. Then
we show that all the remaining B-coefficients of s are uniquely and stably
determined.

First, the B-coefficients of s associated with the domain points in D14(v;),
i=1,...,4, are uniquely and stably determined from the B-coefficients cor-
responding to the domain points in (C>:M17, ) by the C!* supersmoothness
at the vertices of T.

Next, the remaining B-coefficients of s associated with the domain points
in the tubes E7(e), e € £, are determined. They can be uniquely and stably
computed from the B-coefficients corresponding to the domain points in
the set (C°:M2r,) and the already determined ones by the C” smoothness
conditions at the edges of T.

Following, we investigate the B-coefficients of s associated with the do-
main points in the shells Ryg(vr),...,Ro4(vr). Note that all B-coefficients
of s corresponding to the domain points in the balls D14(v), v € Vr, and
the tubes Ey(e), e € &7, are already determined. Now, considering the first
shell Ryg(vT), we can see that the only undetermined B-coefficients of s as-
sociated with domain points in this shell correspond to the domain points
in the set (C°:M3t ). Thus, all B-coefficients of s restricted to the faces of
T are uniquely and stably determined. The other domain points corre-
sponding to the undetermined B-coefficients of s restricted to the shells
Rog(vT),...,Roa(vr) are also contained in the set (C°>:M3r,). Therefore,
all B-coefficients of s corresponding to the domain points in the shells
Ro9(vT),...,Ro4(vT) are uniquely and stably determined (cf. Figure 7.11,
Figure 7.12, and Figure 7.13).

Now, we consider the remaining undetermined B-coefficients of s asso-
ciated with domain points in the ball Dag(v7). The spline s has C2® super-
smoothness at the split point v7. Thus, the B-coefficients of s correspond-
ing to the domain points in the ball Dys(vr) can be regarded as those of
a polynomial p of degree twenty-six defined on the tetrahedron T. The
tetrahedron T is formed by the convex hull of the domain points in the
shell Rys(v7). Note that the tetrahedron T is also refined with the Alfeld
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split. Above, we have already determined some of the B-coefficients of s
associated with domain points in the ball D4 (v7). Thus, we already know
the B-coefficients of p corresponding to the domain points within a dis-
tance of two from the faces of T, within a distance of four from the edges
of T, and within a distance of eleven from the vertices of T.

In the following, we show how the remaining B-coefficients of the poly-
nomial p are determined. Therefore, we consider the B-coefficients of p
associated with the domain points in the shell Ry3(vr). These are deter-
mined in the following steps. First, the undetermined B-coefficients cor-
responding to the domain points with a distance of five from the edges
of T are computed. Subsequently, the undetermined B-coefficients corre-
sponding to domain with a distance of six from the edges of T are deter-
mined. At last, the remaining undetermined B-coefficients of p associated
with domain points with a distance of three from the faces of T are deter-
mined. The domain points in the shell Ry3(vr) of one subtetrahedron of
T are shown in Figure 7.14. Those, whose B-coefficients are already deter-
mined, are marked with m and a. The domain points whose B-coefficients

are still undetermined are marked with "', Xand e.

First, we compute the remaining undetermined B-coefficients of p cor-
responding to the domain points with a distance of five from the edges
of T. We already know the B-coefficients of p associated with the domain
points in the shells Rys(v7), Ros(vr), and Rys(vr). Thus, the only unde-
termined B-coefficients corresponding to domain points with a distance of
five from the edges of T are associated with the domain points in the shell
Ro3(vr) with a distance of two from the interior faces of T4, with the do-
main points in the shell Ry, (vr) with a distance of one from the interior
faces, and the domain points in the shell Ry;(vr) on the interior faces of
T4. In Figure 7.14, these domain points in the shell Ry3(vr) are marked
with #. Now, we investigate each of the C3 smoothness conditions across
the interior faces of T4 including one of the undetermined B-coefficients of
p. In each set of equations formed by a C°> smoothness condition and the
corresponding Cl,...,C* conditions, a total number of five undetermined
B-coefficients are involved. Following Lemma 2.33 for the case j = 0, the
matrix of the corresponding linear system is nonsingular. Hence, we can
uniquely and stably determine all B-coefficients of p corresponding to do-
main points with a distance of five from the edges of T.

Now, we show how the remaining undetermined B-coefficients of p cor-
responding to the domain points with a distance of six from the edges of T
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are determined. Here, the only undetermined B-coefficients are associated
with the domain points in the shell Ry3(vr) with a distance of three from
the interior faces of TA, with the domain points in the shell Ry, (vr) with a
distance of two from the interior faces, with the domain points in the shell
Ro1 (vr) with a distance of one from the interior faces, and with those in the
shell Ryo(vr) lying on the interior faces of T,. In Figure 7.14 the domain
points in Rp3(v7) whose B-coefficients are considered here are marked with
R The B-coefficients of p corresponding to the domain points in the shells
Ra6(vT), Ros(vr), and Roy(vr) are already determined. Considering the C°
smoothness conditions across the interior faces of T4, we see that exactly
seven undetermined B-coefficients are covered by one set consisting of a C°
smoothness condition and the corresponding Cl,...,C5 conditions. Now,
the set (C°:M4r ) contains the domain points in the shell Ryy(vT) corre-
sponding to the undetermined B-coefficients considered here. Thus, there
are only six undetermined B-coefficients left for one set of Cl,...,C% and
C® smoothness conditions. Following Lemma 2.33 for the case j = 1, the
system of linear equations corresponding to the conditions has a unique
solution and thus, the B-coefficients of p associated with the domain points
with a distance of six from the edges of T are uniquely and stably deter-
mined. Then, the only undetermined B-coefficients associated with do-
main points within a distance of three from the faces of T are in the shell
Ro3(vr) and the corresponding domain points are marked with ® in Fig-
ure 7.14.

The remaining undetermined B-coefficients of p corresponding to do-
main points in the shell Ry3(vr) are associated with the domain points
contained in the set (C>:M57,). Thus, all B-coefficients of p correspond-
ing to the domain points within a distance of three from the faces of T are
uniquely and stably determined.

In the end, we consider the last undetermined B-coefficients of the poly-
nomial p. So far we have determined the B-coefficients of p correspond-
ing to the domain points within a distance of three from the faces of T.
Then, the derivatives of p at v up to order ten can be uniquely and stably
computed from the B-coefficients associated with the domain points in the
set (C5 :Mé7,). Now, following Lemma 2.42, with n = 4, we can uniquely
and stably determine the remaining undetermined B-coefficients of p from
these derivatives. Therefore, we have uniquely and stably determined all
B-coefficients of p. Then, by subdivision using the de Casteljau algorithm,
all B-coefficients of s are also uniquely and stably determined.
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Now, the dimension of the superspline space 8%14’7'26 (T4) is considered.
The dimension is equal to the cardinality of the minimal determining set
Mr, 5. Therefore, it suffices to count the number of domain points con-
tained in each of the sets (C5:M1TA) - (CS:M6TA). The set (C5:M1TA) con-

tains 1443
4( ;—>:2720

domain points. The set (C°:M27 ) consists of
12 (7 _g 2) = 1008

domain points. A total number of

4% ((312_ i) —3(162_ i) —3(8;) —31’(8—1’)) — 1484

domain points are contained in the set (CO:M37 ). The set (Co:M4r ) con-
tains
6(7+2)=54

domain points. The set (C5:M57 ) consists of a total number of

25 10 4
4 - - -72) =
((3)2(5) () 72) =
domain points. The last set (C°:Mér,) contained in the minimal determin-
ing set has a cardinality of

10+3
= 286.
("5

Thus, the dimension of Sz5é14'7’26(TA ), is equal to 5852. O
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Figure 7.11: The shells R29(ZJT) (left) and RZS(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C>:M1t ) are marked with m, those from (CO:M27 ) with
A, and those from (C5:M3TA) with O,
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Figure 7.12: The shells R27(ZJT) (left) and R26(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C°:M1 T,) are marked with m, those from (C5:M2TA) with
A, and those from (C5:M3TA) with O.
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Figure 7.13: The shells RZTS(UT) (left) and R2T4(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C5:M1t ) are marked with m, those from (C5:M27 ) with
A, and those from (C5:M3TA) with O.
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Figure 7.14: The shell sz3 (vr) for a tetrahedron T in T,. Domain
points whose B-coefficients are determined from (C>:Mlp ")
are marked with m, those from (C°:M2r ) with a, those from
smoothness conditions using Lemma 2.33 (j = 0) with # those
from (C°:M4r ,) and smoothness conditions using Lemma 2.33
(j = 1) with %, and those from (C>:M5r,) with ®.
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7.3.6 C°® macro-elements over the Alfeld split

For the case of C® macro-elements, the superspline space S;’p HI(Ty) re-

duces to the space 836'718’9'34(TA), by the second row of Table 7.1 and
m = 3. From Theorem 7.3 we know that the dimension of the spline space
is equal to 11294 and the corresponding minimal determining set M, ¢ is
the union of the following sets of domain points:

(Co:M1r,) Dfj(v;),i=1,...,4
(C*M2r,) U Eg(e)\ (D1s(u) UDiys(v)), wheree € T,

e:=(u,v)e€r

6
(CM3r,) U F(E) \ (U Dis(0)U U Eoe)), i=1,...,4
]:O 'UGF,' EEFi

(C>:M4r,) U {5952i+].,19_j,9+2i’0 ci=12,j=1,...,9+2i}
FG]‘-],T

2

(C:M57,) U (Pgij(Fi) \ (U Dis(v)u U E9+2j(€))> si=1,..,4
]:1 UGF,‘ EEFI‘

(C5:Mé67,) Dt (vr),

Proof:

In order to show that M, ¢ is a stable minimal determining set for the
space 836§18'9'34(TA), we set the B-coefficients c¢ of a spline s € 836§18'9'34(TA)
to arbitrary values for each domain point { € Mr, ¢ and show that the
remaining B-coefficients of s can be uniquely and stably determined by
smoothness conditions.

We can uniquely determine the B-coefficients of s associated with the
domain points in D1g(v;), i =1,...,4, from the B-coefficients corresponding
to the domain points in the set (CO:M1r ). Moreover, since the B-coeffi-
cients are directly computed by smoothness conditions, the computation
is stable.

Next, we determine the remaining B-coefficients of s associated with the
domain points in the tubes Eq(e), e € 7. Using the C° supersmoothness
conditions at the edges of T, these can be uniquely and stably determined
from the already known B-coefficients and those corresponding to the do-
main points in the set (CO-M27 )

Following, we consider the B-coefficients of s corresponding to the do-
main points in the shells R37(vr), ..., R31(vr). We have already determined
all B-coefficients of s associated with the domain points in the balls Dig(v),
v € V1, and the tubes Eq(e), e € £7. Now, the remaining undetermined
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B-coefficients of s restricted to these shells are associated with the domain
points in the set (C®:M3r,) and are thus already known (cf. Figure 7.15,
Figure 7.16, Figure 7.17, and Figure 7.18 (left)). Therefore, all B-coefficients
of s corresponding to the domain points in the shells Rs7(v7),...,R31(vT)
are uniquely and stably determined.

Subsequently, we consider the remaining undetermined B-coefficients
of s. These are all associated with domain points contained in the ball
Ds34(vr). Thus, we investigate s restricted to D34 (v7) in detail. The spline
s has C3* supersmoothness at the split point v in T. Due to this reason,
we can regard the B-coefficients of s corresponding to the domain points in
D3y (vT) as those of a trivariate polynomial p of degree 34, which is defined
on the tetrahedron T that is formed by the convex hull of the domain points
in the shell R34(vr). Note that the tetrahedron T is also subjected to the
Alfeld split. Since we have already determined some of the B-coefficients
of s associated with domain points in the ball D34(vr), these B-coefficients
are also already determined for the polynomial p. To be precise, the B-coef-
ficients of p corresponding to the domain points within a distance of three
from the faces of T, within a distance of six from the edges of T, and within
a distance of fifteen from the vertices of T are already determined.

Now, we show how the remaining undetermined B-coefficients of p are
computed. Therefore, we first consider the B-coefficients Corresgonding
to the domain points with a distance of four from the faces of T (those
in R3p(vr)) and then the B-coefficients associated with the domain points
with a distance of five from the faces (those in Ryg(v7)). In order to deter-
mine these B-coefficients, we have to regard the B-coefficients correspond-
ing to the domain points with a distance of seven up to ten from the edges
of T.

We first consider the B-coefficients of s corresponding to the domain
points within a distance of seven from the edges of T. The B-coefficients
associated with the domain points in the shells R34(vr),...,R31(vr) are al-
ready determined. Then, the only undetermined B-coefficients of p corre-
sponding to domain points with a distance of seven from the edges of T are
those associated with the domain points with a distance of 3 -7, i =0,...,3,
from the interior faces of T4 in the shell R30_i(v7). The domain points in
the shells R3p(vr) and Rog(vr) of the considered B-coefficients are marked
with 4 in Figure 7.18 (right) and Figure 7.19. Now, each tuple of C?,...,C”
smoothness conditions across the interior faces of T4 connects a total num-
ber of seven undetermined B-coefficients examined in this step. Note that
no other undetermined B-coefficients are involved. Thus, there are seven
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equations from the C!,...,C” conditions for exactly seven undetermined B-
coefficients. Following Lemma 2.33 for the case j = 0, the system of equa-
tions has a unique solution and all B-coefficients of p associated with the
domain points within a distance of seven from the edges of T are uniquely
and stably determined.

Next, we examine the B-coefficients of p corresponding to the domain
points with a distance of eight from the edges of T. Here, the only undeter-
mined B-coefficients are associated with the domain points with a distance
of4—1i,i=0,...,4, from the interior faces of T4 in the shell R5y_; (vr), since
those corresponding to the domain points in the shells Ra4(v7), ..., R31(vT)
are already known. The domain points in the shells R3o(vr) and Rpg(vT) of
the examined B-coefficients are marked with 3 in Figure 7.18 (right) and
Figure 7.19. Then, each C® smoothness condition across an interior face
of T4 and the corresponding C',...,C” conditions connect exactly nine of
the undetermined B-coefficients. Now, the set (CO:M4r ,) contains the do-
main points in Ry (vr) of the undetermined B-coefficients considered here.
Thus, there are only eight undetermined B-coefficients left for each tuple
of C1,...,C8 smoothness conditions across the interior faces of TA. Follow-
ing Lemma 2.33 for the case j = 1, these undetermined B-coefficients of
p can be uniquely and stably computed by the linear system of C!,...,C8
smoothness conditions.

Now, the only undetermined B-coefficients of p in the shell R3y(vr) are
those associated with the domain points contained in the set (CO:-M57 )
These are marked with ® in Figure 7.18 (right). Thus, all B-coefficients
of p corresponding to the domain points in the shell R3p(vr) are uniquely
and stably determined.

Next, we consider the B-coefficients of p corresponding to the domain
points with a distance of nine from the edges of T. Since the B-coefficients
associated with the domain points in the shells R34(vr), ..., R30(vr) are al-
ready uniquely determined, the only undetermined B-coefficients p corre-
sponding to domain points with a distance of nine from the edges of T are
those associated with the domain points with a distance of4 —7, i =0,...,4,
from the interior faces of T, in the shell R31_i(vr). In Figure 7.19, the do-
main points in the shell Ry (v7) of the examined B-coefficients are marked
with ¥. Considering the Cl,...,C% smoothness conditions across the inte-
rior faces of T4, we see that each tuple of these connects a total number of
nine undetermined B-coefficients. Therefore, for each tuple, we have nine
undetermined B-coefficients and nine linear independent equations, from
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which we can uniquely and stably determine these B-coefficients following
Lemma 2.33 for the case j = 0. Then, all B-coefficients of p associated with
domain points with a distance of nine from the edges of T are uniquely
and stably determined.

Subsequently, we investigate the B-coefficients of p corresponding to the
domain points with a distance of ten from the edges of T. Here, the only
undetermined B-coefficients are associated with the domain points with
a distance of 5 —1i, i = 0,...,5, from the interior faces of TA in the shell
R31_i(vr). The domain points in the shell Ryg(vr) corresponding to the
B-coefficients examined here are marked with X in Figure 7.19. Now, we
consider the C1,...,C10 smoothness conditions across the interior faces of
T4 covering the undetermined B-coefficients. Then, each tuple, consisting
of one C'% smoothness condition and the corresponding C!,...,C? condi-
tions, connects exactly eleven undetermined B-coefficients. Now, for each
tuple connecting eleven undetermined B-coefficients, the subset (C®:M4r,)
of the minimal determining set M, ¢ contains exactly one domain point
for one of these eleven undetermined B-coefficients. Thus, we are left with
ten equations from smoothness conditions and exactly ten undetermined
B-coefficients. Following Lemma 2.33 for the case j = 1, the correspond-
ing system has a unique solution and all B-coefficients of p corresponding
to the domain points within a distance of ten from the edges of T can be
uniquely and stably computed.

Considering the shell Ry9(vT), we see that the only undetermined B-co-
efficients of p associated with the domain points in this shell are contained
in the set (C®:M5r ). These domain points are marked with ® in Figure
7.19. Now, all B-coefficients of p associated with the domain points in the
shell Ryg(vr) are uniquely and stably determined.

Finally, we consider the last undetermined B-coefficients of p. The B-
coefficients of p corresponding to the domain points within a distance of
five from the faces of T are already determined. From the B-coefficients
associated with the domain points in the set (CO:Mé67 ), the derivatives of
p at vr up to order ten can be uniquely and stably computed. Then, fol-
lowing Lemma 2.42 for n = 4, the remaining undetermined B-coefficients
of p can be uniquely and stably determined. Thus, all B-coefficients of p
are uniquely determined and therefore, all B-coefficients of s.

Now, we can determine the dimension of the space 85’718’9’34(7"14) of su-
persplines, since the dimension is equal to the cardinality of the mini-
mal determining set M, 6. Thus, it suffices to count the number of do-
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main points contained in each of the sets (C®:M1r ) - (CO:M67 ). The set

(Co:M1 T,) consists of
1
4( 83+ 3) — 5320

domain points. The set (C®:M2r,) contains

12 <9 ;r 2) — 1980

domain points. A total number of

42((392_ i) —3(202_ i) —3(102_ i) —3i(10 — i)) — 2744

domain points are contained in the set (C®:M37 ). The set (Co:-M4r ) con-

tains
2

6) (9+42i) =144
i=1

domain points. The set (C®:M57 ) consists of a total number of

42 (<332_ i> —3(142_ i) —3(4;”) - (18+3i)(4+i)> — 820

domain points. The last set (CO:Mé67 ) contained in the minimal determin-
ing set has a cardinality of
10+3
= 286.
(*57)

Therefore, the dimension of 836518'9’34(7"14), is equal to 11294. mi
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Figure 7.15: The shells R37(ZJT) (left) and R36(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C®:M1t ) are marked with m, those from (CO-M27 ) with
A, and those from (C6:M3TA) with O,

(L)
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Figure 7.16: The shells R35(UT) (left) and R34(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C®:M1 T,) are marked with m, those from (C6:M2TA) with
A, and those from (C6:M3TA) with O.
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Figure 7.17: The shells R33(0T) (left) and R32(UT) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C®:M1 ,) are marked with m, those from (C6:M2TA) with
A, and those from (C6:M3TA) with O.
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Figure 7.18: The shells R31 (vr) (left) and R3O(Z)T) (right) for a tetrahedron
T in T4. Domain points whose B-coefficients are determined
from (C®:M1 ,) are marked with m, those from (C6:M2TA) with
A, those from (C®:M37 ) with O, those from smoothness condi-
tions using Lemma 2.33 (j = 0) with #k, those from (C®:M4r )

and smoothness conditions using Lemma 2.33 (j = 1) with %,
and those from (C6:M5TA) with @.
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EEEEEEEENAAAAAAAAAENEEEEEEERR

Figure 7.19: The shell R%(?JT) for a tetrahedron T in T4. Domain
points whose B-coefficients are determined from (C®:M1t )
are marked with m, those from (C®:M2r ) with 4, those from
smoothness conditions using Lemma 2.33 (j = 0) with ¥ and
X, those from (CO:M4r ) and smoothness conditions using
Lemma 2.33 (j = 1) with ¥, those from (CO:M4r ) and smooth-

ness conditions using Lemma 2.33 (j = 1) with %, and those
from (C6:M5TA) with @,

7.4 Nodal minimal determining sets for C”
macro-elements over the Alfeld split

In this section nodal minimal determining sets for the C" macro-elements
constructed in section 7.2 are investigated. Therefore, the same notations
as in the previous section are used and some definitions for certain deriva-
tives are introduced. Subsequently, we consider and prove nodal minimal
determining sets for C" macro-elements over the Alfeld split of a single
tetrahedron. Finally, nodal minimal determining sets for the C" macro-ele-
ments over a tetrahedral partition refined with the Alfeld split are con-
structed and proved.

First, some derivatives are denoted, which are needed to describe the
nodal minimal determining sets.
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Notation 7.9:

For each multi-index « := (aq,a2,a3) let D* be the mixed partial derivative
D' Dy?Dz°. For each edge e := (u,v) of a tetrahedron T let X, be the plane
perpendicular to e at the point 1, endowed with Cartesian coordinate axes
with origin at u. Then, let Df ", with B:= (B1,B2), be the partial derivative
of order |B| := By + P2 in direction of the two coordinate axes in X,. More-
over, for an oriented triangular face F := (u,v,w) let Dr be the unit normal
derivative corresponding to F. For each edge e of a tetrahedron T let D ¢
be the directional derivative corresponding to a unit vector perpendicular
to e that lies in the interior face F containing e of the Alfeld split tetrahe-
dron T,. Furthermore, for each face F of a tetrahedron T and each edge
ein F let D, r be the directional derivative associated with a unit vector
perpendicular to e that lies in F.

In order to describe nodal minimal determining sets in this section also
certain points on the edges of a tetrahedron and sets of points on the faces
of a tetrahedron are needed.

Definition 7.10:
Let 7,1, and d be as in Table 7.1. For e := (u,v), and fori > 0 let

g Uit Dutjo

0 = T , ji=1,...1

be equally spaced points in the interior of the edge e.
For a triangle F and « > 0 let

. 4
Ay =L €Dawrijk>p+1—a+t 151)

be a set of points in the interior of F. Furthermore, if | | > 0, for § > 1 let

By :=Dy_rpr\ UEy 25-1(€)

ecF

also be a set of points in the interior of F.

Finally, for each point u € IR® let €, be the point evaluation functional
defined by
euf = f(u).
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Now, we are able to describe a nodal minimal determining set for the C"
macro-elements based on the Alfeld split of a tetrahedron constructed in
section 7.2.

Theorem 7.11:
Let N7, be the union of the following sets of nodal data:

(NlTA) U {evDa}Mgp

(N27,) U U{e ¢, i}\m:i

eEETz 1j=1
(N37,) FGU {GSDF}geAE,Ix:O,...,r

(N4r,) U U uu € yuyDi DI T
4 FEFTeEFz 2j= 1{ chy! et TeLF s

u+2i /5
N5 U U fe D5 Yo
4 eeSrz 1] 1{ ge] F}w prrai
L3)r-3i-1 ritjy pt2i+j
(Nér,) U U U U {€ ;z+21+1D +ZD5¢F o
FeFrecFi=1 ] 1 Sek

710 U 1D eeag B =1oen [5))

(N87,) {€0r D" }aj<y—a(ms (5] +1)
Then N, is a stable nodal minimal determining set for the superspline
space S VORI ).

Proof:

It is easy to check, that the cardinality of N7, is equal to the dimension of
the spline space S;”""'(Ty), as given in Theorem 7.3 in section 7.2. Thus,
it suffices to show that setting {As} ¢ N7, for a spline s € S;’p’y (Tx) de-
termines all B-coefficients of s.

Using the CP supersmoothness of s at all vertices v € Vr, the B-coeffi-
cients associated with the domain points in D,(v) are stably determined
form the values of the derivatives of s associated with (N17,). The remain-
ing undetermined B-coefficients associated with domain points within a
distance of y from the edges e € &7 are stably determined from the values
of the derivatives of s associated with (N27,), since s has supersmoothness
CHate.

Next, we determine the B-coefficients of s associated with the domain
points in the shell R;(vr), i.e. the domain points on the faces of T.
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For each face F of T4, we have already determined the B-coefficients as-
sociated with the domain points within a distance of y from the edges of F.
Thus, the only undetermined B-coefficients of s|r are those associated with
the domain points in the set Ag . Since (N37,) contains the values of s at
these points, the remaining undetermined B-coefficients of s correspond-
ing to the domain points in R;(vr) can be computed by solving a linear

system with matrix My := {BZ(K)} .- The entries of the matrix only

ExeA;
depend on barycentric coordinates, thus M is independent of the size and

shape of F. Moreover, by lemma 2.44 the matrix is nonsingular.
Subsequently, we compute the B-coefficients of s associated with the do-
main points in the shell R; 1 (vr). For a face F of Ty, let F; be the layer of
domain points with a distance of one from F. We have already determined
the B-coefficients of s|r, associated with the domain points in Df;l_l (v) for
each vertex v of Fj, and the B-coefficients corresponding to the domain
points in Eﬁl_l (e) for each edge e of F;. Thus, the only undetermined B-co-

efficients of s|, are associated with the domain points in the set Afl. These
B-coefficients can be computed from the values of the first order deriva-
tives in (N37,) corresponding to F. The computation involves solving a

linear system with matrix M; := {Bg_l(K)} exealt’ which is independent
KEA]

of the size and shape of F and nonsingular by lemma 2.44.

Next, we consider the B-coefficients of s associated with the domain
points in the shells R;_;(vr), fori =2,...,r. Let F; be the layer of domain
points with a distance of i from a face F of T. Then, we have already de-
termined the B-coefficients of s associated with the domain points within
a distance of p — i from the vertices of F; and the B-coefficients of s corre-
sponding to the domain points within a distance of y — i from the edges
of F;. Now, we use the values of the derivatives in (N47,) correspond-
ing to the layer F; of domain points to stably determine the B-coefficients
associated with the domain points with a distance of y — i + j from the
edges of F;, for j =1,... L%J Then, we use the values of the i-th order
derivatives in (N37,) corresponding to F; to compute the remaining B-co-
efficients of s|r,. Therefore, we have to solve a linear system with matrix
M; = {Bg_i(x)} exeat By lemma 2.44, this matrix is nonsingular. More-
over, M; is independ]ent of the size an shape of F. Thus, we have deter-
mined all B-coefficients of s associated with the domain points in the shells
Rd(vT) U...U Rdfr(UT)-
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Now, we consider the remaining undetermined B-coefficients of s asso-
ciated with domain points in the ball Dy (vr). By the C" smoothness at
vT, these B-coefficients of s can be regarded as those of a polynomial p of
degree 7 on the tetrahedron T which is bounded by the domain points in
the shell R, (vr). Note that the tetrahedron T is also subdivided with the
Alfeld split at the point vr.

Since some of the B-coefficients of s associated with domain points in the
ball D (vT) are already determined, also some of the B-coefficients of p are
determined. Thus, considering p, we have already determined the B-co-
efficients associated with the domain points within a distance of m from
the faces of T, those within a distance of 2m from the edges of T and those
within a distance of p — d + 77 from the vertices of T.

Now, for | %] > 0, we consider the B-coefficients of p associated with the
domain points in the shells R;_,_;(vr), i=1,...,|§]. In order to determine
these B-coefficients of p, fori =1,...,| § |, we repeat the following:

We use Lemma 2.33 for j = 0 to stably determine the B-coefficients asso-
ciated with the domain points within a distance of 2(m + i) — 1 from the
edges of T. In relation to s, these are the B-coefficients associated with the
domain points within a distance of y 4 2i — 1 from the edges of T.

Now, we use the values of the derivatives of order y + 2i in (N57,) to
stably determine the B-coefficients of s associated with the domain points
on the interior faces of T4 with a distance of y 4 2i from the corresponding
edge of T. These domain points have a distance of 2(m + i) from the cor-
responding edge of T. Thus, the B-coefficients of p corresponding to the
domain points with a distance of 2(m + i) from the edges of T on the inte-
rior triangular faces of T, are determined. Following Lemma 2.33 for the
case j = 1, the remaining B-coefficients of p associated with domain points
within a distance of 2(m + i) from the edges of T can be stably determined.

Now, let F; be the layer of domain points of p with a distance of m + i
from a face F of T. Using the values of the derivatives in (N6r,) corre-
sponding to F;, the B-coefficients of p associated with the domain points
with a distance of 4 —r +i+j, j=1,...,r — 3i — 1, from the edges of F;
can be stably determined. Subsequently, we use the values of the deriva-
tives of order  + i in (N77,) corresponding to F; to compute the remaining
B-coefficients of p\fi. This involves solving a linear system with matrix

M; = {Bg*’*i(;c)} exes” which is nonsingular by lemma 2.44 and also in-
KEB;!

dependent of the size an shape of F.
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We have determined all B-coefficients of p within a distance of m + | %]
from the faces of T. Thus, using Lemma 2.42 with n = 4, the remaining
undetermined B-coefficients of p can be stably determined from the values
of the derivatives in (N87,). Therefore, p is uniquely determined, which
implies that the remaining undetermined B-coefficients of s are uniquely
and stably determined by applying subdivision. m]

Next, let A be a tetrahedral partition and A 4 the partition obtained by re-
fining each tetrahedron in A with the Alfeld split. Now, nodal minimal de-
termining sets for the C" macro-elements constructed in section 7.2, based
on the partition A 4, are described.

Theorem 7.12:
Let V5, be the union of the following sets of nodal data:

(NlAA) U {GvDa}\Mgp

N2a) U U Ude, i DF gl

ecfi=1j=1
(N3AA) U {efDF}geAf,uc:O,.“,r

N4p,) U U U U{e v DI DY
FefeEFz 2] 1 ek

u+2i

(N54,) U U U U {6 p}\ﬁ\ —p42i

TeAecTi= 1] 1

lr—3i-1

(N6y,) U U U U U {e D AT Takat
TeAFeTecFi=1 ] 1 t’

(N7a,) TLGJAFLQJT{GgDF }5€B§'ﬁ: Lo lslh
(N8x,) Uv {€0r D" }aj<p—a(m+ (5] +1)

ureVy
Then Ny, is a 1-local and stable nodal minimal determining set for the

superspline space S, (A ).

Proof:

The cardinality of the set N, is equal to the dimension of the superspline
space S;’p A (Ay4),as givenin (7.2) in Theorem 7.5. Thus, it suffices to show
that setting {As} ¢ Na, stably and locally determines all B-coefficients of a

spline s € S;’p’”/”(AA).
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The B-coefficients of s associated with the domain points in the balls
Dg”(v), for each vertex v € V and a tetrahedron T, containing v, can be
uniquely and stably computed from the values of the derivatives in the set
(N14,). Then, the remaining undetermined B-coefficients of s correspond-
ing to domain points in D,(v) can be uniquely and stably determined us-
ing the C? supersmoothness conditions at the vertices in V. These compu-
tations are 1-local, since each B-coefficient CiT,j,k,l of s determined so far only

depends on the nodal data from the set (N1, ,) contained in star(T).

For each edge e € £, the undetermined B-coefficients of s corresponding
to domain points in the tube EPT," (e) can be uniquely and stably determined
from the values of the derivatives in (N2, ,), for a tetrahedron T, contain-
ing e. All other undetermined B-coefficients of s associated with domain
points in the tube E,(e) can be uniquely and stably determined from the
C# supersmoothness conditions at the edges in £. Moreover, the computa-
tion of the B-coefficients of s corresponding to the domain points in E; (e)
is 1-local, since each B-coefficient CiT,j,k,l of s associated with a domain point
ggj,k,l € E,(e) only depends on the nodal data from the sets (N1, ,) and
(N2, ,) contained in star(T).

For each face F € F, the sets (N3, ,) and (N4, ,) contain nodal data for
exactly one tetrahedron Tr containing F. Since these are the same nodal
data as those in the sets (N37,) and (N47,) from Theorem 7.11, the B-coef-
ficients of 5|, associated with the domain points in Ty within a distance of
r from the face F can be stably determined in the same way as in the proof
of Theorem 7.11. Then, if Tr has a neighboring tetrahedron sharing F, the
B-coefficients of s corresponding to the domain points within a distance of
r from F in this tetrahedron can be stably determined by the C” smoothness
conditions across F. The computation of these B-coefficients is 1-local, since
each of these B-coefficient ng,k,l only depends on the nodal data from the
sets (N1, ,) - (N4, ,) contained in star(T).

Now, for each tetrahedron T € A, all B-coefficients of s, such that the
smoothness conditions at the vertices, edges and faces of A are satisfied,
are determined.

Then, for each tetrahedron T € A sets (N5, ,) - (N8, ,) contain the same
nodal data as the sets (N57,) - (N87,) from Theorem 7.11. Thus, the re-
maining undetermined B-coefficients of s can be stably determined in the
same way as in the proof of Theorem 7.11. Therefore, all B-coefficients of s
are determined and their computation is 1-local, in the sense that they only
depend on nodal data contained in star(T), respectively. ]
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Remark 7.13:

For r = 2, the macro-elements considered in this chapter differ slightly from
those constructed by Alfeld and Schumaker [11]. The difference lies in the
way the B-coefficients of a spline corresponding to the domain points in
the shell Rqj(vT) are determined. For the macro-elements investigated in
this chapter, some of these B-coefficients are determined from the nodal
data in (N37,) and (N47,), and accordingly (N3, ,) and (N4, ,). In [9] the
nodal data in (N47,) and (N4, ,) can be omitted, since more derivatives at
the faces of the tetrahedra are used. Unfortunately, in order to extend the
construction of macro-elements over the Alfeld split to arbitrary smooth-
ness, this more complicated nodal minimal determining set has to be used
here. In case that conjecture 2.43 holds, more derivatives at the faces of the
tetrahedra could be used also for r > 2 and the nodal data in (N4r,) and
(N4, ,) could be omitted. Unfortunately, since the conjecture has not been
proved yet, it is not possible to use the same kind of nodal data as in [11]
to compute the B-coefficients on the shells around vt for macro-elements
with higher r.

7.5 Hermite interpolation with C”
macro-elements based on the Alfeld split

In this section we investigate the Hermite interpolation method corre-
sponding to the macro-elements considered in this chapter. Moreover, we
also give an error bounds for the interpolation method.

Following Theorem 7.12 in section 7.4, for every function f € C(Q)
there is a unique spline s € S;*" (A 4), solving the Hermite interpolation

problem
As=Af, forallAeN,,,

or equivalently,
(H1p,) D*s(v) = D*f(v), for all |a| < p, and all vertices v € V
(H2a,) DPis(ch) =D, f(l), forall [B| =i, 1<j<i, 1<i<p,

and all edgese € £

(H3a,) D%s(&) = Dif(€), forall € AF, 1 <a <r,and all faces F € F
S R " .
() DD {s(elyT) = D3y DI (6l for 1 < k< i+
1<j<[5],2<i<r, and for all edges e of each face F € F
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(H54,) Dfis(h ) = DPf(cl), forall |B] = p+2i, 1< < pu+2i,
1<i<[5], and for all edges e of each tetrahedron T € A

(H6AA) Dr+ZD£J_Fr+I+] ((;’;,}:Ziﬂ) Dr+zD£LJ_£+z+]f( y+21+]),
fora111§k§y+2i+j, 1<j<r—-38i—1,1<i<[5], forall edges
e and all faces F of each tetrahedron T €A

(H7x,) D Ps(¢) = D PF(¢), forall ¢ € BE, 1< g < %], and for all faces
F of each tetrahedron T € A

(H8p,) D*s(vr) = D*f(vr), forall |a| <y —4(m+ | 5] +1),and all
vertices v € V;

Following Theorem 7.12, this Hermite interpolation method is 1-local and

stable.

This defines a linear projector Z : C* — S;’P "1 (A4). The construction
ensures that 7s = s for every spline s € S:l,p,y 1(A4) and thus, especially,
7 reproduces all polynomials of degree d. Since the Hermite interpolation
method is 1-local and stable, we can establish the following error bounds.

Theorem 7.14:
For every f € CH1(Q) withp — 1<k <d,

ID*(f = Zf) o < KIAT 1 flia 0, (7.3)

for all 0 < |a| < k, where K depends only on r and the smallest solid and
face angle in A.

Proof:

Let T € A, Qr := star(T) and f € C**1(Q). Fix a with |a| < k. By Lemma
4.3.8 of [19], see also Lemma 4.6 of [57], there exists a polynomial p € 77;:’
such that

ID*(f = pllay < KilQr [Pl flii10,, (74)
for all 0 < |B| <k, where |Q7| is the diameter of Q7. Since Zp = p,

ID*(f =ZH)lir < ID*(f = p)llz + IDZ(f = p)llr

holds. We can estimate the first term using (7.4) with f = . Applying
the Markov inequality [102] to each of the polynomials Z(f — p)|r,, where
T;, i=1,...,4, are the four subtetrahedra of T4, we get

ID*Z(f = p)li7, < Ka| T Z(f = p)lI7;/

where Kj is a constant depending only on r and the smallest solid and face
angle in A.
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Now, let {c¢ } be the B-coefficients of the polynomial Z(f — p)|r, relative
to the tetrahedron T;. Then combining (2.12) and the fact that the inter-
polation method is stable and that the Bernstein basis polynomials form a
partition of unity, it follows that

I )
IZ(f = p)li7, < K5 max [ee| <K} [TV|f = pljr.
5€Dd,Tl-/]- =0

Now taking the maximum over i and combining this with (7.4) and |T| <
|Qr|, we get that

IZ(f = p)lIT < Ks|T/*™ flrsnr < KelQr [ flirnp
which gives

IDYZ(f — p)|lr < Ko |Qr 14 i

Maximizing over all tetrahedra T in A leads to (7.3). O



8 Macro-elements of arbitrary
smoothness over the Worsey-Farin
split of a tetrahedron

In this chapter we describe the C" macro-elements based on the Worsey-
Farin split of a tetrahedron (see Definition 2.7) by Matt [66]. In section 8.1,
we review the minimal conditions for the degree of polynomials and the
degree of supersmoothness for constructing C" macro-elements over the
Worsey-Farin split. In the following section 8.2, we investigate minimal
determining sets for C" macro-elements defined on the Worsey-Farin split
of tetrahedra. In the next section, we illustrate these minimal determining
sets with some examples to ease their understanding. In section 8.4, we
examine nodal minimal determining sets for the C” splines considered in
this chapter. Finally, in section 8.5, a Hermite interpolant set for C" splines
based on the Worsey-Farin split is constructed. Moreover, it is shown that
the interpolation yields optimal approximation order.

8.1 Minimal degrees of supersmoothness and
polynomials for macro-elements over the
Worsey-Farin split of a tetrahedron

The constraints on the degree of polynomials, as well as those on the de-
gree of supersmoothness at the vertices and edges of a tetrahedron, in or-
der to construct C" macro-elements based on the Worsey-Farin split of a
tetrahedron, are considered in this section. As already mentioned in sec-
tion 7.1, it is desirable to use the lowest possible degree. So, to use splines
with a polynomial degree lower than 8r 4 1, the tetrahedra of a partition
are refined with a Worsey-Farin split in this chapter. Using the same ap-
proach as in section 7.1, bivariate layers in the split tetrahedra are exam-
ined in order to obtain the restrictions on the degree of polynomials and
the degree of supersmoothness at the vertices and edges of tetrahedra for
a spline defined on a partition refined with the Worsey-Farin split.

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7 8,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012
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Now, with the results from section 6.1, it is possible to determine the
minimal degree of polynomials and the minimal and maximal degree of
supersmoothnesses for C" macro-elements over the Worsey-Farin split of a
tetrahedron.

Theorem 8.1:

Let T := (v1,v2,03,v4) be a tetrahedron and Ty the Worsey-Farin split of
T at the point vt strictly in the interior of T and the points v, i =1,...,4,
strictly in the interior of the faces F; := (v;,v;11,0;42), i=1,...,4, of T, with
v5 := v1 and vg := vyp. For r > 0, a trivariate C" macro-element based on
Twr can be constructed if and only if the degree of polynomials d, the de-
gree of supersmoothness p at the vertices of T, and the degree of super-
smoothness y at the edges of T are at least as in Table 8.1, and the degree
of supersmoothness 17 at v and at the edges (vr,vr), i =1,...,4, is at most
as in Table 8.1, for m > 0.

r Z P Ul d
4m 6m 9m 15 m+1 18 m+1
4m+1l | 6m+1l | 9m+1 | 15 m+2 18 m+3
4m+2 | 6m+3 | 9m+4 | 15 m+7 18 m+9
4m+3 | 6m+4 | 9m+6 | 15m+11 | 18 m+13

Table 8.1: Minimal degree of polynomials d, minimal supersmoothnesses
p and p, and maximal supersmoothness # for C" macro-elements
over Worsey-Farin split tetrahedra.

Proof:

Let F be a plane intersecting T at a point v, which is situated on the edge
(v1,vT), where F is perpendicular to (v1,v7). The proof is analog for any
other vertex v;, i =2,3,4, of T. Since T is refined with a Worsey-Farin split,
a Powell-Sabin split triangle is induced on F. This triangle is shown with
light gray in Figure 8.1. In Figure 8.1 (right) only this triangle is shown,
where V(o1,0:)7 i = 2,3,4, are the three points where F intersects the edges
(v1,v;) of T. Then, the edges <v<v1,vi>/UT>/ i =2,3,4, are the intersections
of the plane F with the interior triangular faces (vq,v;,v7) of Ty, and the
edges (vej,vT>, j =1,3,4, are the intersections of F with the interior faces

(v1,0F,01) of Ty
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Figure 8.1: Bivariate layer with a Powell-Sabin split triangle in a tetrahe-
dron T := (vq,v3,v3,04) refined with the Worsey-Farin split at
the point vt in the interior of T and the points vf, i =1,...,4,
in the interior of the faces F; of T.

Due to the fact that each trivariate spline s defined on Ty reduces to a
bivariate spline with the same degree of polynomials and the same degree
of supersmoothnesses when restricted to any triangle in Tyyr, the spline s
has to suffice the same constraints as a bivariate spline in Corollary 6.3 and
6.5. Thus, following Corollary 6.5, the degree of supersmoothness of s at
the three vertices o1,0,)7 i =2,3,4, has to be at least 6m, 6m + 1, 6m + 3,
or 6m + 4 for a spline s in C*™, C4"+1, C4m+2 or CH#+3 respectively. Since
the three vertices U o1,0:)7 i = 2,3,4, of the triangle on F lie on the edges
of the tetrahedron T, the degree of supersmoothness of the spline s at the
edges of the tetrahedron has to be at least 6m, 6m + 1, 6m + 3, or 6m + 4,
respectively.

Next, the triangle (v1,v,v3), a face of T, is considered. The proof is ana-
logue for any other face of T. The Worsey-Farin split of the tetrahedron
T leads to a refinement of this triangle with a Clough-Tocher split. There-
fore, following Corollary 6.3, the degree of supersmoothness of the spline
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s at the vertices of the triangle (v1,v;,v3) , and thus also at the vertices of
the tetrahedron T, has to be at least 9m, 9m + 1, 9m + 4, or 9m + 6, such
that s has Co™, COm+1, Com+3 or COM+4 supersmoothness at the edges of T,
respectively. The degree of supersmoothness at the vertices also leads to
the minimal degree of polynomials. Again following Corollary 6.3, it can
be seen that the degree of polynomials needed to construct C*", C4"+1,
C4m+2, or C4"+3 macro-elements based on the Worsey-Farin split of T has
to be at least equal to 18m + 1, 18m + 3, 18m + 9, or 18m + 13, respectively.
Moreover, following Lemma 6.4, it can be seen that the degree of super-
smoothness of s at the vertex vr, and the edges (vpi,vﬂ, i=1,...,4, canbe
at most 15m 41, 15m + 2, 15m + 7, or 15m + 11 for s in C*", C#m+1, Cm+2,
or C*"+3 respectively. m

8.2 Minimal determining sets for C’
macro-elements over the Worsey-Farin split

In this section minimal determining sets for C" macro-elements over the
Worsey-Farin split of a tetrahedron and a tetrahedral partition are con-
structed. Therefore, some notations are established in order to define the
considered space of supersplines. Thereafter, minimal determining sets for
the C" macro-elements based on the Worsey-Farin split of a tetrahedron are
considered. In the following, some more notations are introduced and the
space of supersplines used for the C" macro-elements over the Worsey-
Farin split of a tetrahedral partition is defined. Afterwards, minimal deter-
mining sets for theses macro-elements are constructed.

Notation 8.2:

Let T := (v1,v2,v3,04) be a tetrahedron with the four triangular faces F; :=
(vi,0i41,0i42), i =1,...,4, with v5 := v1 and vg := vp. Then let Ty be the
Worsey-Farin split of T at the point v7 in the interior of T and the points
vf, i =1,...,4, in the interior of the face F;, which consists of the twelve
subtetrahedra Tl-,j = (ui,]-,ui,]-Jrl,vFi,vT), i=1,...,4,j=1,2,3, where Uujji=
Vitj-1 fori+j <5, with Ujgi=1Uj1, and Ujj=0jtj5 fori+j>5andj+#4.
Moreover, let V1 and £t be the set of vertices and edges of T, V1 r the set
of four split points on the faces of T, and let Fr; be the set of six interior
faces of Ty of the form (u,w,vr), where u and w are vertices of T.
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The C" macro-elements based on the Worsey-Farin split of a tetrahedron
T considered here are in the superspline space

S;"o/”’”(Twp) ={se C’(T) 5|T c Pd forall T € Twr,
seCl(e), Ve &y,
se€ CP(v), YoeVr,
seCl(e), Vee&ry,
se Cl(vr)},

where 7,p, 1,1, and d are as in Table 8.1.

Theorem 8.3:
Let Mr,,, be the union of the following sets of domain points:

Mlz,,) Dy (v), i=1,...,4

(M21,,.) U Eg(e)\ (Dye(u) UDye(v)), withe € T,
e: —(u vyeér

(M37,,) {€Z]kl ((vp“,vﬂ)}, a=1,...,4with0<I<d—y
(Mdr, ) {gl]k,}VTeTWp,w1th‘u—l—|—1§k§y—l+ P‘d*f’?ﬂ
1]<d—l—p,l:d—n+1,...,r,andi+]’+k+l:d

Tl)(l _
(MSTWF {fl]kl ’,{+2[—2d+27]—2—3’7]7d;’771—‘ (<UP,X/’UT>)}I N = 1,...,4:,

withl=d—-—y+1,...,r
(Mér,,.) forr =4mand r = 4m + 2:

{§p ki d—p—j i - ci=1,...m,j=1,...,u+i},

T

F:=(uw,or)eFr T
with Tr := (u,w,vr,v) for vp € Vr

(M77,,) {&], 1} VT € Towp, with g —r +1 <k < p— 4 [0,
,]<p+1—l I=r+1,....r+mandi+j+k+1=d

szl
=1,...,4
1) {€5541 € Bl o) (08 on)h 0 =1

withl=r-+1,...,r+m
(M97,,,) DM (o)

wr) Zp—a(rm—(d—n)+1)\ T
where m is as in Table 8.1. Then M7, . is a stable minimal determining set
for the space S;’p "1 (Tye) and the dimension of the superspline space is
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given as
3 2
2797m +116;m +164m+8, for r = 4m,
797m34+2292m24+6231m+56
dier,p,y,n(T ) . 2797mt zm toimt ’ forr=4m+1, ®8.1)
WF) — 3 2 .
d 2797m +5115n§ +3116m+632’ for r = 4m + 2,
3 2
2797m +6729m2 +5414m+1456, for r = 4m + 3.
Proof:

First, it is proved that M, is a minimal determining set for the super-
spline space S;’p M1 (Tywp). To this end the B-coefficients c¢ of a spline
s€E S;’p "1 (Tyr) are fixed to arbitrary values for each domain point ¢ con-
tained in the set M, .. Then it is shown that all remaining B-coefficients
can be uniquely and stably determined.

The undetermined B-coefficients of s associated with domain points in
the balls Dp(vl-), i=1,...,4, can be uniquely and stably determined from
those corresponding to the domain points in (Ml7, ) using the Cf super-
smoothness at the four vertices of T.

Now, the remaining undetermined B-coefficients corresponding to the
domain points in the tubes E,(e), e € £, are investigated. These can be
uniquely and stably determined from the B-coefficients associated with the
domain points contained in (M27,,.) using the C* supersmoothness at the
edges of T.

Next, the B-coefficients corresponding to the domain points on the faces
of the tetrahedron T are considered. Each face F;,, i =1,...,4, is refined
with a Clough-Tocher split. The resulting three subtriangles forming F; are
degenerated faces of the three subtetrahedra T,-,j, j =1,2,3, since they lie
in one common plane. Thus, as in the proof of Theorem 8.1, the B-coeffi-
cients of s|r, can be regarded as those of a bivariate spline g;( defined on
F;. Then the spline g; o has the same degree of polynomials d, the degree of
smoothness p at the edges, p at the vertices, and 7 at the vertex vf, in the
interior of F;. Now, together with the already determined B-coefficients of
s|r, and those corresponding to the domain points in (M3r,, ) lying on the
face F;, those with [ = 0, all B-coefficients corresponding to a minimal de-
termining set for a bivariate Clough-Tocher macro-element of smoothness
i, supersmoothness p at the vertices, supersmoothness 7 at the split point,
and degree of polynomials d are determined. Thus, following Theorem 6.6,
all B-coefficients of g; ¢ are uniquely and stably determined, and therefore,
all B-coefficients of s|F,.
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Now, let F;,,, be the triangle formed by the domain points in the three

T;, T;, T;,
shells Rdjvl(vT), Rdfvl (vr), and Rdfvl

again, the B-coefficients of s|f, ,, can be regarded as those of a bivariate

(vr), for vy =1,...,d — . Then

spline g,, r, which has y — v; smoothness at the edges, p — v; smoothness
at the vertices and 77 smoothness at the split point. Moreover, the degree of
polynomials of the bivariate spline g, r, is equal to d — v;. Considering the
already determined B-coefficients of s| Fiuy and the B-coefficients associated
with the domain points in (M3r,,,) lying in F;, , those with [ = vy, it can
be seen from Theorem 6.6, that these form a minimal determining set for a
Clough-Tocher macro-element of smoothness y — v1. Then, for the values
of p and g in Theorem 6.6, p = v; and g = L#J if y1 is even, and g = [ % |
in case p is odd, holds. Thus, g, r is uniquely and stably determined.
So now, all B-coefficients of s restricted to the shells R;(vr),..., Ry (vr) are
uniquely and stably determined.

Next, the B-coefficients of s restricted to the domain points in the shells

Ry_y,(vr), 12 =d — 1 +1,...,r, are examined. Therefore, let F;,, be the
triangle formed by the domain points in the shells Rvaz (vr), R(?fv2 (v7),
and R?’va(vT). Again, the B-coefficients of the spline s restricted to the
triangle F;,, can be regarded as those of a bivariate spline g,, r, of degree
d — vo with smoothness p — 1, at the edges, p — 1, at the vertices, and 7 at
the split point of F;,,, at which F;,, is subjected to a Clough-Tocher split.
Note that g, r, is actually a polynomial, due to the C" supersmoothness at
the split point in F;,,. Considering g, r,, it can be seen that the B-coeffi-
cients corresponding to the domain points within a distance of p — v» from
the vertices of F;,, and within a distance of 1 — v, from the edges of F; ,, are
already uniquely determined. Together with the B-coefficients associated
with the domain points in (M4r, ) lying in F; ,, those with [ = 5, the B-co-
efficients of g,, r, corresponding to the domain points within a distance of
U—vy+ [w%fl} , from the edges of F;,, are already uniquely and stably
determined. Now, the B-coefficients corresponding to the domain points in
(M57,,,) lying in F; ,, uniquely and stably determine the derivatives of g, F,
at the split point in F;,, up to order p +2(1, —d +7n—1) — B[Vz_d%_l} =
d—vy—3(p—v2+ [Vz_dzi_l] +1). Thus, following Lemma 2.42 for n =3,
the remaining undetermined B-coefficients of g, . can be uniquely and
stably computed from these derivatives.
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At this point, all B-coefficients of s corresponding to the domain points
within a distance of r from the faces of T, within a distance of y from the
edges of T, and within a distance of p from the vertices of T are uniquely
and stably determined.

Next, the B-coefficients of s associated with the domain points in the
shells Ry, (vr), v3 =7 +1,...,7 4+ m, are considered. Thus, the following
is repeated forvs =r+1,...,r +m.

The spline s has C" smoothness at the inner faces of Tyyr. Therefore,
Lemma 2.33 can be used in order to determine the remaining undeter-
mined B-coefficients corresponding to the domain points within a distance
of u + v3 — r from the edges of T.

For the case that r is odd, following Lemma 2.33 for the case j = 0, the un-
determined B-coefficients of s corresponding to the domain points within
a distance of y 4 v3 — r from the edges of T can be directly computed from
those already determined by C" smoothness conditions. Thereby, the B-co-
efficients are determined uniquely and stably.

If r is even, following Lemma 2.33 for the case j = 1, the remaining unde-
termined B-coefficients of s corresponding to the domain points within a
distance of yt 4+ v3 — r from the edges of T can be uniquely and stably deter-
mined from those already known together with the ones associated with
the domain points in (Mé6r,,,) for i = v3 — r. Thereby, a linear system based
on the C" smoothness conditions across the interior faces of Ty has to be
solved, where, by Lemma 2.33 for j = 1, the corresponding determinant is
not equal to zero.

Now, let F; ,, be the triangle formed by the domain points in the shells
Rvay RT’fVS, and Rgf’VS, for i =1,...,4. Again, the spline s can be con-
sidered as a bivariate spline g, r, of degree d — v3 defined on F;,,. The
Worsey-Farin split of T induces a Clough-Tocher split for the triangle F; .
Since g, r, has supersmoothness of degree 17 > d — v3 at the split point
in F;,,, the bivariate spline g,, r. reduces to a bivariate polynomial. Con-
sidering the polynomial g,, r,, it can be seen that the B-coefficients corre-
sponding to the domain points within a distance of p — v3 from the ver-
tices of F; ,, and those corresponding to the domain points within a dis-
tance of y — r from the edges of F; ,, are already uniquely determined. To-
gether with the B-coefficients associated with the domain pointsin (M77,,,.)
lying in F;,,, those with | = v3, all B-coefficients of g,, r, within a dis-
tance of y — r + (Zr_(d_g)_vrl] = fp+zr;’3_1} — r from the edges of F; ,,
are uniquely and stably determined so far. Now, the B-coefficients corre-
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sponding to the domain points in (M8, ) lying in F; ,,, those with [ = v3,
uniquely and stably determined the derivatives of g,, r, at the split point
in F;,,, up to order d +3r —v3 — 3 fﬁzrz;m_l} — 3. Thus, following Lemma
2.42 for the case n = 3, the remaining undetermined B-coefficients of g, r,
are uniquely and stably determined from these derivatives.

So far, all B-coefficients of s corresponding to the domain points within
a distance of ¥ 4+ m from the faces of T, within a distance of y + m from the
edges of T, and within a distance of p from the vertices of T are uniquely
and stably determined.

Now, the last undetermined B-coefficients of the spline s are determined.
These B-coefficients are associated with domain points in the ball D, (vr).
Since the spline s has C” supersmoothness at the split point v, the B-co-
efficients of S|D,](0T) can be regarded as those of a trivariate polynomial p

of degree 7 defined on the tetrahedron T, which is formed by the domain
points in Dy (vr). Due to the reason that T was refined with a Worsey-Farin

split, the tetrahedron T is also subjected to the Worsey-Farin.

Since some of the B-coefficients of s associated with domain points in the
ball D, (vr) are already known, these B-coefficients are also known for the
polynomial p. Thus, the B-coefficients of p corresponding to the domain
points within a distance of 7 + m — (d — 1) from the faces of T, correspond-
ing to the domain points within a distance of y +m — (d — 1) from the
edges of T, and corresponding to those domain points within a distance of
p — (d — 1) from the vertices of T are already known. Now, from the B-co-
efficient associated with the domain points in (M97,,.) the derivatives of
p at vt up to order # —4(r +m — (d — n7) + 1) can be uniquely and stably
computed. Then, following Lemma 2.42 for the case n = 4, the remain-
ing undetermined B-coefficients of p are uniquely and stably determined
by these derivatives. Therefore, also all B-coefficients of s can be uniquely
and stably determined.

Next, the dimension of the spline space S,/ (Ty) is considered. Since
M, is a minimal determining set for this space of supersplines,

dim S (Tyg) = # M,

holds. Then, by adding the number of domain points contained in the sets
Ml7,,.) - M97,,,,), it can be obtained that
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2
#MTWF=4(P;3) +12(”§ >+4(d17+1)(g)

r—(@—p-1 |5]

+12 Y Yi+u

=0  i=1

+4’("Z’i’1 <;4 +26-3[5] + 2)

p=0 2
+((r+1) mod2)-6i([3+;¢)

p=1
( —(d= ) B— 1}
+12g2 2 (i+u)

+4i(d By +2r — p— 3 [ Uy =E 2)/“]—1)
= 2

+(17—4(1’4—171—

Sy,

which reduces to the number in (8.1). O

The construction of the macro-elements shown above for a single tetra-
hedron T can be extended to a tetrahedral partition A, since all B-coef-
ficients of a spline corresponding to the domain points of a tetrahedron
T within a distance of r from the faces, within a distance of y from the
edges, and within a distance of p from the vertices of this tetrahedron can
be determined from the B-coefficients associated with the domain points in
(M17,,,) - (M5, ). Thus, all B-coefficients involved in the smoothness con-
ditions connecting two individual tetrahedra of a partition are contained in
the minimal determining set, and therefore these smoothness conditions
can be fulfilled.

Next, minimal determining sets for C" macro-elements based on the
Worsey-Farin split of a tetrahedral partition are considered. Therefore,
some more notations are needed.

Notation 8.4:

Let A be an arbitrary tetrahedral partition of a polyhedral domain (). Then,
let V, £, and F be the set of vertices, edges, and faces of A, respectively.
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Moreover, let Ay be the partition obtained by subjecting each tetrahedron
T € A to the Worsey-Farin split. Then let V; be the set of split points in the
interior of the tetrahedra in A, Vr the set of split points in the interior of
the faces of the tetrahedra of A, £ the set of interior edges of A of the form
(vp,vr), with v € Vr and vr € V], and let F; be the set of interior faces
of A of the form (u,v,w), with u,v € V and w € V;. Moreover, let £ be
the subset of £}, which contains exactly one edge for each vertex vr € Vr.
Finally, let #V, #£, and #F be the cardinalities of the sets V, £, and F, and
let # be the number of tetrahedra contained in A.

Note that the set &1 r contains exactly one edge for each face in F.
The C" macro-elements based on tetrahedral partition Ay are in the
superspline space

S (AwE) :={s € C"(T): s|r € P forall T € Ayp,
seCl(e), Vee&,
se€CP(v), YeeV,
seCl(e), Veeg&,
s € C1(v), Vo e Vri},

where r,p, 1,1, and d are as in Table 8.1.

Theorem 8.5:
Let My, be the union of the following sets of domain points:

Mly,,,) U D°(v), witho € T,
%

ve
(M2a,,) U EF(e)\ (D(u1) UD}(v)), withe € T,
e:=(u, v}ec‘:
TN
M3a,;) U {5,], L] € Eyefz('evp)}, with0 <1 <d—y,and e € T;,
er€EF

(M4y,,) U U {ffﬁk,z}f withpy —I4+1<k<pu—1+ [zfdznﬂ ’
FeF TFGATWF
F

z]<d—l—p,l—d n+1,...,r,andi+j+k+1=d
(M3ay) U {S'Jfk’ y+2l 2d+2p-2-3

w1thl—d n+1,...,r,and er € Ty,
(M6,y,,,) forr=4mand r =4m + 2:

U A& imiapipei® i= Lo, j =1, p+i},
FerF

W d;q—q (er)},
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with Tz 1= (u,v,w,v) for vy € Vr

M7s,) U {é}]kz} with o —r+1<k<p—r+ [2=ln=11)
i,]<p+1—l I=r+1,...,r+mandi+j+k+I1=d
T; T;
(M8Awp) gggl{gi’j'k’IEEdJr?) 13V+2r11“ (N)}

withl—r—i-l ., r+m,ande € T
(MgAwp) UVIDU 4(r+m (d 7])+1)( ) WlthUeTv,

where m is as in Table 8.1. Then M, . is a local and stable minimal deter-
mining set for the space S;’p "1 (Awr) and the dimension of the superspline
space is given as

243m3+1622m2+33m+2 #V + (72m3 + 36m2 + 4mH#E
4693+ 75m2 16 1007m3 —57m>+16
R H s MEN,

forr =4m,

243m3+2432m2+78m+8 #V + (72m3 + 72m? + 22m
469m34333m>+44

F2)HE AL Ly

+ 1007m3+366m2—35m #N, forr = 4m +1,

dlm S;,P,HJI (Awp) =

243m3+486n;2+321m+70#v + (72m3 + 144m2

+94m + 20)#E + 469m3+741ngz+362m+54# r

+ 1oo7m3+1365r6n2+664m+120 4N, for r = 4m + 2,

243m3+648m22+573m+168#v + (72m3 + 180m2
469m°+1074m>4-803m+198

+148m + 40)#E + =2 "g i #F

+ 1007m3+1635g12+826m+120 #N, for r = 4m + 3.

(8.2)
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Proof:

At first, it is shown that M, is a minimal determining set for the space
S;’p 1 ( Awr) of supersplines. Therefore, the B-coefficients c¢ ofasplines €
S;’p 1 (Awr) are set to arbitrary values for each domain point ¢ contained
in the set My,,.. Then all other B-coefficients can be uniquely and stably
determined using smoothness conditions.

Considering the balls D,(v), v € V, of domain points, it can be seen
that these do not overlap. Thus, the B-coefficients associated with the do-
main points in (M1,,,) can be set independently and used to uniquely
and stably determined the remaining undetermined B-coefficients corre-
sponding to domain points in D,(v), v € V. These B-coefficients are com-
puted by using the C* supersmoothness conditions of s at the vertices con-
tained in V. Moreover, the computations are 1-local, since the B-coefficients
£ € Dy(v), v €V, only depend on B-coefficients associated with domain
points contained in My, N star(Ty), for v € Ty,

Next, the remaining undetermined B-coefficients of s corresponding to
the domain points in the tubes E,(e), e € £, are examined. Since the set
of domain points (M2,,,.) does not overlap any of the balls D,(v), v € V,
and since the sets E,((1,v)) \ (Dy(u) U Dy(v)), u,v € V, do not overlap
each other, all B-coefficients of s corresponding to the domain points in
(M2,,,,) can be set to arbitrary values and used to uniquely determine the
remaining B-coefficients of s| Ey(e)r € € €. The computation of the undeter-
mined B-coefficients of s|Ey(E), e € £, is stable and 1-local, since only C*
smoothness conditions and B-coefficients corresponding to domain points
in My, Nstar(T,) are involved, for e € T,.

Now, since the sets of undetermined domain points of s within a dis-
tance of  from two distinct faces contained in F do not overlap, and since
the sets (M3,,,.), (M4,,,,.), and (M5,,.) do not overlap any of the balls
Dy(v), v €V, or any of the tubes E,(e), e € &, the B-coefficients of s re-
stricted to the domain points in (M3,,,,) - (M54,,.) can be set to arbitrary
values. Thus, following the same arguments as above in the proof of Theo-
rem 8.3, the B-coefficients of s corresponding to the domain points within a
distance of r from the faces in F can be uniquely and stably determined for
one tetrahedron Tr containing F for each face F in F. Then the remaining
undetermined B-coefficients of s corresponding to domain points within a
distance of r from the faces in F can be uniquely and stably determined by
the C" smoothness conditions connecting the polynomial pieces of s across
the faces in F. The computation of the B-coefficients of s corresponding to
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domain points within a distance of r from the faces F in F, examined in
this step, is 1-local, since they only depend on B-coefficients of s associated
with domain points contained in My, N starTr, where F € Tr.

At this point, all B-coefficients of s are uniquely determined, such that
the splines s|7 and s|5 join with C?, C¥, and C" smoothness at the common
vertices, edges, and faces of T and T, for each two distinct tetrahedra T and
TinA.

For each tetrahedron T € A the sets (M6y,,.), (M74,,;), (M8,,,.), and
(M9,,,;) consist of the sets (Mé67,,,.), M71,,;), (M87,.), and (M97,,,.) of do-
main points from Theorem 8.3. Thus, the remaining undetermined B-coef-
ficients of s can be determined in the same way as in the proof of Theorem
8.3, separately on each tetrahedron in A. Therefore, the computation of
these B-coefficients is 1-local, since they only depend on the B-coefficients
of s associated with domain points in the set My, N star(T), for each
tetrahedron T € A.

Now, in order to compute the dimension of the space of superspline
S;’p’y I(Awr), it suffices to sum up the cardinalities of the sets (M1 Awe) -
(M9,,,;) for each vertex, edge, face and tetrahedron in A. For each vertex
v €V, the set (M1,,,,) contains exactly

("3%)

domain points. For each edge e € £, the set (M2,,.) contains

)

domain points. For each face F € F, the three sets (M3,,,.) - (M5,,, ) con-
tain a total number of

()1 4]
(d17+1)<§>+3 y ;iﬂt

p=0
. ”"’Z’i“ (y +28-3[4] +2>
p=0 2

domain points.
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For each tetrahedron T € A, the sets (M6,,,.) - (M9,,,,.) contain exactly
; . [%W
(r+1) mod2)-6) (i+pu) +12) Y, (i+n)
p=1 ]

B=1 i=1
m _ _p_afr=d=n-p-17 _
+42(d 3 +2r— B 3{ A ] 1>
— 2
p=1
+(;7—4(r+m;(d—17))—1>1

domain points.

Adding these numbers multiplied with the number of vertices, edges,
faces, and tetrahedra of A, respectively, leads to the dimension of the su-
perspline space S} (Awr), as given in (8.2). o

Remark 8.6:

The C" macro-elements considered in this section are consistent with those
constructed in [62] for the cases r = 1 and r = 2. The dimension of the space
Sg’l’l'z (Awr) of supersplines used here to construct the C! macro-elements
based on the Worsey-Farin split is equal to 4#) + 2#&. The same space
of supersplines is used in [62] in order to construct C! macro-elements
over the Worsey-Farin split of a tetrahedral partition. The superspline
space used here to construct the C? macro-elements based on the Worsey-
Farin splitis 83'4'3’7(Awp), which has a dimension of 35#) + 20#& + 9#F +
20#N. Again, the same space was used in [62], in order to construct C?
macro-elements. Another C2 macro-element was constructed in [9], which
was also presented in [62]. In their work, Alfeld and Schumaker [9] use six
additional smoothness conditions per face in order to define their spline
space. Thus, the dimension of their macro-elements is equal to 35#) +
20#E + 3#F + 20#N, which can also be obtained by the macro-elements
presented here by adding these additional smoothness conditions, though
this would lead to a much more complicated spline space for higher r.
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8.3 Examples for macro-elements over the
Worsey-Farin split of a tetrahedron

In this section some examples for the macro-elements constructed in sec-
tion 8.2 are shown, in order to facilitate their understanding. As in [66], the
macro-elements are considered on a single tetrahedron T := (v1,v,v3,04)
for the casesr =1,...,4. Moreover, also the cases r = 5 and r = 6 are inves-
tigated. For the cases ¥ = 1 and r = 2, it is also shown that the macro-ele-
ments examined in this chapter reduce to those from Lai and Schumaker
[62].

8.3.1 C! macro-elements over the Worsey-Farin split

The macro-elements are in the space S;’p "1 (Twe) of supersplines. For
r =1, following Table 8.1 (third row), m is equal to zero and S;’p P (Twe)
reduces to 831'1’1’2(TWF). In Theorem 8.3 is shown, that the dimension of
this spline space is equal to 28 and a corresponding minimal determining
set M, .1 is given by the union of the following sets of domain points:

(C'Mly,,) D" (0;),i=1,...,4
(CM27,,) U Ef*(e)\ (D{*(u) UD{*(v)), withe € T,

e=(uv)elr

Proof:
It is first shown that M, . 1 is a stable minimal determining set for the

superspline space S;'l'l'z(TW[:). Due to this reason, the B-coefficients c¢ of

a spline s € Sé’l’l’z(Twp) are set to arbitrary values for each domain point
§ € Mt 1. Then it is shown that all other B-coefficients of s are uniquely
and stably determined.

Considering the B-coefficients of s corresponding to the domain points
in the balls D1 (v;), i =1,...,4, it can be seen that these are uniquely deter-
mined from the B-coefficients associated with the domain points in
(C1:Mly,,). Thereby, the computation of the undetermined B-coefficients
is stable, since they are directly determined from C! smoothness conditions
at the four vertices of T.

Next, the remaining B-coefficients of s associated with domain points
in the six tubes Ej(e), e € Er, are examined. These B-coefficients can be
uniquely and stably determined from the B-coefficients of s corresponding
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to the domain points in (C':M27,, ) by the C! smoothness conditions at the
edges of T.

Now, the remaining undetermined B-coefficients of s associated with do-
main points on the faces of T are considered. Each of the four faces F,
i=1,...,4,is refined with a Clough-Tocher split, due to the Worsey-Farin
split of T. For each face F;, the three resulting subtriangles are degener-
ated faces of the subtetrahedra Ti’]-, j=1,2,3. Therefore, the B-coefficients
of s| F i=1,...,4, can be regarded as those of a bivariate spline S0,F; de-
fined on F;. The spline gy r. has a polynomial degree of three, C! smooth-
ness, and C? supersmoothness at the vertex v, in the interior of F;. Some
of the B-coefficients of s|r, i = 1,...,4, and thus also some of gg r, are al-
ready determined. That are the B-coefficients corresponding to the domain
points within a distance of one from the edges of F;. Following Theorem
6.6, these domain points form a minimal determining set for the spline
go,F,- Thus, all B-coefficients of g r,, and consequently all B-coefficients of
s|,, are uniquely and stably determined (see Example 6.8).

Next, let F;; be the triangle formed by the domain points in the three

shells RZT"'1 (vr), RzTi'z(vT), and R2Ti'3 (vr). Due to the Worsey-Farin split of
T, this triangle is also subjected to a Clough-Tocher split. Then the B-coef-
ficients of s| Fi1s i=1,...,4, can be considered as those of a bivariate spline
v, F,» which has a polynomial degree of two, C smoothness, and C? super-
smoothness at the split point of F; ;. For the bivariate spline g, r,, which is
in fact just a polynomial, since the smoothness at the split point is equal to
the degree of polynomials, all B-coefficients corresponding to the domain
points on the edges of F;; are already determined. Since these domain
points form a minimal determining set for this spline, by Theorem 6.6, all
other B-coefficients can be uniquely and stably determined in the way de-
scribed in the proof of Theorem 6.6. Thus, all B-coefficients of g;1, and
therefore all B-coefficients of s|f,,, are uniquely and stably determined (see
Example 6.7).

So far, all B-coefficients of s corresponding to the domain points in the
shells R3(vr) and Ry (vr) are uniquely and stably determined.

Now, the last undetermined B-coefficients of the spline s are consid-
ered. Those are the B-coefficients associated with domain points in the
ball D, (vr). Since s has C? supersmoothness at v, these B-coefficients can
be regarded as those of a quadratic trivariate polynomial p of degree two
defined on T, where T is bounded by the domain points in the shell R, (o).
The tetrahedron T is also refined with a Worsey-Farin split.
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Since the B-coefficients of s associated with the domain points in the
shell Ry(vr) are already determined, these B-coefficients are also known
for the polynomial p. Thus, the B-coefficients of p corresponding to the
domain points on the faces of T already known. Now, following the same
arguments as in the proof of Lemma 2.42, it can be seen that all other B-
coefficients of p are uniquely and stably determined. The dimension of a
trivariate polynomial of degree two is equal to 10. Since a total number of
10 B-coefficients of p| Fop ATE already determined, all other B-coefficients of
p can be uniquely and stably determined from these by using smoothness
conditions. Therefore, also all B-coefficients of s are uniquely and stably
determined.

Now, the dimension of the space Sé’l’l’z(Twp) of supersplines is equal to
the cardinality of the minimal determining set M, 1. The set (C M1 Twr)

contains exactly
1+3
4 =1
(137)-1e

domain points. The cardinality of the set (C::M27,,,,) is equal to

1+2
12 =12.
(5)

Therefore, the dimension of 831'1'1’2 (Twr) is equal to 28. mi

Remark 8.7:
The macro-elements considered in this example are exactly the same as the
ones constructed by Lai and Schumaker [62] in section 18.4.

8.3.2 C? macro-elements over the Worsey-Farin split

The C? macro-elements over the Worsey-Farin split of a tetrahedron T are
in the superspline space 892’4’3’7(Twp), which is derived from the space
S:l’p’” I(Twr) with the values from the fourth row of Table 8.1 and m = 0.
By Theorem 8.3, the dimension of this spline space is equal to 316 and a
corresponding minimal determining set M, . > is given by the union of
the following sets of domain points:

(C:Mly,,) D" (v;),i=1,...,4

(C2M21,,) U EF(e)\ (D (1) UD}(v)), withee T,

e:=(u,v)e€r
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(C2:M3y,,) {€4) € By (v, 01)}, a =1,...,4, with0 <1 <2

T
(C:M4r,,) D" (vr),

Proof:
First, it is shown that M, . > is a stable minimal determining set for the

space 892’4’3’7(Twp) of supersplines. Therefore, the B-coefficients c¢ of a

spline s € 892'4'3’7(TWF) are set to arbitrary values for each domain point
§ € Mty 2. Then it is shown that all other B-coefficients of s are uniquely
and stably determined.

The undetermined B-coefficients of s associated with the domain points
in the four balls D4(v;), i =1,...,4, can be uniquely and stably computed
from the B-coefficients corresponding to the domain points in the set
(CZ:MlTWF) by the C* smoothness conditions at the vertices of T.

Now, the undetermined B-coefficients of s corresponding to domain
points in the tubes E3(e), e € &, are considered. Together with the already
determined B-coefficients and those associated with the domain points in
the set (Cz:MZTWF), all B-coefficients associated with the domain points in
Es(e), e € Er, can be uniquely and stably determined by the C3 smoothness
conditions at the six edges of the tetrahedron T.

Next, the B-coefficients of s restricted to the faces of T are considered.
Due to the Worsey-Farin split of T, each face F;, i =1,...,4, is refined with
a Clough-Tocher split and the three subtriangles forming F; are degener-
ated faces of the subtetrahedra Ti,]-, j=1,2,3, since they lie in one common
plane. Therefore, the B-coefficients of s|r, can be regarded as those of a bi-
variate spline g; o defined on the face F;. The spline g; ¢ has polynomial de-
gree nine, C3 smoothness at the edges, C* smoothness at the vertices, and
C7 smoothness at the split point vf, in the interior of F;. Note that the B-
coefficients of g; g corresponding to the domain points within a distance of
four from the vertices, and three from the edges of F; are already uniquely
determined. Together with the B-coefficients associated with the domain
points in (C:M3r,,.) lying on the face F;, those with | = 0, all B-coeffi-
cients corresponding to a minimal determining set for a bivariate Clough-
Tocher macro-element of degree nine, smoothness three, supersmoothness
four at the vertices, and supersmoothness seven at the split point are de-
termined. Therefore, following Theorem 6.6, all B-coefficients of g;( are
uniquely and stably determined, and therefore, all B-coefficients of s| F, (see
Example 6.12).
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Next, the B-coefficients of s corresponding to the domain points in the
shells Rg(vr) and Ry(vr) are considered. For each face F;, i =1,...,4, let

F;,, be the triangle formed by the domain points in the shells RgT’fvl (vr),

RgT’fVl (vr), and RgTifvl (vr), for v1 = 1,2. This triangle is also split with a
Clough-Tocher split due to the Worsey-Farin split of T. Again, the B-coeffi-
cients of s| F,, can be regarded as those of a bivariate spline g, r, of degree

9 — 11 which has C37"1 smoothness at the edges, C*~"1 smoothness at the
vertices and C’ smoothness at the split point. The B-coefficients of s| Fiuy
corresponding to the domain points within a distance of 4 — v1 from the
vertices and 3 — v; from the edges of F;,, are already uniquely and sta-
bly determined. Thus, these B-coefficients are also known for the bivariate
spline g,, . Together with the B-coefficients associated with the domain
points in (C23M3Twp) lying in F; ,,, those with [ = vy, all B-coefficients corre-
sponding to a minimal determining set, as constructed in Theorem 6.6, for
the spline g, r, are known. Therefore, all other B-coefficients of g, r, can be
uniquely and stably determined in the way described in the proof of The-
orem 6.6. For the values p and g in Theorem 6.6, p = v1 and g = | 3 | holds
(see Examples 6.9 and 6.10). So far, all B-coefficients of s associated with
the domain points in the shells Ro(v7), Rg(vr), and Ry(vr) are uniquely
and stably determined.

Now, the remaining undetermined B-coefficients of s are examined.
These B-coefficients are associated with domain points in the ball D7 (vT).
Due to the fact that s has C7 supersmoothness at v, the B-coefficients as-
sociated with the domain points in D7(vr) can be considered as those of
a trivariate polynomial p of degree seven defined on the tetrahedron T,
bounded by the domain points in Ry (v7). Note that the Worsey-Farin split
of T induces a Worsey-Farin split of T. Since the B-coefficients of s cor-
responding to the domain points within a distance of two from the faces,
within a distance of three from the edges, and within a distance of four
from the vertices of T are already determined, the B-coefficients of p cor-
responding to the domain points on the faces, within a distance of one
from the edges, and within a distance of two from the vertices of T are also
determined. Now, the B-coefficient associated with the domain points in
(C2:Md4r,,,) uniquely and stably determined the derivatives of p at o1 up to
order three. Thus, following Lemma 2.42 for n = 4, all remaining undeter-
mined B-coefficients of p can be uniquely and stably determined by these
derivatives. Consequently, all B-coefficients of s are uniquely and stably
determined.
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In order to compute the dimension of the spline space 892'4’3’7(Twp), it
suffices consider the cardinality of the minimal determining set M, ».
The set (CZ=:M1 T,p) contains a total number of

443
4 =14

domain points. The set (C2:M2r,,,) consists of
12 (3 —; 2) =120

domain points. The cardinality of the set (C:M3r,,,) is equal to

3
(?) -

Finally, the set (CZ:MALTW ) contains

3+3
(°37) -

domain points. Thus, the dimension of 592’4’3’7(Twp) is equal to 316. i

Remark 8.8:

The macro-elements examined in this example are equal to those consid-
ered by Lai and Schumaker [62] in section 18.8. They differ from those
constructed by Alfeld and Schumaker [9], which were also presented by
Lai and Schumaker [62] in chapter 18.9, since additional smoothness con-
ditions in the shells Ro(vr) and Rg(vr) are used there. This leads to a
smaller dimension but also to a more complex superspline space.

8.3.3 C°® macro-elements over the Worsey-Farin split

For the C3 macro-elements the superspline space S:l’p "1 (Tyr) reduces to
the space 8556’4’11 (Twr), by the fifth row of Table 8.1 and m = 0. As shown
in Theorem 8.3, the dimension of the space is equal to 728 and the corre-
sponding minimal determining set M, 3 is the union of the following
sets of domain points:

(C3Mly,,) Dy (v;),i=1,...,4
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(CM2r,,) U EF(e)\(DF(u)UD(0)), withe e T,
e:=(u,v)elr

(C*M3r,,) {€74) € By ((or,,01)}, a =1,...,4, with0 <1 <2

T, T,
(C3:M4TWF) {gi,j,,li,?) S E4 '1(<UF,X/UT>)}, a=1,...,4

T
(C3:M57,,,) D3"' (vr),

Proof:
First, it is shown that the set M7, . 3 is a minimal determining set for the

superspline space 3336'4’11(]11/\/1:). Therefore, all B-coefficients of a spline

s€ 81356'4’11 (Twr) corresponding to the domain points in M1, , 3 are set to
arbitrary values. Then it is shown that all other B-coefficients are uniquely
and stably determined.

The undetermined B-coefficients of s associated with domain points in
the balls Dg(v;), i = 1,...,4, can be uniquely determined by those B-coeffi-
cients of s corresponding to the domain points in (C*:M17,,.) using the C®
supersmoothness conditions at the vertices of T. The computation of these
B-coefficients is stable, since they are directly determined from smoothness
conditions.

Next, the remaining undetermined B-coefficients of s corresponding to
domain points in the tubes E4(e), e € £r, are examined. Using the C* su-
persmoothness conditions at the edges of T, these B-coefficients can be
uniquely and stably determined from the already determined B-coeffi-
cients and those associated with the domain points in (CB:MZTWF).

Now, the B-coefficients of the spline s restricted to the four faces of T are
considered. Due to the Worsey-Farin split of T, each face F;, i =1,...,4, is
refined with a Clough-Tocher split. Thereby, the three subtriangles form-
ing a face F; are degenerated faces of the three subtetrahedra Ti,]', j=123,
which lie in a common plane. Then the spline s|f, can be considered as
a bivariate spline g;( defined on F; with C* smoothness at the edges, C°
smoothness at the vertices and C!! smoothness at the split point of F;.
Moreover, g; o has degree thirteen. Note that the B-coefficients of g; g corre-
sponding to the domain points within a distance of four from the edges of
F; and within a distance of six from the vertices of F; are already uniquely
and stably determined. Thus, together with the B-coefficients associated
with the domain points in (C31M3Twp) with [ = 0, those on the faces F;,
i=1,...,4, all B-coefficients of a minimal determining set, as constructed in
Theorem 6.6, for the bivariate spline g;o are uniquely and stably
determined (see Example 6.16). Therefore, all B-coefficients of s associ-
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ated with the domain points on the faces of T can be uniquely and stably
computed.

Next, the remaining undetermined B-coefficients of s restricted to the
shells Rip(vr) and Rqq(vr) are considered. Therefore, for i =1,...,4, let

F;; be the triangle formed by the domain points Rngl (vr) U Rngz(vT) U

R1T§3 (vr), and F;; the triangle formed by the domain points RlTi/l (vr) U
RE’Z(ZJT) u Rle’(vT). Then the B-coefficients of s| F,, V1 = 1,2, can be re-
garded as those of a bivariate spline gy, r, of degree 13 — 11 which has C*™"1
smoothness at the edges, C®~"1 smoothness at the vertices and C!' smooth-
ness at the split point of F;,,, which is subjected to a Clough-Tocher split
due to the Worsey-Farin split of T. For the bivariate spline g, r,, v1 = 1,2,
the B-coefficients corresponding to the domain points within a distance
of 4 — vy from the edges of F;, , and within a distance of 6 — v; from
the vertices of F;,, are already uniquely and stably determined. Conse-
quently, together with the B-coefficients associated with the domain points
in (C3:M3TWF) with a distance of v from the face F;, those with [ = vy, all
B-coefficients associated with the domain points of a minimal determining
set for the bivariate spline g,, r, are known (see Examples 6.11 and 6.13).
Thus, the remaining undetermined B-coefficients of s corresponding to do-
main points in the shells Ri,(vr) and Ry (vr) can be uniquely and stably
determined in the way described in the proof of Theorem 6.6.

Now, the B-coefficients of s corresponding to the domain points in the
shell Ryp(v7) are examined more closely. Thus, fori =1,...,4, let F; 3 be the
triangle formed by the domain points in the shells Rngl (vr), Rngz (vr), and
R{é’?’ (vr). Then, the trivariate spline s can be regarded as a bivariate spline
§3,F; of degree ten, which has C! smoothness at the edges, C3 smoothness at
the vertices, and C” smoothness at the split point of the triangle F; 3, which
is subjected to a Clough-Tocher split due to the Worsey-Farin split of the
tetrahedron T. For the spline g3 r,, the B-coefficients corresponding to the
domain points within a distance of one from the edges of F; 3 and within a
distance of three from the vertices of F; 3 are already uniquely determined.
Moreover, from the B-coefficients corresponding to the domain points in
(C3:M4r,,,), the derivatives of g3 at the split point in F;3 up to order
four can be uniquely and stably computed. Therefore, following Lemma
2.42 for the case n = 3, all remaining undetermined B-coefficients of g3 r,
can be uniquely and stably determined from these derivatives. Thus, all
B-coefficients of s associated with the domain points in the shells Ry3(vT),
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Riz(vT), R11(vT), and Ryo(vr) are uniquely and stably determined so far.

Finally, the last undetermined B-coefficients of s are considered. These
are associated with domain points in the ball Dy;(vr). Due to the fact that
s has C!! supersmoothness at the split point vt of T, the B-coefficients of s
restricted to the domain points in the ball D11 (vr) can be regarded as those
of a trivariate polynomial p of degree eleven defined on the tetrahedron T,
which is bounded by the domain points in Ryq(v7). Since T is subjected
to a Worsey-Farin split, the tetrahedron T is also refined with the same
split. Some of the B-coefficients of s corresponding to domain points in
the ball Dy;(vr) are already uniquely determined. Thus, these B-coeffi-
cients are also already known for the polynomial p. In particular, these are
the B-coefficients corresponding to the domain points within a distance of
one from the faces of T, within a distance of two from the edges of T, and
within a distance of four from the vertices of T. Now, the derivatives of the
polynomial p at the split point v of T up to order three can be uniquely
and stably computed from the B-coefficients associated with the domain
points in (C3:M5TWF). These derivatives, following Lemma 2.42 for the case
n = 4, uniquely and stably determine the remaining undetermined B-coef-
ficients of p. Thus, the remaining undetermined B-coefficients of the spline
s can be uniquely and stably determined by the de Casteljau algorithm.

Next, the dimension of the superspline space Sfé6'4’11 (Twr) is examined.
For this purpose, the cardinality of the minimal determining set M7, 3 is
considered. The set (C3:M1TWF) consists of

6+3
4 =336
( 3 )

domain points. The set (C3:M2TWF) contains a total of
12 (4 ;— 2) =240

domain points. The cardinality of the set (C>:M37,, ) is equal to

4
12(.) =72
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The set (C35M4TWF) consists of

(9o

domain points. The last set (C3:M5TWF) contains a total of

3+3
=20
(3)
domain points. Therefore, the dimension of the spline space 81336/4’11 (Twr)
is equal to 728. ]

8.3.4 C* macro-elements over the Worsey-Farin split

For the case of C* macro-elements, the superspline space S;’p M (Twe) re-
duces to the space Sfé%’lé (Twr), by the second row of Table 8.1 and m = 1.
From Theorem 8.3, it can be seen that the dimension of the spline space is
equal to 2065 and the corresponding minimal determining set M, . 4 is
the union of the following sets of domain points:

(C4Mly,,) Dy (0;),i=1,...,4

(CtM2r,,) U EF(e)\ (Dg*(u) UDJ (v)), withe € T,

e:=(u,v)e€T
(C:MBr,,) {§%, € By ((or,,0r)}, & =1,...,4, with0 <1 <3
T, T,
(C:M4r, ) {€ 14 € E" (o vr))} a=1,...,4
T, .
(C*:M5r7,,,) U (&5 70 1=1..7},

F=(uw,ur)eF T

with Tr := (u,w,vr,v) for vp € Vr

T, T,
(CE:M67,,,) {gi,].";,s € Es"' ((vp, o)}, a=1,...,4

T
(Ct:M7r,,) D" (vr),

Proof:

First, it is shown that the set M, . 4 is a stable minimal determining set for
the space Sfég’é’m(TWF) of supersplines. Therefore, let s € Sfég’é’m(Twp) be
a spline whose B-coefficients c, are set to arbitrary values for each domain
point £ € M, 4. Then it is shown that all other B-coefficients of s are
uniquely and stably determined.
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The undetermined B-coefficients of s corresponding to domain points in
the balls Dg(v;), i = 1,...,4, can be uniquely determined from the B-co-
efficients associated with the domain points in (C*:Mlr,,,) using the C’
supersmoothness conditions at the vertices of T. The computation of these
B-coefficients is stable, since they are directly computed from smoothness
conditions.

Next, the remaining undetermined B-coefficients associated with do-
main points in the tubes E¢(e), e € Er, are computed. They can be uniquely
and stably determined from the already known B-coefficients and those
corresponding to the domain point in the set (C*:M2r,,,) by using the C°
supersmoothness conditions at the edges of the tetrahedron T.

Now, the B-coefficients of s restricted to the faces of the tetrahedron T
are considered. Since T is refined with a Worsey-Farin split, each face
F,i=1,...,4, is subjected to a Clough-Tocher split. Then for the face
F;, the three subtriangles are degenerated faces of the three subtetrahe-
dra Ti,]-, j=1,2,3, of T4. Therefore, the B-coefficients of s associated with
the domain points on the faces of T can be regarded as those of bivariate
splines g; o defined on the face F;, i = 1,...,4. The bivariate spline g; o has
C® smoothness at the edges of F, C? smoothness at the vertices of F;, and
C'6 smoothness at the split point vf, in the interior of F;. Moreover, the
polynomial degree of g;( is equal to 19. Since some of the B-coefficients
of s restricted to the faces of T are already uniquely determined, the same
B-coefficients are also already known for the bivariate spline g; 9. Thus, the
B-coefficients of g; o corresponding to the domain points within a distance
of nine from the vertices of F; and corresponding to those within a distance
of six from the edges of F; are already determined. Then, together with
the B-coefficients associated with the domain points in the set (C4:M3TWF)
with [ = 0 corresponding to the face F;, all B-coefficients corresponding to
a minimal determining set for a bivariate Clough-Tocher macro-element of
degree 19, with C® smoothness, C° supersmoothness at the vertices, C 16 gu-
persmoothness at the split point are determined (see Example 6.23). Then,
following Theorem 6.6, the remaining undetermined B-coefficients of g;
are uniquely and stably determined.

Next, the B-coefficients of s associated with the domain points in the
shells Rig(vr), Ri7(v7), and Ryg(v7) are considered more closely. There-
fore, let F; ,, be the triangle formed by the domain points in the three shells

T; T; T; .
ng'l_vl (vr), R19'2_V1(UT), and R19’3_V1(ZJT), forvy =1,2,3,and i = 1,...,4.
Then the triangle F; ,, is also subjected to a Clough-Tocher split, since the
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tetrahedron T is refined with a Worsey-Farin split. Now again, the B-co-
efficients of s|f, ,, can be considered as those of a bivariate spline g,, r, of

degree 19 — v, which has C®~"1 smoothness at the edges, C°~"1 smooth-
ness at the vertices and C'® smoothness at the split point of F;,,. Note
that the B-coefficients of g,, r, corresponding to the domain points within
a distance of 6 — v from the edges and 9 — v1 from the vertices of F;,, are
already uniquely determined. Then, together with the B-coefficients asso-
ciated with the domain points in the set (C*:M3r, ) with [ =1 correspond-
ing to the face F;, all B-coefficients associated with a minimal determining
set for a bivariate Clough-Tocher macro-element of degree 19 — 14, with
C® "1 smoothness, C?~"1 supersmoothness at the vertices, and C'¢ super-
smoothness at the split point are determined. See Example 6.20 for v; =1,
Example 6.17 for v; = 2, and Example 6.14 for v; = 3. Thus, following
Theorem 6.6 with p =17 and g = [’“—zﬂj , all B-coefficients of the bivariate
spline g, F, are uniquely and stably determined. Then, all B-coefficients of
s associated with the domain points in the shells Ryg(v7),...,Ri6(vT) are
uniquely and stably determined.

In the following, the B-coefficients of the spline s corresponding to the
domain points in the shell Ry5(vr) are investigated. To this end, let F;4,
i=1,...,4, be the four triangles formed by the domain points in the shells
R{gl (v7), RlTé'Z (vr), and Rng3 (vr), which are subjected to a Clough-Tocher
split, due to the Worsey-Farin split of T. Then the B-coefficients of s re-
stricted to the triangle F; 4 can be regarded as the B-coefficients of a bivari-
ate spline g4 r, of degree 15, with C? smoothness at the edges, C> smooth-
ness at the vertices, and C!> smoothness at the split point of F; 4. Due to
the C'° supersmoothness at the split point of F; 4, the bivariate spline g4 r.
reduces to a bivariate polynomial. Now, considering ¢4 r,, it can be seen
that the B-coefficients corresponding to the domain points within a dis-
tance of five from the vertices of F; 4 and to those within a distance of two
from the edges of F;4 are already uniquely determined. Then, from the
B-coefficients associated with the domain points in (C43M4Twp) in F;4, the
derivatives of g4 r, at the split point in F; 4 up to order six can be uniquely
and stably computed. Following Lemma 2.42 for the case n = 3, the re-
maining undetermined B-coefficients of g4 r, can be uniquely and stably
computed from these derivatives. See Figure 8.2 (left) for one of the trian-
glesFy,i=1,...,4.

So far, the B-coefficients of s corresponding to the domain points within a
distance of four from the faces of T, within a distance of six from the edges
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of T, and within a distance of nine from the vertices of T are uniquely and
stably determined.

Now, the B-coefficients of s associated with the domain points in the
shell Ry4(vT) are examined. Therefore, first the remaining undetermined
B-coefficients of s corresponding to the domain points with a distance of
seven from the edges of T are determined. The still undetermined B-coeffi-
cients associated with these domain points correspond to domain points in
the shell Ry4(vr) with a distance of two from the faces in Fr 1, to domain
points in the shell Ry3(vr) with a distance of one from the faces in Fr f,
and to domain points in the shell Ry, (vr) lying on the faces Fr ;. The cor-
responding domain points are marked with ¥ in Figure 8.2 (right). Now,
considering the C* smoothness conditions at the faces in Fr 1 which cover
the undetermined B-coefficients, it can be seen that each quadruple of C*,
and the corresponding C3, C2, and C! conditions connect exactly five un-
determined B-coefficients. Two of these B-coefficients are associated with
domain points in the shell Ry4(vr), two correspond to domain points in the
shell Ry3(vT) and one is associated with a domain point in the shell Ry, (vr)
lying on one of the faces in Fr . In fact, there are two B-coefficients asso-
ciated with each domain point on the faces in Fr ; in the shell R1(v7), but
due to the CY smoothness, these have to be equal and can be considered
as one B-coefficient. Then, the set (C4:M5TWF) contains the domain points
in Ryp(vr) on the faces in Fr;, whose B-coefficients are not already de-
termined. Thus, there are only four undetermined B-coefficients left for
each quadruple of C*, C%, C2, and C! smoothness conditions at the faces
in Fr 1. Following Lemma 2.33 for the case j = 1, the four equations from
the smoothness conditions uniquely and stably determine the four unde-
termined B-coefficients. In this way, the remaining undetermined B-coef-
ficients of s corresponding to the domain points with a distance of seven
from the edges of T can be uniquely and stably determined.

Next, the remaining undetermined B-coefficients of s restricted to the do-
main points in the shell Ri4(vr) are computed. Therefore, let F;s,
i=1,...,4, be the triangle formed by the domain points in the shells Rlij,
Rle, and Rle. Again, due to the Worsey-Farin split of T, the triangles
F; 5 are subjected to a Clough-Tocher split. Then the spline s can be re-

garded as a bivariate spline g5 r,; of degree 14 defined on F;5. Due to the
C'® supersmoothness of 85,F;5 at the split point of F; 5, which is a higher su-
persmoothness than the degree of the polynomials of the bivariate spline,
85,F;; reduces to a bivariate polynomial. ~Considering the bivariate
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polynomial g5 .., it can be seen that the B-coefficients corresponding to
the domain points within a distance of four from the vertices of F; 5, and
those corresponding to the domain points within a distance of two from
the edges of F; 5 are already uniquely determined. Now, from the B-coef-
ficients associated with the domain points in (C4:M6TWF) lying in F; 5, the
derivatives of g5, at the split point in F;5 up to the fifth order can be
uniquely and stably computed. Following Lemma 2.42 for the case n =3,
these derivative uniquely and stably determine the remaining undeter-
mined B-coefficients of g5 ... See Figure 8.2 (right) for one of the triangles
Fi5,i=1,...,4.

At this point, all B-coefficients of the spline s corresponding to the do-
main points within a distance of five from the faces of T, within a distance
of six from the edges of T, and within a distance of nine from the vertices
of T are uniquely and stably determined.

Now, the last undetermined B-coefficients of s, that are associated with
some of the domain points in the ball Di¢(vr), are considered. Due to
the C!® supersmoothness of s at the split point vr, the B-coefficients of s
restricted to the tetrahedron T, formed by the domain points in the ball
D1(vr), can be regarded as those of a trivariate polynomial p of degree 16
defined on the tetrahedron T. Note that the tetrahedron T is also subjected
to a Worsey-Farin split, with split point vr. Since some of the B-coeffi-
cients of s|p,, () are already uniquely determined, these B-coefficients are
also known for the polynomial p. Therefore, the B-coefficients of p corre-
sponding to the domain points within a distance of two from the faces of
T, corresponding to the domain points within a distance of four from the
edges of T, and corresponding to the domain points within a distance of six
from the vertices of T are already uniquely determined. Then, the deriva-
tives of the polynomial p at v up to order four can be uniquely and sta-
bly computed from the B-coefficient associated with the domain points in
(C4:M7TWF). Now, following Lemma 2.42 for the case 1 = 4, the remaining
B-coefficients of p are uniquely and stably determined by these derivatives.
Thus, all B-coefficients of s are uniquely and stably determined.

Finally, the dimension of the spline space S5 *'®(Tyyr) is examined.
Since the set M, 4 is a minimal determining set for this spline space,
the dimension dim Sfég’é’m(Twp) is equal to the cardinality # M, . 4 of the
minimal determining set. Thus, the cardinalities of the sets (C4:M1TWF) -
(C43M7Twp) are considered.
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The set (C*:M1 T,p) cOntains a total number of

9+3
4 =
< 3 ) 880

domain points. The set (C*:M2r,,.) consists of

12 (6 ;— 2) =672

domain points. The set (C4:M3TWF) contains

6
16 <2> =240

domain points. The cardinality of the set (C*:M47, ) is equal to

6+2
4 =112.

The set (C4:M5TWF) consists of
6-7=42

domain points. The set (C4:M6TWF) contains a total number of

)

domain points. The cardinality of the last set (C*:M7r,,,) is equal to

4+3
(+47) -

Then, the dimension of the superspline space Sfé%’lé(Twp) is equal to
2065. i
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Figure 8.2: Triangles F;4 and F;5 in the shells Ry5(vr) and Rys(vr), re-
spectively. Domain points whose B-coefficients are deter-
mined from B-coefficients associated with domain points in
(C*+:M1 T,yr) are marked with m, those from B-coefficients associ-
ated with domain points in (C4:M2TWF) with A, and those from
B-coefficients associated with domain points in (C43M5TWF) and

smoothness conditions using Lemma 2.33 for j = 1 with ¥.
Domain points contained in (C4:M4TWF) and (C4:M6TWF) are
marked with .

8.3.5 C° macro-elements over the Worsey-Farin split

The macro-elements are in the superspline space S;’p "1 (Tywr). For the case
r =15, m is equal to one and following Table 8.1 (third row) the superspline
space reduces to the space S5;'*”"" (Tyyr). Following Theorem 8.3, we get
that the dimension of the space is equal to 2884 and the corresponding min-
imal determining set M, . 5 is the union of the following sets of domain

points:

T; .

(C>:Mly,,) Dyt (vi),i=1,...,4

(CM2r,,) U Ey(e)\ (D{s(u) UD5(v)), withe € T,
e:=(u,v)e€r

(CO:MBr,,) {&%, € B3 (o, 0r)}, a=1,...,4, with0 <1 <4
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T, T,

(C5;M4TWF) {gi,j,,li,S € E7 :1(<0FQ,UT>)}, a=1,...,4
T, T,

(CM51) {613 € B ({op, 070}, 0= 1,...,4

T
(C5M6TWF) D51,1 (UT)/

Proof:
We first show, that the set M, , 5 is a minimal determining set for the

space Sy'%”" (Tyyp) of supersplines. Therefore, we set the B-coefficients

c¢ of aspline s € 85110’7’17(TWP) to arbitrary values for each domain point
¢ € Mr,,,. 5. Then we show that all other other B-coefficients of s can be
uniquely and stably determined from those.

We can uniquely compute all undetermined B-coefficients of s associated
with the domain points in the balls Dyy(v;), i = 1,...,4, from the B-coef-
ficients corresponding to the domain points in (C°:Mlry,,,) using the C1°
supersmoothness conditions at these vertices of T. Since all B-coefficients
are directly determined from smoothness conditions, the computation of
them is stable.

Next, we consider the remaining undetermined B-coefficients associated
with domain points in the six tubes Ey(e), e € E7. These B-coefficients can
be uniquely and stably determined from the B-coefficients corresponding
to the domain points in the set (C°:M2r,,,) using the C” supersmoothness
of s at the edges of T.

Now, the B-coefficients of the spline s restricted to the faces of the tetra-
hedron T are examined. Note that each face F;, i =1,...,4, of T is refined
with a Clough-Tocher split, where the three subtriangles for each face F;
are just degenerated faces of the three subtetrahedra Ti,]-, j=1,2,3. Then,
restricted to the face F;, the B-coefficients of the trivariate spline s can be
considered as those of a bivariate one, which has the same degree of poly-
nomials and the same degrees of smoothness. Thus, let g; ¢ be the bivariate
spline defined on F;, which has a polynomial degree of 21, C’ smoothness
at the edges of F;, C'¥ smoothness at the vertices of F;, and C!” smoothness
at the split point in F;. Considering g;, it can be seen that the B-coeffi-
cients corresponding to the domain points within a distance of ten from
the vertices, and within a distance of seven from the edges of F; are already
uniquely and stably determined. Now, the set (C*:M3r,,.) contains domain
points lying in F;, those with [ = 0. Thus, considering g; o, the B-coefficients
corresponding to the domain points in one subtriangle within a distance of
five from the split point in F; are also already known. Therefore, all B-co-
efficients associated with the domain points corresponding to a minimal
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determining set of a bivariate C’ macro-element of degree 21 based on the
Clough-Tocher split, with C!? supersmoothness at the vertices, and C'”
supersmoothness at the split point, are uniquely and stably determined.
Then, following Theorem 6.6, all remaining undetermined B-coefficients
can be uniquely and stably computed (see Example 6.26).

In the following, the B-coefficients of s associated with the domain points
in the shells Ry, (vr), for v; =1,...,4, are considered. Therefore, let
F;y,,1=1,...,4, be the triangles formed by the domain points in the shells
RZTQ/LV] (vr), RzTi’ivl (vr), and RzTi/im (vr), for v1 = 1,...,4, in other words,
the domain points within a distance of v; from the face F;. Note that, due
to the Worsey-Farin split of T, the triangles Fy,i=1,..4v=1,./4
have been subjected to a Clough-Tocher split. Again, the B-coefficients of
the spline s restricted to the triangle F;, can be regarded as those of a
bivariate spline gy, r, of degree 21 — v; that has C’~"1 smoothness at the
edges, C10-"1 gmoothness at the vertices, and C!7 smoothness at the split
point in the interior of F; ,,. Since some of the B-coefficients of s restricted
to F;,, are already known, the B-coefficients of g, r, corresponding to the
domain points within a distance of 7 — v1 from the edges of F; ,,, and those
corresponding to the domain points within a distance of 10 — v; from the
vertices of F; ,, are also already uniquely and stably determined. Then, the
set (C? :M3r,,,;) contains the domain points in one subtriangle of F; ,, within
a distance of five from the split point in F; ,,. For these domain points in
(C° :M3r,,.), we have | = v1. Then again, all B-coefficients of g,, r, associ-
ated with the domain points in the minimal determining set for a bivariate
Clough-Tocher macro-element of degree 21 — v1, with C’~"1 smoothness at
the edges, C'9~"1 supersmoothness at the vertices, and C'” supersmooth-
ness at the split point of F; ,,, are determined. Thus, following Theorem 6.6,
all remaining B-coefficients of g,, r, are uniquely and stably determined
(see Examples 6.15, 6.18, 6.21, and 6.24).

So far, all B-coefficients of s associated with the domain points in the
shells Ry1(vr),...,Ry7(vr), and those corresponding to the domain points
within a distance of seven from the edges, and within a distance of ten
from the vertices of T are determined.

Now, the B-coefficients of s associated with the domain points in the
shell Rig(vr) are examined. To this end, let F;5 be the triangles formed
by the domain points in the shells Rngl(UT), R{gz(ZJT), and Rng?’(vT), for
i=1,...,4. Then, F;5 contains the domain points with a distance of five
from the face F; in the three subtetrahedra T; 1, T; 5, and T; 3. Now, the B-co-
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efficients of the trivariate spline s associated with the domain points in the
triangle F; 5 can be regarded as the B-coefficients of a bivariate spline g5 r,
of degree 16, with C® smoothness at the edges, C® smoothness at the ver-
tices, and C!” smoothness at the split point of F;5, at which F; 5 is refined
with a Clough-Tocher split. Note that the bivariate spline gs r, is in fact just
a bivariate polynomial, since the degree of supersmoothness at the split
point of F;5 is equal to 17 and the degree of polynomials is just 16. Now,
considering the B-coefficients of g5 r,, it can be seen that those correspond-
ing to the domain points within a distance of five from the vertices of F;5
and within a distance of two from the edges of F;5 are already uniquely
and stably determined. Then, from the B-coefficients associated with the
domain points in (C>:M4r,, ), the derivatives of s r. at the split point in F; 5
up to order seven can be uniquely and stably determined. Thus, following
Lemma 2.42 for the case n = 3, the remaining B-coefficients of g5 r, can be
uniquely and stably computed from these derivatives. See Figure 8.3 (left)
for one of the triangles F;5,i =1,...,4.

So far, the B-coefficients of s corresponding to the domain points within
a distance of five from the faces of T, within a distance of seven from the
edges of T, and within a distance of ten from the vertices of T are uniquely
and stably determined.

Next, we consider the B-coefficients corresponding to the domain points
with a distance of eight from the edges of T. These B-coefficients corre-
spond to domain points in the shell R15(vr) with a distance of two from the
faces in Fr 1, to domain points in the shell Ry4(vr) with a distance of one
from the faces in Fr , and to domain points in the shell Ri3(v7) lying on
the faces in Fr 1. The corresponding domain points in the shell Ry5(vr) are
marked with 3 in Figure 8.3 (right). Then, considering exactly one of these
undetermined B-coefficients associated with a domain point lying on a face
in Fr;in Ry3(vr), it can be seen that the C® smoothness condition with its
tip at this B-coefficient, and the corresponding C%,...,C! smoothness con-
ditions connect this B-coefficient with exactly four other undetermined B-
coefficients corresponding to two domain points in the shells R14(vt), and
Ry5(vT), respectively. Thus, we have a system of five equations and five
undetermined B-coefficients. Following Lemma 2.33 for the case j = 0, the
corresponding matrix is nonsingular and we can uniquely and stably de-
termined the B-coefficients of s corresponding to the domain points with a
distance of eight from the edges of T.
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Now, we are ready to consider the B-coefficients of s associated with

the domain points in the shell Ry5(vr). Therefore, let F; ¢ be the triangle

formed by the domain points in the shells R15 , RlT’52, and R1’53, for i =

1,...,4. Here again, we can consider the B-coefficients of s restricted to F; ¢
as those of a bivariate spline g¢ r, of degree 15 defined on F; ¢, which has
C% smoothness at the edges and vertices of F; 4, and C!” supersmoothness
at the split point in F; 3. Note that, due to the Worsey-Farin split of T, the
triangles F;¢,i=1,...,4, are refined with a Clough-Tocher split. Now, since
the degree of supersmoothness at the split point in F; ¢ is higher than the
degree of polynomials of the spline g¢ r,, the bivariate spline g¢ r, reduces
to a bivariate polynomial defined on F;s. Considering this polynomial,
we see that the B-coefficients corresponding to the domain points within
a distance of four from the vertices of F; ¢, and those corresponding to the
domain points within a distance of two from the edges of F, ¢ are already
uniquely and stably determined. Then, the derivatives of g¢ r, at the split
point in F; ¢ up to order six can be uniquely and stably computed from the
B-coefficients associated with the domain points in (CS:MSTWF) lying in Fj .
Thus, following Lemma 2.42 for the case n = 3, we can uniquely and stably
determine the remaining undetermined B-coefficients of g¢ r, from these
derivatives. See Figure 8.3 (right) for one of the triangles F;¢4,i =1,...,4.

At this point, we have determined all B-coefficients of s corresponding
to the domain points within a distance of six from the faces of T, within a
distance of seven from the edges of T, and within a distance of ten from
the vertices of T.

Now, we consider the last undetermined B-coefficients of s. These are
associated with domain points in the ball Dy;(vr). Due to the C17 super-
smoothness of s at the split point vt of T, the B-coefficients of the spline s
corresponding to the domain points in D17 (v7) can be regarded as those of
a trivariate polynomial p of degree 17 defined on the tetrahedron T, that is
bounded by the domain points in the shell Ry (v7). Since the tetrahedron
T is refined with a Worsey-Farin split, T is also subjected to a Worsey-
Farin split with split point v7. Now, considering p, we see that some of the
B-coefficients are already determined. Thus, the B-coefficients of p corre-
sponding to the domain points within a distance of two from the faces of
T, the domain points within a distance of four from the edges of T, and
the domain points within a distance of six from the vertices of T are al-
ready uniquely and stably determined. Then, the derivatives of p at v up
to order five can be uniquely and stably computed from the B-coefficients
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corresponding to the domain points in (C>:Mé7,,,,.). Following Lemma 2.42
for the case n = 4, we can uniquely and stably determined the remaining
undetermined B-coefficients of p from these derivatives. Therefore, all B-
coefficients of s are uniquely and stably determined.

Finally, we examine the dimension of the spline space S§i10'7'17(TW1:).
Since the set M, 5 is a minimal determining set for this space of su-

persplines, the dimension dimSgilo’ZW(Twp) is equal to the cardinality
#Mr,,; 5 of the minimal determining set. Thus, we need to consider the
cardinalities of the sets (C5:M1TWF) - (C5:M6TWF). The set (C5:M1TWF) con-

sists of 1043
4( ;>:1144

domain points. The set (C° :M27,,,,.) contains

12 <7 “3L 2) — 1008

domain points. The cardinality of the set (C>:M3r,,,) is equal to
20 <5 —; 2) = 420.

The set (C5:M4TWP) consists of a total number of

742
4< » ) =144

domain points. The set (C° :Mbr,,,.) contains

6-+2
4( ’ ) =112

domain points. The cardinality of the last set (C>:Mér,,,) is equal to

5+3
S

Thus, the dimension of the superspline space 8%10’7’17(TWF) is equal to
2884. O
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Figure 8.3: Triangles F;5 and F;4 in the shells Rig(vr) and Ry5(vr), re-
spectively. Domain points whose B-coefficients are deter-
mined from B-coefficients associated with domain points in
(CS:MlTwp) are marked with m, those from B-coefficients as-
sociated with domain points in (CS:MZTWF) with a, and those
from smoothness conditions using Lemma 2.33 for j = 0 with
®. Domain points contained in (C53M4TWF) and (C° :Mb5r7,,,.) are
marked with .

8.3.6 C°® macro-elements over the Worsey-Farin split

The C® macro-elements based on the Worsey-Farin split of a tetrahedron T
are in the superspline space 8%13’9’22(Twp), which we can obtain from the
space S;’P 1 (Tyr) with the values from the fourth row of Table 8.1 and
m = 1. Following Theorem 8.3, the dimension of the superspline space is
equal to 5830 and the corresponding minimal determining set Mr, . 6 is

the union of the following sets of domain points:
T; .
(C6:M1TWF) D5 (vi),i=1,...,4
(C:M21,,) U Eg(e)\ (Dis(u) UDJ5(v)), withe € T,
e:=(u,v)e€T
(CO:M3y,,,) {&%), € E* (v, vr))}, a=1,...,4, with0 <1 <5

L],
Ty Ty
(Cé:M4TWF) {éi’jl’;’é € E9 '1(<Z]Pa,UT>)}, N = 1,. . .,4



322 8 Macro-elements of arbitrary smoothness over the Worsey-Farin split

T, -
(C®:M57,,,) U {6514 j1007 1=1,.-.,10},

F:=(uw,or)eF| T

with Tr := (u,w,vr,vp) for vp € Vr

T, T,
(C6M6Twp) {é—i,]',,]lj € ES ! (<UF,¥IUT>)}I o= 1/' . '14

T
(C6:M7Twp) Dl(l),1 (UT),

Proof:

First, we show that M, ¢ is a minimal determining set for the super-

spline space 85”713’9’22(Tw ). Therefore, we set all B-coefficients of a spline

s € 826§13'9'22(TWF) associated with the domain points in Mr,, . ¢ to arbi-

trary values and show that all remaining B-coefficients are uniquely and
stably determined.

We can uniquely and stably determine the B-coefficients of s associated
with domain points in the balls D13(v;), i =1,...,4, from the B-coefficients
corresponding to the domain points in (C®:Mlry,,) and the C'* super-
smoothness conditions at the four vertices of T.

Now, we examine the B-coefficients associated with the domain points
in the tubes Eq(e), e € E7. The remaining undetermined B-coefficients of
s corresponding to domain points in these tubes can be uniquely and sta-
bly computed from those corresponding to the domain points in the set
(C6:M2TWF) and the C? supersmoothness conditions at the edges of T.

Next, we consider the B-coefficients of s associated with the domain
points on the faces of T. Note that each face F;, i =1,...,4, of T is refined
with a Clough-Tocher split, due to the Worsey-Farin split of T. Since the
three subtriangles forming each face F; are degenerated faces of the three
subtetrahedra T; ir j=1,2,3, we can regard the B-coefficients of s| F; as those
of a bivariate spline g; g of degree 27 defined on F;. Then, the spline g; ¢ has
C? smoothness at the edges of F;, cls supersmoothness at the vertices of F;,
and C?? supersmoothness at the split point in the interior of F;. Moreover,
we have already determined the B-coefficients of g; ¢ corresponding to the
domain points within a distance of nine from the edges of F; and within a
distance of thirteen from the vertices of F;. Now, together with the B-coef-
ficients associated with the domain points in (C6:M3TWF) with [ = 0, those
on the faces of T, all B-coefficients corresponding to a minimal determin-
ing set for a bivariate C? Clough-Tocher macro-element of degree 27 with
C'® supersmoothness at the vertices, and C?? supersmoothness at the split
point are determined. Then, following Theorem 6.6, we can uniquely and
stably determined the remaining undetermined B-coefficients of g;( (see
Example 6.29).
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Now, we consider the remaining undetermined B-coefficients of s corre-
sponding to domain points in the shells Ry (v7), ..., Ro2(v7). Therefore, let
Fy,i=1,...,4, be the four triangles formed by the domain points in the

Tiq Tin Ti3 . _ :
shells R27_V1(UT), Ry~ (vr), and R27_V1(UT), with 11 =1,...,5. Again,
we can consider the B-coefficients of s|F, )y 35 the B-coefficients of a bivari-

ate spline g, . of degree 27 — vy, that has C°~"1 smoothness at the edges,
C!3~%1 supersmoothness at the vertices, and C?? supersmoothness at the
split point in the interior of F; ,, . By examining g¢,, r,, we can see that the B-
coefficients corresponding to the domain points within a distance of 9 — 14
from the edges and those within a distance of 13 — v; from the vertices
of F;,, are already uniquely and stably determined. Moreover, together
with the B-coefficients associated with the domain points in (C®:M3r, ) ly-
ing in F; ,,, those with [ = v1, following Theorem 6.6, we have determined
all B-coefficients corresponding to the domain points contained in a mini-
mal determining set of a bivariate C°~"1 Clough-Tocher macro-element of
degree 27 — 11, with Cl3-—n supersmoothness at the vertices, and C?2 gu-
persmoothness at the split point of F;,, (see Examples 6.19, 6.22, 6.25, 6.27,
and 6.28). Note that, for the values p and g in Theorem 6.6 we have p =11
and g = [ 3]. Thus, all B-coefficients of g,, r. are uniquely and stably de-
termined.

So far, all B-coefficients of s restricted to the shells Ry7(vr),...,Rxn(vT)
are uniquely and stably determined.

In the following, we consider the B-coefficients of s associated with the
domain points in the shell Ry (v7). To this end, let Fig, i =1,...,4, be the

four triangles formed by the domain points in the shells RzTi’l (vr), RzTi/z (v7),

and RZT;?’ (vr). Note that, due to the Worsey-Farin split of T, the triangles
Fis,i=1,...,4, are refined with a Clough-Tocher split. Then, we can con-
sider the B-coefficients of s, as those of a bivariate spline g r. of degree
21, with C3 smoothness at the edges, C” supersmoothness at the vertices,
and C?? supersmoothness at the split point of F;¢. Since the supersmooth-
ness at the split point is equal to 22, which is greater than the degree of the
bivariate spline, g r, can be considered as a bivariate polynomial defined
on F; ¢. Now, examining g r,, we can see that the B-coefficients correspond-
ing to the domain points within a distance of three from the edges of F;¢,
and within a distance of seven from the vertices of F; ¢ are already uniquely
determined. Then, the B-coefficients associated with the domain points in
(M57,,.) can be used to uniquely and stably determine the derivatives of
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g6,F; at the split point in F; s up to order nine. Thus, from Lemma 2.42 for
the case n = 3, we see that the remaining undetermined B-coefficients of
g6,F, can be uniquely and stably determined from these derivatives. See
Figure 8.4 (left) for one of the triangles F; 5,1 =1,...,4.

At this point, we have determined all B-coefficients of the spline s re-
stricted to the shells Ry7(vT),...,Rp1(vr), and those corresponding to the
domain points within a distance of nine from the edges, and thirteen from
the vertices of T.

Next, we consider the B-coefficients of s corresponding to the domain
points with a distance of ten from the edges of T more closely. Here,
the only undetermined B-coefficients correspond to domain points in the
shell Ryg(vr) with a distance of three from the faces in Fr [, to domain
points in the shell Ry9(vr) with a distance of two, to domain points in
the shell Rig(vr) with a distance of one, and to the domain points in the
shell Ry7(vr) lying on the faces in Fr ;. In Figure 8.4 (right), the corre-
sponding domain points in the shell Ryy(vr) are marked with ®. Since
the considered domain points in the shell Ryy(vr) are all contained in the
set (C®:M5r7,, ), the corresponding B-coefficients are already known. Then,
considering exactly one of the B-coefficients associated with a domain
point in (C6:M5TWF), we can see that the C® smoothness condition, and the
corresponding C°,...,C! smoothness conditions, with their tip at this B-co-
efficient, form a system of equations, where exactly six of the examined
undetermined B-coefficients are involved. These are two B-coefficients as-
sociated with domain points in the shell Rig(vr), two associated with do-
main points in the shell Ryg(v7), and two associated with domain points
in the shell Ry (v7). Therefore, we have a system of six equations covering
exactly six undetermined B-coefficients. Then, following Lemma 2.33 for
the case j = 1, we obtain that the matrix of the system is nonsingular and
we can uniquely and stably determined the B-coefficients of s correspond-
ing to the domain points with a distance of ten from the edges of T.

Subsequently, we examine the B-coefficients of s associated with the do-
main points in the shell Ry(vr). Therefore, let Fi7, i =1,...,4, be the
four triangles formed by the domain points in the shells Rggl, RzTaz, and
RzTéf. Due to the Worsey-Farin split of T, these triangles are refined with
a Clough-Tocher split. Now, the trivariate spline s can be considered as
a bivariate spline g7 r, of degree 20 defined on the triangle F;7, that has
C22 supersmoothness at the split point in the interior of F;7. Since the su-
persmoothness at the split point is higher than the degree of polynomials,
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g7,F, reduces to a bivariate polynomial. For this polynomial, we have al-
ready uniquely and stably determined the B-coefficients corresponding to
the domain points within a distance of six from the vertices, and within
a distance of three from the edges of F;;. Then, from the B-coefficients
corresponding to the domain points in (C®:Mér,, ), we can uniquely and
stably compute the derivatives of g7 r. at the split point in F; 7 up to order
eight. Subsequently, following Lemma 2.42 for the case n = 3, we obtain
that the remaining undetermined B-coefficients of g7 r, are uniquely and
stably determined from these derivatives. See Figure 8.4 (right) for one of
the triangles F;7,i =1,...,4.

Until now, we have uniquely and stably determined all B-coefficients
of s corresponding to the domain points within a distance of seven from
the faces of T, within a distance of ten from the edges of T, and within a
distance of thirteen from the vertices of T.

Finally, we determine the remaining B-coefficients of s. These undeter-
mined B-coefficients correspond to domain points in the ball Dy, (v7). Due
to the C?? supersmoothness of s at the split point vr, we can consider the
B-coefficients of s|p,, (,,) as those of a trivariate polynomial p of degree 22

defined on the tetrahedron T, which is bounded by the domain points in
the shell Ry (v7). Note that T is also refined with a Worsey-Farin split.
Due to the fact that we have already determined some of the B-coefficients
of s associated with the domain points in D (v7), we already know some
of the B-coefficients of the polynomial p. Thus, the B-coefficients of p cor-
responding to the domain points within a distance of two from the faces
of T, corresponding to the domain points within a distance of five from
the edges of T, and corresponding to the domain points within a distance
of eight from the vertices of T are already determined. Next, we consider
the B-coefficients associated with the domain points in the set (C6:M7TWF).
From these B-coefficients, we can uniquely and stably compute the deriva-
tives of p at the split point v up to order ten. Thus, following Lemma 2.42
for the case n = 4, we can uniquely and stably determine the remaining B-
coefficients of p from these derivatives. Therefore, we have also obtained
all remaining B-coefficients of s.

In the end, we consider the dimension of the space 826513’9’22(Twp) of
supersplines. Since we have just shown that M, . ¢ is a minimal deter-
mining set for this superspline space, dim 826’713’9’22 (Twr) = #Mr,, 6 holds.
Therefore, we have to sum up the cardinalities of the sets (C6:M1TWF) -
(C6:M7TWF) in order to obtain the dimension of 826’713’9’22 (Twe)-
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The set (C®:M1 T,p) CONtains exactly
4 (13;— 3) = 2240

domain points. The set (C6:M2TWF) consists of

12 <9 “3L 2) — 1980

domain points. The cardinality of the set (C®:M37,, ) is equal to
24 (7 —; 2) = 864.

The set (C6:M4TWP) contains a total number of

9+2
4< » ) =220

domain points. The set (C6:M5TWF) consists of
6-10=60

domain points. The set (C6:M6TWF) contains

8+2
4( » ) =180

domain points. The last set (C6:M7TWF) consists of

10+ 3
=2
(%) =26

domain points. Therefore, the dimension of the space Su'>"**(Tyy) is
equal to 5830. m]
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Figure 8.4: Triangles F;s and F;7 in the shells Ry;(vr) and Ryo(vr), re-
spectively. Domain points whose B-coefficients are deter-
mined from B-coefficients associated with domain points in
(Co:M1 T,yr) are marked with m, those from B-coefficients associ-
ated with domain points in (C6:M2TWF) with a, and those from
B-coefficients associated with domain points in (C6:M5TW £)and

smoothness conditions using Lemma 2.33 for j = 0 with ¥.
Domain points contained in (C6:M4TWF) and (C6:M6TWF) are
marked with .

8.4 Nodal minimal determining sets for C”
macro-elements over the Worsey-Farin split

In this section nodal minimal determining sets for the C" macro-elements
constructed in section 8.2 are examined. Therefore, the same notations as
in section 8.2 for the distinct sets of vertices, edges and faces are used,
as well as some notations for certain derivatives and points, which were
previously used in section 7.4. Furthermore, some more derivatives are
needed in this section. Thus, in order to ease the understanding of the
nodal minimal determining sets constructed here, all needed notations for
derivatives are given at the beginning. In the following, we examine and
prove nodal minimal determining sets for C" macro-elements based on the
Worsey-Farin split of a single tetrahedron. Then, the section ends with
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the investigation and the proof of nodal minimal determining sets for C”
macro-elements over a tetrahedral partition where each tetrahedron has
been subjected to a Worsey-Farin split.

In the following, some derivatives are denoted, which are necessary to
describe the nodal minimal determining sets.

Notation 8.9:

For any multi-index « := (a1,a2,a3) let D* be the mixed partial deriva-
tive Dy' Dy?Dz°. For each edge e := (u,v) of a tetrahedron T let X, be
the plane perpendicular to e at the point u, which is endowed with Carte-
sian coordinate axes, where the origin lies in #. Then, for any multi-index

B:=(B1,B2), let D’i be the derivative of order || := 1 + B2 in direction of
the two coordinate axes in X,. Moreover, for every face F of T, with e € F,
let D, r be the derivative normal to e in F. Then, for an oriented triangular
face F := (u,v,w) let D be the unit normal derivative corresponding to
F. Also, let Dr,, be the directional derivatives associated with the vector
(u,vp), where vr is the split point in the face F. Furthermore, for each edge
e € &r, let D, | r be the directional derivative associated with a unit vector
perpendicular to e that lies in the interior face F of Ty containing e.

In order to define a nodal minimal determining set for the macro-ele-
ments considered in this chapter, the following points are also needed:

Definition 8.10:
Let
i (—j+lutjo
i T T
be equally spaced points in the interior of the edge e.

, =1,

Moreover, for each point u € R3 let €, be the point evaluation functional
defined by
euf = f(u).

Now, we can construct nodal minimal determining sets for the C" macro-
elements based on the Worsey-Farin split of a tetrahedron constructed in
section 8.2.
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Theorem 8.11:
Let N7, be the union of the following sets of nodal data:

(NlTWF) U {evDa}|a\§p

B
(NZTWF) U U{G o L}‘ﬁ‘ =i

eESTt 1j=1
(N3r,.) U {eoDD},Df,} 0<j+k<pu—2,
F:=(u,ow)eFr ’ ’
I=0,...,d—ny
yflJr[lﬂH%fl :
Nir,) U U U Ufeg D! Dighl=d=n+1,.
FEFrecF  i=p—I4+1 j=1 ¢

where F, is the interior che of Ty containing e
(N57,) U {vaDé-“D]FuDlzgv}/0§j+k§}l+21—2d+217—2—
F:=(u,0,w)E€Fr ’ ’
I—d+n—1
3=

Il=d—n+1,...,r,withop € Vrand vr € F
(N67,:) forr—4m and r =4m + 2:

U U {e ,,+,D , where F, is the interior face of Tjyp contain-
eeSTz 1j=1 Sej
inge
]/I*T+"277(d7217)7[71 '
(N77,.) U U U U{e D! =D}, I=r+1..r+m,
FeFrecF i=p—r+1 j=1 e

where F, is the interior face of Tyyr containing e

(N873,.,) - U> , {0, DLD} DK }, 0<j+k<d—3u+3r—1I
uv,w)err

3[E=ETEN 3 =1, r 4+ m, withop € F
(N9TWF) {GUTD }\a|§17—4(r+m—(d—r])+1)
Then N7, is a stable nodal minimal determining set for the superspline
space S;’P’”’” (Twe)-

Proof:
It can easily be seen that the cardinality of the set N7, . matches the di-

mension of the superspline space S;’p’y "'(Twr) as given in Theorem 8.3.
Thus, it suffices to show that setting the values {As} )¢ Ny for a spline

s € SQ'P'H'W (Twr) determines all B-coefficients of s.
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First, we consider the B-coefficients of s corresponding to the domain
points within a distance of p from the vertices of T. These can be uniquely
and stably determined from the values of the derivatives D*s(v), v € Vr,
corresponding to the nodal data in (N17,,).

Next, we examine the B-coefficients of s corresponding to the domain
points within a distance of y from the edges in £7. We can uniquely and
stably determined these B-coefficients from the values of the derivatives of
s associated with the nodal data in (N2, ).

Now, we compute the B-coefficients of s associated with the domain
points in the shells R;(v7),..., R, (vr). Therefore,let F;,, , i=1,...,4, be the

four triangles formed by the domain points in the three shells RZTV] (vr),

Rg’fvl (vr), and Rc?fw (vr), for vy =0,...,d — ;1. Note that the triangle F;

is refined with a Clough-Tocher split due to the Worsey-Farin split of T.
Then, we can regard the B-coefficients of s| F,, a8 those of a bivariate spline
S, F; of degree d — vy defined on F;,,, which has y — v; smoothness at the
edges, p — v; smoothness at the vertices and # smoothness at the split point.
Then, from the nodal data in (N37,.) corresponding to the triangle F;, ,
those with I = v1, we can uniquely and stably determined the B-coefficients
of gy, F, corresponding to the domain points within a distance of # — 2 from
the split point in F; , . Now, as in the proof of Theorem 8.3, we have deter-
mined all B-coefficients associated with the domain points corresponding
to a minimal determining set for a bivariate Clough-Tocher macro-element
of degree d — v with y — v smoothness at the edges, p — v; smoothness at
the vertices and # smoothness at the split point, as given in Theorem 6.6.
This way, we can uniquely and stably determined the B-coefficients of s
associated with the domain points in the shells R;(vT),..., Ry (vr).

Next, we consider the B-coefficients of s associated with the domain
points in the shells R, ;1 (vr),...,R4_4(vr). Tothisend, let F;,,, i =1,...,4,

be the triangle formed by the domain points in the shells Rgf]/z (vr),

Rgisz (vr), and R?_%(vﬂ, with v =d — 5 +1,...,r. Note that the trian-
gle F;,, is refined with a Clough-Tocher split. Now, we can regard the
B-coefficients of s restricted to F; ,, as the B-coefficients of a bivariate spline
8w, F; defined on the triangle F; ,,. The spline g,, , has degree d — v, CV'""2
smoothness at the edges, C°~"2 smoothness at the vertices, and C”7 smooth-
ness at the split point of F;,,. Note due to the C7 smoothness at the split
point in F;,,, the spline g, r, reduces to a bivariate polynomial, since the
degree of g, r, is less than 7. Investigating the polynomial g,, r,, it can
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be seen that we have already determined the B-coefficients correspond-
ing to the domain points within a distance of p — v, from the vertices of
F;,, and those corresponding to the domain points within a distance of
# — v from the edges of F;,,. Then, from the nodal date in (N4r, ) cor-
responding to the triangle F;,,, those with | = v, we can uniquely and
stably determine the remaining B-coefficients of g,, r, within a distance of

u—1vy+ f%} from the edges of F;,,. Then, following Lemma 2.42
for the case n = 3, we can uniquely and stably compute the remaining un-
determined B-coefficients of g, r, from the nodal date in (N4r,,.) corre-
sponding to F; ,,, those with [ = 1.

Now, we consider the B-coefficients of s associated with the domain
points in the shells R;_,,(vr), v3 =7+ 1,...,7 +m. To this end, we first
have to compute the remaining B-coefficients of s corresponding to the do-
main points within a distance of y — r 4 v3 from the edges of T.

For the case that r is odd, following Lemma 2.33 for the case j = 0, we
can directly compute these B-coefficients from those already determined
by using the C" smoothness conditions of s at the interior faces of Tyyr. The
computation of these B-coefficients works in the same way as described in
the proof of Theorem 8.3. Moreover, note that the computation is stable.

In case r is even, we can uniquely and stably determine the B-coefficients
associated with the domain points with i = v3 — r in the subset (Mé7,.)
of the minimal determining set in Theorem 8.3 from the nodal data in
(N67,,.). Therefore, in the same way as in the proof of Theorem 8.3, fol-
lowing Lemma 2.33 for the case j = 1, we can uniquely and stably compute
the remaining undetermined B-coefficients of s corresponding to the do-
main points within a distance of y — r 4- v3 from the edges of T using the
C" smoothness conditions of s.

Next, let F; ., i = 1,...,4, be the triangles formed by the domain points

in the shells RZ’EW Rz’f%, and R?’j/s. Due to the Worsey-Farin split of T, a
Clough-Tocher split is induced for the triangle F; ,,. Examining s restricted
to the triangle F; ,,, it can be seen that we have already determined the B-
coefficients corresponding to the domain points within a distance of p — v3
from the vertices of F;,,, and those corresponding to the domain points
within a distance of y — r from the edges of F;,,. Now, from the nodal
data in (N77,,) with [ = v3, we can uniquely and stably determine the
remaining B-coefficients of s corresponding to the domain points within
a distance of y — r + [%1 from the edges of F;,,. So, now we
consider the B-coefficients of the spline s| F,, @5 @ bivariate spline g, r, of
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degree d — v3 defined on F;,,. Note that g,, r. has C" supersmoothness at
the split point in g, .. Since the degree of this supersmoothness is higher
than the degree of polynomials of g,, r,, the bivariate spline g,, r, reduces
to a bivariate polynomial. Then, from the nodal data in (N87,,.) with [ =
v3, we obtain the derivatives of g,, , at the split point in F;,, up to order

d—3u+3r—1-3 [%1 — 3. Thus, following Lemma 2.42 for the
case n = 3, we can uniquely and stably determine the remaining B-coeffi-
cients of ¢, r. from these derivatives.

Next, we compute the last undetermined B-coefficients of s, which cor-
respond to domain points in the ball D, (vr). Since s has C” supersmooth-
ness at the split point vt in T, we can regard the B-coefficients of s cor-
responding to the domain points in D;(vr) as those of a trivariate poly-
nomial p of degree 5 defined on the tetrahedron T, which is formed by
the domain points in Dy (vr). Thus, we have already determined the B-
coefficients of p associated with the domain points within a distance of
r+m — (d — n) from the faces of T. Now, following Lemma 2.42 for the
case n = 4, we can uniquely and stably compute the remaining undeter-
mined B-coefficients of p from the nodal data in (N97,,.). O

Next, let A be a tetrahedral partition and Awr the refined partition ob-
tained by subjecting each tetrahedron in A to the Worsey-Farin split. Then,
nodal minimal determining sets for the C" macro-elements constructed in
section 8.2, based on the partition Ay are examined.

Theorem 8.12:
Let NV, be the union of the following sets of nodal data:

(N1ay,) U {evDa}|tx|§p

(N2a,,.) U 0 U{e ; ’j}w:i

ecfi=1j=1
(N3Awp) U {GU]:D% Fll } 0<]+k<],l 2
F:=(uoyw)eF
[=0,...,d—n,withvr € Vpand vp € F
P‘_l""[l_d*—f’l_l i
(N4a,,) U U U U{e. D! DIV, I=d—n+1,..,r,
Y ReFeer  i=ptin j:l{ ct; Do Der} 7

where F; is an interior face of Ay containing e

o) U f{EUFDéD’},uD’E,v}, 0<jtk<p+2(—d+y—1)-
=(u,o,w)e

B[ —d —y+1,...,r, withop € Vpand vp € F
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(N6y,,,) forr =4mand r = 4m + 2:

U U U U{e i DY jé }, where F, is the interior face of Ty con-
TeAeeTi=1j=1 ©¢j ©—'e

taining e
p—r+ "2r—(d—2}7)—l—1 . '
N7a:) U U U U U{eg D! :Dip} I=r+1,..r+
TEAFeTecF i=p—r+1 j=1 e C-fe

m, where F, is the interior fape of Ty containing e
(N8p,,) U U {eDiD,Df}, 0<j+k<d—3u+3r—I
TeAF:=(u,vw)eT ! !
—3[%1 —3,l=r+1,...,r+m,withvp € Vpand vp € F
(NgAWF) U {evTD“}|a\§1174(r+mf(d717)+1)
T €V

Then Ny, is a 1-local and stable nodal minimal determining set for the
superspline space S;’p M (Aw).

Proof:

It can easily be seen that the dimension of the spline space S;’p’” T(Awr),
as given in (8.2) in Theorem 8.5, is equal to the cardinality of the set NV, ..
Therefore, it suffices to show that setting {As} ¢ Nayy O arbitrary values

stably and locally determines all B-coefficients of a spline s € S, (Ayp).

For each vertex v € V and a tetrahedron T, containing v, the B-coeffi-
cients of s associated with the domain points in the ball DZ;”(U) can be
uniquely and stably determined from the derivatives in the set (N14,,).
Now, the undetermined B-coefficients of s corresponding to domain points
inDy(v)\ D;” (v) can be uniquely and stably computed from those already
determined by using the CP supersmoothness conditions at the vertices in
V. Note that these computations are 1-local, since each B-coefficient cl.T,]-,k,l
of s determined so far only depends on the nodal data from the set (N14,,,)
contained in star(T).

Next, the remaining undetermined B-coefficients corresponding to do-
main points in the tubes E, (e),e € £, are determined. For each edge e € £
and a tetrahedron T, containing e the undetermined B-coefficients of s as-
sociated with the domain points in the tube EZ" (e) can be uniquely and
stably determined from the nodal data in (N24,,.). Then, the remaining
B-coefficients of s associated with domain points in the tube E,(e) can be
uniquely and stably computed from those already determined by using
the C¥ supersmoothness conditions at the edges in £. These computations
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are also 1-local, since each B-coefficient ng,k,l of s associated with a domain
point fiTj,k,l €Ey, (e) only depends on the nodal data from the sets (N1 Awr)
and (N2,,,,) contained in star(T).

Now, the B-coefficients of s associated with the domain points in the
shells R;(vr),...,Ry_,(vr), vr € Vy, are computed. For each face F € F,
the sets (N3p,,.), (N44,,,), and (N5,,,,) contain the same nodal data for
exactly one tetrahedron Tf containing F, as the sets (N3, ), (N4r,,.), and
(N57,,,) in Theorem 8.11. Thus, the B-coefficients of s|7, corresponding
to the domain points within a distance of r from F can be uniquely and
stably determined in the same way as in the proof of Theorem 8.11. Then,
in case F is not a boundary face of A, the B-coefficients of s corresponding
to the domain points within a distance of 7 from F in the tetrahedron T,
sharing the face F with T, can be uniquely and stably computed from
those already determined by using the C" smoothness conditions of s at
F. Note that the computation of the B-coefficients determined so far is
1-local, since each B-coefficient ciT/j’k,l of s already determined determined
only depends on the nodal data from the set (N14,,.), (N2a,,,), (N3a,,z),
(N44,,;), and (N5, ) contained in star(T).

At this point, all B-coefficients of s are determined, such that the smooth-
ness conditions at the vertices, edges and faces of A are satisfied.

Then, since the sets (N6,,,,.) - (N94,,.) contain the same nodal data as
the sets (N67,.) - (N97,,.) from Theorem 8.11 for each tetrahedron T € A,
the remaining undetermined B-coefficients of s can be uniquely and stably
determined in the same way as in the proof of Theorem 8.11. Thus, all B-
coefficients of s are uniquely and stably determined. Moreover, since the
B-coefficients determined in this last step in each tetrahedron T € A are
computed from those already determined so far and the nodal data in the
sets (N6a,,) - (N9,,,,) contained T, the computation of all B-coefficients
CiTj,k,l of sis 1-local, since each of these B-coefficients only depends on nodal

data contained in Ny, Nstar(T). m

Remark 8.13:

For the cases r = 1 and r = 2, the nodal minimal determining sets pre-
sented in this chapter are consistent with those in [62]. Considering the
nodal data corresponding to a C! macro-element over the Worsey-Farin
split of a tetrahedron, it can be seen that the same nodal data as investi-
gated here, are used in [103] in order to construct C! macro-elements in
R®. The nodal minimal determining set for the case r = 2 differs from the
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one used in [9], since additional smoothness conditions are used there (cf.
Remark 8.6). Moreover, the nodal data used in [9] also differ from those
used here, since the B-coefficients of a spline corresponding to the domain
points with a distance of two from the faces of a tetrahedron are computed
in another way. This approach can be used in [9], since Conjecture 2.43 has
been proved for the case arising there for these B-coefficients. Since the
conjecture has not been proved yet, it is not possible to extend the method
examined in [9] to higher order macro-elements.

8.5 Hermite interpolation with C’
macro-elements based on the Worsey-Farin
split

In this section we consider a Hermite interpolation method correspond-
ing to the C" macro-elements on the Worsey-Farin split examined in this
chapter. We also examine the error bounds for the Hermite interpolation
method.

Theorem 8.12 in section 8.4 shows that for any function f € C(Q), there
is a unique spline s € 8;”7 1 ( Awr) solving the Hermite interpolation prob-
lem

As=Af, forallAeNy,.,

or equivalently,

(H1a,,,) D*s(v) = D*f(v), for all |a| < p, and all vertices v € V

(H24,,,) Dfls(gi,].) = Dif(gf?,j), forall |f| =i, 1<j<i, 1<i<p andall
edgesec &

(H3a,,;) DDy, Df s(vp) = DD}, Df f(vF), for all 0 < j+k < p -2,
and [ =0,...,d — 5, for all faces F := (u,v,w) € F, with vr € Vr and

(Hdp,;) DiLED;’Ps(g;’j) = DiLED;Ff(glglj), forallj=1,...,i,
i=pu—I+1,...,u—1+ P_Hﬁ”_ﬂ ,1=d—15+1,...,r,and all edges
ein all faces F € F, where E‘B e is an interior face of Ay p

(H54,,,) DpDy D s(vp) = DD} Df  f(0F), for all
0<j+k<pu+2l—2d+2y—2—-3[EH11 andl=d—y+1,...,r,
for all faces F := (u,v,w) € F, with vp € Vp and vp € F
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(H6p,,,) forr =4mand r =4m + 2:

pu+i [ N Y S pu+i - . .
DELEs(ge,j )= Deﬂ__;f(ge,]. ), forall j = 1,...,~y +i,andi=1,...,m,
for all edges e in all tetrahedra T € A, where F, > e is an interior face
of AWF

/ . A ) .

(H7AWF) DelffDé,Fs(gle,]') - DELE) Dé,Pf(glg//)/
forallj=1,...,i,i=py—r+1,...,u—r+ [
I=r +1,...,r+m, for all edges e in all faces F in all tetrahedra T € A,
where F, 5 e is an interior face of Ay

(H8,,,,) DD}, Df s(vp) = DED}  Df  f(vf), for all

0<j+k<d—3u+3r—1-3[ZDN 3 andl=r+1,...,r+
m, for all faces F := (u,v,w) in all tetrahedra T € A, with vr € Vp and
vp€eF

(H94,,) D*s(vr) = D"f(vr), forall |a| <y —4(r+m—(d—1)+1),and
all vertices vt € V.

Moreover, following Theorem 8.12 this Hermite interpolation method is

1-local and stable.

Thus, a linear projector Z : C¥ — S:l’p 1 (Awr) is defined. Due to the
construction of 7, Ts = s holds for every spline s € S;’p "1 (Awp). Therefore,
especially, 7 reproduces all polynomials of degree d. Next, we can establish
the following error bounds for the Hermite interpolation method.

Theorem 8.14:
For every f € CH1(Q) withp — 1<k <d,

ID*(f = Zf)llo < KIAFF 1 fli 0 (8.3)

for all 0 < |a| < k, where K depends only on r and the smallest solid and
face angle in A.

2r—(d—217)—l—1—‘ and

Proof:

Let T € A, Qr := star(T) and f € C**1(Q). Fix a with |a| < k. By Lemma
4.3.8 of [19], see also Lemma 4.6 of [57], there exists a polynomial p € 73,?
such that

ID*(f = Py < Kl Qe Pl fligs (84)
for all 0 < |B| <k, where |Q7]| is the diameter of Q1. Since Zp = p,

ID*(f =ZA)llr < ID*(f = p)llr + [ID*Z(f = p)lIT
holds.
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We can estimate the first term using (8.4) with p = a. Applying the
Markov inequality [102] to each of the polynomials Z(f — p)|r,,, where
T;:,i=1,...,4, j =1,2,3, are the twelve subtetrahedra of Ty, we get

ID*Z(f = p)liT,; < K TITHNZ(f = p)limy0

where K; is a constant depending only on r and the smallest solid and face
angle in A. Next, let {c¢} be the set of B-coefficients of the polynomial
Z(f — p)|r,, relative to the tetrahedron T; ;. Then combining (2.12) and the
fact that the interpolation method is stable and that the Bernstein basis
polynomials form a partition of unity, it follows that

i’

P
IZ(f = p)ll1,; <Kz max |eg| <Ky ) |T'|f = plir-
€€Dd,T,-,]-

I=0

Now taking the maximum over i and j, and combining this with (8.4) and
|T| <|Qr]|, we get that

IZ(f = P)llr < Ks| T flgsr,r < Kel Q" flicsr,0r0
which gives

ID*Z(f = p)lIr < K7l Qr [ | fles 10

Now, maximizing over all tetrahedra T in A leads to (8.3). O
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A Bivariate lemmata

In this chapter, we examine some bivariate lemmata, from which three are taken
from Alfeld and Schumaker [9], which are needed for the proofs of the minimal
determining sets of the C? splines on the partial Worsey-Farin splits in section 3.2.
Therefore, let F := (v1,v;,v3) be a triangle in R? and let For be the Clough-Tocher
split of F at the split point vf in the interior of F. Then we define F; := (v;,v;,1,vf),
i =1,2,3, with v4 := vy, to be the three subtriangles of Fcr.

Lemma A.1:
The set

i=1

3 3
U Dy (o) U U{&50} U UL} (A1)
i=1 i=1

is a stable minimal determining set for the space of polynomials Pf defined on Fcr.

Proof:

It is easy to see that the cardinality of the set of domain points in (A.1) is equal to
the dimension of the space of bivariate polynomials of degree four, which is equal
to 15. Thus, we only have to show that setting the B-coefficients associated with
the domain points in (A.1) of a polynomial p € P? to arbitrary values, all other
B-coefficients of p are stably determined.

First, the remaining undetermined B-coefficients of p corresponding to domain
points in the disks Dy (v;), i = 1,2,3, are stably computed from the B-coefficients
associated with the domain points in the first subset of A.1 using the C! smoothness
conditions at the vertices of F. The domain points corresponding to the B-coeffi-
cients determined in this step are marked with 0 in Figure A.1. Now, together with
the B-coefficients associated with the domain points §2F,12/0, §2F,22/0, and §2Ff52/0, which
are contained in (A.1), all B-coefficients of p corresponding to the domain points on
the edges of F are uniquely and stably determined.

Next, following Lemma 2.28, we can stably compute the remaining undeter-
mined B-coefficients of p corresponding to domain points in the disks Dy (v;), i =
1,2,3, from those already determined and the B-coefficients associated with the do-
main points 55/‘0,2, 5520,2, and 5530,2 using the C! and C? smoothness conditions at the
vertices of F (see Example 2.31). The domain points in the disks D, (v;), i = 1,2,3,
corresponding to the B-coefficients determined in this step are marked with ¥ in
Figure A.1.

M. A. Matt, Trivariate Local Lagrange Interpolation and Macro Elements
of Arbitrary Smoothness, DOI 10.1007/978-3-8348-2384-7,
© Vieweg+Teubner Verlag | Springer Fachmedien Wiesbaden 2012
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In the same way we can stably compute the remaining undetermined B-coeffi-
cients of p corresponding to domain points in the disks D3(v1) and D4 (vq) from
the smoothness conditions at the edge (v1,vF) and the already determined B-coef-
ficients, following Lemma 2.28 (see Example 2.32). The domain points correspond-
ing to these B-coefficients are marked with ¢ in Figure A.1.

Then the last undetermined B-coefficient can be directly and stably computed
from smoothness conditions across the interior edges of Fcr. ]

U3

01 (%)

Figure A.1: Minimal determining set of a polynomial p € P? defined on
Fcr. Domain points contained in the minimal determining set
are marked with m (those in Df" (v;)), with a (those in the sec-
ond subset of (A.1)), and with % (those in the third subset of

(A1)).
Lemma A.2:
The set
. U E Sk Sk
U Dy (vi) U U{& 0 8500 U UL& 2 U UL&L (A2)
i—1 i—1 i—1 i—1

is a stable minimal determining set for the space of polynomials P2 defined on Fcr.
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Proof:

It can easily be seen that the cardinality of the set of domain points in (A.2) is equal
to 21, which is equal to the dimension of the space of bivariate polynomials of
degree five. Hence, it suffices to show that setting the B-coefficients associated
with the domain points in (A.2) of a polynomial p € 7752 to arbitrary values, all
other B-coefficients of p are stably determined.

First, using the C! smoothness conditions at the vertices of F, we stably com-
pute the remaining undetermined B-coefficients of p corresponding to the domain
points in the disks D (v;), i = 1,2,3. The corresponding domain points are marked
with O in Figure A.2. At this point, together with the B-coefficients of p associated
with the domain points in the second subset of (A.2), we have stably determined
all B-coefficients of p corresponding to the domain points on the edges of F.

Now, following Lemma 2.28, we can stably compute the remaining undeter-
mined B-coefficients of p associated with the domain points in the disks D5 (v;),
i =1,2,3, from the already determined B-coefficients and those corresponding to
the domain points 5510/2, 5520,2, and §3F/30,2 using the C! and C? smoothness condi-
tions at the vertices of F. The corresponding domain points in the disks D;(v;),
i =1,2,3, are marked with % in Figure A.2.

Next, following Lemma 2.28, we can use the Cl, C2, and C3® smoothness condi-
tions at the vertices of F in order to stably compute the remaining undetermined
B-coefficients of p corresponding to domain points in the disks D3(v;), i = 1,2,3,
from the already determined B-coefficients and those associated with the domain
points 55,12,1, 55,22,1, and 5;32/1. The domain points of the B-coefficients determined in
this step are marked with ¥ in Figure A 2.

In the same way the remaining undetermined B-coefficients of p corresponding
to the domain points in the disks D4(v1) and Ds(v1) can be stably computed from
the smoothness conditions at the edge (vq,vF) and the already determined B-coef-
ficients, following Lemma 2.28. The corresponding domain points are marked with
¢ in Figure A 2.

Now, the last undetermined B-coefficient can be directly and stably computed

from smoothness conditions across the interior edges of Fcr. o
Lemma A.3:
The set
O D eEE 2 oF F ¢F (R
U Dy () U U{&20 8500 U UL 1001t UGN 2 €02 6015 (A-3)
i=1 i=1 i=0

is a stable minimal determining set for the space of polynomials P2 defined on Fcr.
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U1 02
Figure A.2: Minimal determining set of a polynomial p € P2 defined on
Fcr. Domain points contained in the minimal determining set

are marked with m (those in Dfi (v;)), with 4 (those in the sec-
ond subset of (A.2)), with % (those in the third subset of (A.2)),
and with ¥ (those in the fourth subset of (A.2)).

Proof:

It is easy to see that the cardinality of the set of domain points in (A.3) is equal to 21,
which is equal to the dimension of the space of bivariate polynomials of degree five.
Thus, it suffices to show that setting the B-coefficients associated with the domain
points in (A.3) of a polynomial p € 7?52 to arbitrary values, all other B-coefficients of
p are stably determined.

From the C! smoothness conditions at the vertices of F, the remaining undeter-
mined B-coefficients of p corresponding to the domain points in the disks D;(v;),
i=1,2,3, can be stably determined. The corresponding domain points are marked
with O in Figure A.3. Together with the B-coefficients of p associated with the do-
main points in the second and third subset of (A.3) the remaining B-coefficients of
p corresponding to the domain points on the edges of F and with a distance of one
from the edge (v1,v;) are stably determined.

Then, following Lemma 2.28, we can use the C L and C2? smoothness conditions at
the vertices v; and v, of F in order to stably compute the remaining undetermined
B-coefficients corresponding to the domain points in the disks D, (v;), i = 1,2,3,
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from those already determined. The corresponding domain points are marked with
¢ in Figure A.3.

In the same way, following Lemma 2.28 and using the C 1.C2, 3, and C* smooth-
ness conditions at the interior edges (v1,vg) and (vp,vr), the remaining undeter-
mined B-coefficients of p corresponding to the domain points in the disks D;(v;),
i=1,2, j = 3,4, can be stably computed from those already determined and the
B-coefficients corresponding to the domain points in the fourth subset of (A.3) (see
Example 2.30). The domain points corresponding to the B-coefficients determined
in this step are marked with 3 in Figure A.3.

Finally, we can stably determined the remaining B-coefficients of p from the C'
smoothness conditions at the edge (v3,vr). The corresponding domain points are
marked with ¥ in Figure A.3. i

01 02

Figure A.3: Minimal determining set of a polynomial p € P2 defined on
Fcr. Domain points contained in the minimal determining set
are marked with m (those in Df" (v;)), with a (those in the sec-
ond and third subset of (A.3)), and with % (those in the fourth
subset of (A.3)).
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Lemma A.4:
The set

3
U DF U U{54 ]2+;0}2 oV U{§4 i1+ Y U{§303/ 03,3'5222/ 114}
i=1

(A4)

is a stable minimal determining set for the space of polynomials 7762 defined on Fc7.

Proof:

It is easy to see that the cardinality of the set of domain points in (A.4) is equal to
28, which is equal to the dimension of the space of bivariate polynomials of degree
six. Therefore, it suffices to show that setting the B-coefficients associated with the
domain points in (A.4) of a polynomial p € P62 to arbitrary values, all other B-coef-
ficients of p are stably determined.

Using the C! smoothness conditions at the vertices of F, the remaining undeter-
mined B-coefficients of p corresponding to the domain points in the disks D;(v;),
i =1,2,3, can be stably determined. The corresponding domain points are marked
with 0 in Figure A 4. Together with the B-coefficients of p associated with the do-
main points in the second and third subset of (A.4) the remaining B-coefficients of
p corresponding to the domain points on the edges of F and with a distance of one
from the edge (v1,v;) are stably determined.

Now, following Lemma 2.28, we can use the C 1 and C2 smoothness conditions at
the vertices v; and v, of F in order to stably compute the remaining undetermined
B-coefficients associated with the domain points in the disks D, (v;), i =1,2,3, from
those already determined. The domain points corresponding to the B-coefficients
determined in this step are marked with # in Figure A 4.

In the same way, following Lemma 2.28 and using the cl, c?, ¢3, c* and C°
smoothness conditions at the interior edges (v1,vr) and (v,,vp), we can step by
step stably compute the remaining undetermined B-coefficients of p corresponding
to the domain points in the disks D]-(vi), i=1,2, j =3,4,5, from those already
determined and the B-coefficients corresponding to the domain points in the fourth
subset of (A.4). The corresponding domain points are marked with 3 in Figure A 4.

Then the remaining B-coefficients of p can be stably determined from the C!
smoothness conditions at the edge (v3,vg). The corresponding domain points are
marked with ¥ in Figure A 4. ]
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01 U2

Figure A.4: Minimal determining set of a polynomial p € P? defined on
Fcr. Domain points contained in the minimal determining set
are marked with m (those in Df" (v;)), with 4 (those in the sec-
ond and third subset of (A.4)), and with % (those in the fourth

subset of (A.4)).
Lemma A.5:
The set
> F B LF B E LF F
U Dy (@) U U{&0855.0 6000 U UG 028500565121 Y& 4 (A.5)
i=1 i=1 i=1

is a stable minimal determining set for the space of polynomials P2 defined on Fcr.

Proof:
It is easy to see that the cardinality of the set of domain points in (A.5) is equal to the
dimension of the space of bivariate polynomials of degree six, that is equal to 28.
Thus, it suffices to show that setting the B-coefficients associated with the domain
points in (A.5) of a polynomial p € 7?2 to arbitrary values, all other B-coefficients of
p are stably determined.

Using the C! smoothness conditions at the vertices of F, the remaining undeter-
mined B-coefficients of p corresponding to the domain points in the disks D1 (v;),
i =1,2,3, can be stably determined. The corresponding domain points are marked
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with O in Figure A.5. Then, together with the B-coefficients of p associated with
the domain points in the second subset of (A.5), the remaining B-coefficients of p
corresponding to the domain points on the edges of F are stably determined.

Now, following Lemma 2.28, we can use the C! and C? smoothness conditions
at the vertices of F in order to stably compute the remaining undetermined B-coef-
ficients associated with the domain points in the disks D,(v;), i = 1,2,3, from those
already determined and the B-coefficients corresponding to the domain points
55/10,2, §£2012, and & 50,2. The domain points to these B-coefficients are marked with
¥ in Figure A.5. In the same way, following Lemma 2.28 and using the cl cz,
and C3 smoothness conditions, we can stably determine the remaining undeter-
mined B-coefficients of p corresponding to the domain points in the disks D3(v;),
i=1,2,3, from those already determined and the remaining B-coefficients corre-
sponding to the domain points in the third subset of (A.5) (see Example 2.29). The
corresponding domain points are marked with ¥ in Figure A 5.

Next, we can use the C1, C2, C3, and C* smoothness conditions at the vertex
v1 in order to stably compute the remaining undetermined B-coefficients of p cor-
responding to the domain points in the disk D4(v1) from the already determined
B-coefficients and the one associated with the domain point 5;10,4. The domain
points corresponding to these B-coefficients are marked with v in Figure A.5.

In the same way, following Lemma 2.28, the remaining undetermined B-coef-
ficients of p corresponding to the domain points in the disks D5(v1) and Dg(v1)
can be stably determined from the smoothness conditions at the edge (v1,vr). The
corresponding domain points are marked with ¢ in Figure A.5.

Then, the last undetermined B-coefficients can be directly and stably computed
from smoothness conditions across the interior edges of Fcr. O

Lemma A.6 (Lemma 4.3 [9]):
Let

P; =83 (Fer) = {s € C*(Fcr) :s|p € P7, VF € Fer, (A.6)
s € C7(vp)}
Then dimg% (Fcr) = 36, and the set
> YU JE L E E JELF
U Dy (vi) U UL 30 €421 6500 653,1 62'0,1/6500,4 ) (A7)
i=1 i=1

is a minimal determining set for g% (Fcr) (see Figure A.6).
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01

Figure A.5: Minimal determining set of a polynomial p € P? defined on
Fcr. Domain points contained in the minimal determining set

are marked with m (those in Df" (v;)), with 4 (those in the sec-
ond subset of (A.5)), with % (those in the third subset of (A.5)),
and with ‘(55,1014).

Lemma A.7:
Let

P; = 83 (Fer) = {s € C*(Fcr) : s|p € P3, VF € Fer, (A8)
s € C7(vp)}
Then dim 8Z(Fcr) = 36, and the set

3

2

E F E F 2
U Dy (01) U UH{&450: 8500 64 04,1 Fi=0
i=1 i=1

. (A9)
b 51 £ F Fiyi
U U {54,0,3’5471',1+i,2’ §0,1,6’§1+7',471',2’ §0,3+i,47i}
i=0

is a stable minimal determining set for $2(Fcr).
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Figure A.6: Minimal determining set of a spline s € S2(Fcr). Domain
points contained in the minimal determining set are marked

with m (those in D?(vi)), with % (5?0 1), and with a (the re-
maining domain points).

Proof:

Since the space $2(Fcr) is just the space of polynomials of degree seven defined on
Fcr, it follows that the dimension of S%(FCT) is equal to 36. Now, due to the fact
that the cardinality of the set of domain points in (A.9) is equal to 36, it suffices to
show that this set is a stable determining set. To this end, we set the B-coefficients of
a spline s € S2(Fcr) associated with the domain points in (A.9) to arbitrary values
and show that the remaining B-coefficients are stably determined.

From the B-coefficients corresponding to the domain points in the first subset of
(A.9), we can stably determine the remaining B-coefficients of s associated with the
domain points in the disks Dy(v;), i = 1,2,3. The domain points associated with
these B-coefficients are marked with o in Figure A.7. Together with the B-coeffi-
cients of s associated with the domain points in the second subset of (A.9), we have
stably determined the B-coefficients of s corresponding to the domain points within
a distance of one from the edges (v1,v2) and (v, v3) so far.

Next, following Lemma 2.28, we can stably compute the remaining undeter-
mined B-coefficients of s associated with the domain points in the disk D3(v;),
from the already determined B-coefficients using the supersmoothness conditions
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of s at the split point vr. The domain points associated with the B-coefficients de-
termined in this step are marked with & in Figure A.7.

Now, again following Lemma 2.28, we can stably compute the remaining unde-
termined B-coefficients of s associated with the domain points in the disks
D3.i(v2),i=1,...,4, step by step, from the already determined B-coefficients and
those associated with the domain points in the last subset of (A.9) using the super-
smoothness conditions of s at the split point vr. The domain points corresponding
to these B-coefficients are marked with 3 in Figure A.7.

Then, the last undetermined B-coefficients of s can be stably computed using the
supersmoothness conditions at vf. o

U2

Figure A.7: Minimal determining set of a spline s € SZ(Fcr). Domain
points contained in the minimal determining set are marked
with m (those in DzFi (v;)), with a (those in the second subset of
(A.9)), and with % (those in the third subset of (A.9)).
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Lemma A.8 (Lemma 4.2 [9]):

Let
§§(FCT) = {S S CZ(FCT) : S|f S 'Pg, Vf e Fer, (A.10)
s€C(vy), i=1,2,3,
EES C7(ZJF),
FirF1+l

T, 5s=0,i=1,...,3, with Fy := F; }.

Then dimgg (Fcr) = 48, and the set
M. S E R B R ELF
U D3 (0i) U U4l 0-605,1-€51- 60203526000 (A11)
i=1 i=1

is a minimal determining set for g‘g (Fcr) (see Figure A.8).

U3

Figure A.8: Minimal determining set of a spline s € gg(FCT). Domain
points contained in the minimal determining set are marked
with m (those in D? (v;)) and with a (the remaining domain
points).
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Lemma A.9:
Let
S3(Fcr) :={s € C*(Fcr) : s|z € P§, VF € Fer, (A.12)
seC(v),i=1,2,3,
s e C’(vp),

F,F 0 i—
T i51i05 = 0,i=0,...,3,
B Fs,
T, 405 ="0}
Then dimgg(FCT) =46, and the set

3 2
F F L FE E  E  oE L F F B B
U D5 (0:) U U {40 6431-6301 602,065 S0 21 U L€ 3 E0e E0sr €143
i—1 i-1
(A.13)

is a stable minimal determining set for S2(Fcr).

Proof:

First, we show that the set of domain points in (A.13) is a minimal determining set
for the superspline space Sg (Fcr)- To this end, we set the B-coefficients of a spline
s € Sg(FCT) corresponding to the domain points in (A.13) to arbitrary values and
show that the remaining B-coefficients are uniquely and stably determined.

Using the C3 supersmoothness conditions at the three vertices of F, the remain-
ing B-coefficients of s corresponding to the domain points in the disks D3(v;),
i =1,2,3, can be uniquely and stably determined. The corresponding domain
points are marked with 0O in Figure A.9. Then, together with the B-coefficients of s
corresponding to the domain points in the second subset of (A.13), all B-coefficients
of s corresponding to the domain points within a distance of two from the edges
(v1,v7) and (vp,v3) are uniquely stably determined.

Next, following Lemma 2.28, we can uniquely and stably determine the remain-
ing B-coefficients of s associated with the domain points in the disks D3, ;(v2),
i=1,2, from the already determined B-coefficients using the additional smoothness
condition T£ 15’525 =0, and the supersmoothness conditions of s at the split point vr.
The domain points associated with the B-coefficients determined in this step are
marked with & in Figure A.9.

We can also apply Lemma 2.28, to uniquely and stably compute the remaining
undetermined B-coefficients of s associated with the domain points in the disks
Ds.i(v2), i =1,2,3, from the already determined B-coefficients and those associ-
ated with the domain points 55/‘1,3, 55’2/6, 55,‘0,8, and £1Ff4/3 by using the additional

s F,b, _ _ F,b, _
smoothness conditions TgoS= 0, 71745s=0, Tog0S = 0, and the supersmoothness
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conditions of s at the vertex vr. The domain points corresponding to these B-coef-
ficients are marked with 3 in Figure A.9.

Then, the last undetermined B-coefficients of s can be uniquely and stably com-
puted from the supersmoothness conditions at the split point vr of For and the
additional smoothness condition T&’f{s =0.

Considering the dimension of S’g(FCT), we see that dim 5‘5 (Fcr) = 46, since the
set of domain points in (A.13) is a minimal determining set for this superspline
space and the cardinality of this set is equal to 46. o

Figure A.9: Minimal determining set of a spline s € S’g(FCT). Domain
points contained in the minimal determining set are marked
with m (those in Dg" (v;)), with a (those in the second subset of
(A.13)), and with % (those in the third subset of (A.13)).
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Lemma A.10:
Let
S3(Fcr) :={s € C*(Fcr) : s|z € P§, VF € Fer, (A.14)
s€C3(v;),i=1,2,3,
s e C’(vp),
T§1’f25+105 0,i=0,...,3}.

Then dim&2 (Fer) = 47, and the set

3 2
F; F; F; F; Fi 1

U D3 (01) U U{&4 064 154164 042 €202 im0

i i=1 (A.15)

F
U {’54 1 3’50,]2,6'50,10 881 43} U {5440

is a stable minimal determining set for SSZ(FCT).

Proof:

The proof is analogue to the proof of Lemma A.9. The only difference is that the
B-coefficient associated with the domain point 55340 is not determined from the
additional smoothness condition Tﬁ’ffs = 0, since it is contained in the minimal

determining set. Thus, the dimension of SZ(Fcr) is equal to 47, which is exactly

one higher than the dimension of 3§(FCT). ]
Lemma A.11:
Let
SSZ(FCT) = {S S CZ(FCT) : S|l? S sz, Vﬁ e Fer, (A.16)
s€C(v;), i=1,23,
s € C7(vp),
B 05=0,i=0,..2}.

Then dimS2 (Fer) = 47, and the set

3 2
Fi F F E F 41
U Ds'(vi) U U {54,4—j,j'53,4—j,1+j'54,2,2152,4,2};':0 (A17)

U {5413'5026’ 143} U {5440’ 431”5341

is a stable minimal determining set for Sg(FCT).
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Proof:

First, we show that the set of domain points in (A.17) is a minimal determining set
for the superspline space Sg(FCT). Therefore, we set the B-coefficients of a spline
s € 82(Fcr) associated with the domain points in (A.17) to arbitrary values and
show that the remaining B-coefficients are uniquely and stably determined.

The B-coefficients corresponding to the domain points in the disks D3(v7),
D3(v3), and D7(v;) and those corresponding to the domain points within a dis-
tance of two from the edges (v1,v;) and (vp,v3) can be uniquely and stably de-
termined in the same way as in the proof of Lemma A.9. Moreover, from the B-
coefficients in the fourth subset of (A.17), the B-coefficients corresponding to the
domain points within a distance of one from the edge (v3,v1) are uniquely and
stably determined.

Now, following Lemma 2.28, we can uniquely and stably compute the remaining
undetermined B-coefficients of s corresponding to the domain points in the disks
D4(v1) and Dy(v3) using the C3 smoothness conditions at the corresponding inte-
rior edges of Fcr.

Then, by Lemma 2.28, we can uniquely and stably determine the remaining B-
coefficients of s corresponding to the domain points in the ring Rg(v;) from those
already determined by using the C” supersmoothness conditions at vF.

The remaining undetermined B-coefficients of s can be computed from the C”
supersmoothness conditions at vr.

Since set of domain points in (A.17) is a minimal determining set for ng(FCT),
we see that dim 82 (Fcr) = 48, which is equal to the cardinality of the set of domain

points in (A.17). O
Lemma A.12:
Let
SSZ(FCT) = {S € CZ(FCT) : S|F € PSZ, VfE Fer, (A.18)
seC3(v;),1=1,2,3,
s e C7(UF)}.

Then dimS3 (Fer) = 51, and the set

3

3
3 Y N O Y S B B GF
U D3 (0:) U UL 0 €431 6501 6000 63506000t U €L 0 S0 C00s)  (A19)
i—1 i—1

is a stable minimal determining set for Sg(FCT).

Proof:
We first show that the domain points in (A.19) form a minimal determining set
for the space S3(Fcr). Therefore, we set the B-coefficients of a spline s € S2(Fcr)
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corresponding to the domain points in (A.19) to arbitrary values and show that the
remaining B-coefficients are uniquely and stably determined.

From the B-coefficients associated with the domain points in the first subset of
(A.19), we can uniquely and stably determine the remaining B-coefficients of s cor-
responding to domain points in the disks D3(v;), i = 1,2,3, by using the C3 super-
smoothness conditions at the vertices of F. The domain points corresponding to the
B-coefficients determined in this step are marked with 0 in Figure A.10. Together
with the B-coefficients of s corresponding to the domain points in the second sub-
set of (A.19), all B-coefficients of s corresponding to the domain points within a
distance of two from the edges of F are uniquely stably determined.

Since the spline s has C” supersmoothness at the split point vr, we can regard
the B-coefficients corresponding to the domain points in the disk Dy (vr) as those
of a bivariate polynomial g of degree seven defined on the triangle F, which is
bounded by the domain points in the ring Ry (vr). Moreover, F is also refined with
a Clough-Tocher split at vr. Now, examining g it can be seen that the B-coefficients
corresponding to the domain points within a distance of one from the edges of F
are already uniquely and stably determined. Then, from the B-coefficients in the
third subset of A.19 we can uniquely and stably compute the partial derivatives of
g at the split point vr up to order one. Thus, following Lemma 2.42, the remain-
ing undetermined B-coefficients of ¢ can be uniquely and stably determined by
smoothness conditions.

Considering the dimension of S3(Fcr), it can be seen that dimS3(Fer) = 51,
since the set (A.19) is a minimal determining set for S’g(FCT) and the cardinality of
this set is equal to 51. ]

Lemma A.13 (Lemma 4.1 [9]):

Let
ggz(FCT) = {S € C2(FCT) : S‘f S 7)92, VF e Fer, (A.20)
seCy), i=1,2,3,
s e C7(vp),
Fi,Fia

51 S =0,i=1,...,3, with Fy :=F }.

Then dimggz(FCT) = 63, and the set

Sk S B R R E F R

U Dy (o) U ULE4s1 8450631026423 633,3€01a.5) (A.21)
i=1 i=1

is a minimal determining set for 392 (Fcr) (see Figure A.11).
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Figure A.10: Minimal determining set of a spline s € S3(Fcr). Domain
points contained in the minimal determining set are marked
with m (those in Dgi(vi)), with a (those in the second subset
of (A.19)), and with % (those in the second subset of (A.19)).

Lemma A.14:
Let
A92(FCT) = {S S C2(FCT) : S|f S 7392, VF e Fer, (A.22)
seCv),i=1,2,3,
se 7 (vp),

Fi,F —0 =
T317i,25+i,15 =0,i1=0,...,3,
BB,
7,405 ="0}
Then dimSg2 (Fcr) = 61, and the set

2
F, F F, F E F; F; F; F F; E
Dy (v) U UL 1-6053,0- 6500 €423 €333 S0 3} U L€ 4607/ €0/0.9-61 a4

i=1

ICe

(A.23)

is a stable minimal determining set for Sg(FCT).
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Figure A.11: Minimal determining set of a spline s € S2(Fcr). Domain
points contained in the minimal determining set are marked

with m (those in Df(vi)) and with a (the remaining domain
points).

Proof:

First, we show that the domain points in (A.23) form a minimal determining set
for S2(Fcr). Therefore, we set the B-coefficients of a spline s € S2(Fcr) associated
with the domain points in (A.23) to arbitrary values and show that the remaining
B-coefficients are uniquely and stably determined.

Using the C* supersmoothness conditions at the vertices of F, we can uniquely
and stably compute the remaining undetermined B-coefficients of s corresponding
to the domain points in the disks D4(v;), i = 1,2,3. The domain points associated
with the B-coefficients determined in this step are marked with O in Figure A.12.
Together with the B-coefficients of s associated with the domain points in the sec-
ond subset of (A.23), the remaining B-coefficients of s corresponding to the domain
points within a distance of three from the edges (v1,v;) and (vp,v3) are uniquely
stably determined.

Now, following Lemma 2.28, we can uniquely and stably compute the remaining
undetermined B-coefficients of s associated with the domain points in the disks
Dy i(v2),i=1,2, step by step, from the already determined B-coefficients using the

additional smoothness condition T3F 15’1;25 = 0, and the supersmoothness conditions
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of s at the vertex vr. The domain points corresponding to these B-coefficients are
marked with & in Figure A.12.

In the same way, following Lemma 2.28, we can uniquely and stably compute
the undetermined B-coefficients of s corresponding to the domain points in the
disks D7(vp), Dg(v2) and Dg(v;), from the already determined B-coefficients and
those associated with the domain points 5};11,4, 55,12,7, 55,10,9, and §1F,24,4 by using the

" ses F,E._ F,E. _ _
additional smoothness conditions T, e1s=0, Ty s = 0, 0815 = 0 and the super-

smoothness conditions of s at the vertex v r. The corresponding domain points are
marked with ¥ in Figure A.12.

Now, the last undetermined B-coefficients can be uniquely and stably computed
from supersmoothness conditions at the split point vr of Fcr and the additional

TF1 2

smoothness condition Tf 24’F13s =0.
Since the set of domain points in (A.23) is a minimal determining set for the
superspline space S2(Fcr), it can easily be seen that dim 82 (Fcr) = 61. o

Figure A.12: Minimal determining set of a spline s € S2(Fcr). Domain
points contained in the minimal determining set are marked
with m (those in Df(vi)), with a (those in the second subset
of (A.23)), and with % (those in the second subset of (A.23)).
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Lemma A.15:
Let
S3(Fcr) :={s € C*(Fcr) : s|z € P§, VF € Fer, (A.24)
seCHv),i=1,23,
s € C7(vp)}

Then dimggz(FCT) = 66, and the set

3

3
E E (F (F (F (F R P
U Dy (0) U U515 832 a5 8m 3 S2iast U €L s S0l €000 (A25)
i=1 i=1

is a stable minimal determining set for 82 (Fcr).

Proof:

First, we show that the domain points in (A.25) form a minimal determining set
for the superspline space ng(FCT). To this end we set the B-coefficients of a spline
s € ng(FCT) associated with the domain points in (A.25) to arbitrary values and
show that the remaining B-coefficients are uniquely and stably determined.

We can uniquely and stably determine the B-coefficients of s associated with the
domain points in the disks Dy (v;), i = 1,2,3, from those in the first subset of A.25 by
using the C* supersmoothness conditions at the vertices of F. The corresponding
domain points are marked with O in Figure A.13. Together with the B-coefficients
of s associated with the domain points in the second subset of (A.25) all B-coeffi-
cients of s corresponding to the domain points within a distance of three from the
edges of F are uniquely stably determined.

Now, since s has C” supersmoothness at the split point vF, we can consider the
B-coefficients corresponding to the domain points in the disk D7 (vr) as those of a
bivariate polynomial g of degree seven defined on the Clough-Tocher split triangle
Fer, which is bounded by the domain points in the ring Ry(vr). Considering g
it can be seen that the B-coefficients corresponding to the domain points within a
distance of one from the edges of F are already uniquely and stably determined.
Moreover, from the B-coefficients in the third subset of A.25 we can uniquely and
stably compute the partial derivatives of g at the split point vr up to order one.
Thus, following Lemma 2.42, the remaining undetermined B-coefficients of g can
be uniquely and stably determined by smoothness conditions.

Since the set (A.25) is a minimal determining set for the superspline space
S2(Fcr), it can easily be seen that dim 82 (Fcr) = 66. o
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Figure A.13: Minimal determining set of a spline s € S2(Fcr). Domain
points contained in the minimal determining set are marked
with m (those in Df(vi)), with a (those in the second subset
of (A.25)), and with % (those in the third subset of (A.25)).

Remark A.16:
It can be seen from the proofs of Lemma 4.1, 4.2 and 4.3 in [9] that the computation
of the B-coefficients of a spline s in gg—(FCT), gg-(FCT), or SV%(FCT), respectively, is a
stable process.
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